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CHAPTER I 


QUANTUM EFFECTS AND EXCHANGE EFFECTS ON THE 
THERMODYNAMIC PROPERTIES OF LIQUID HELIUM 


BY 


J. DE BOER 


INSTITUTE FOR THEORETICAL PuHysics, UNIVERSITY oF AMSTERDAM 


Contents: 1. Introduction, 1. — 2. Liquid helium at zero absolute tempera- 
ture, 11. — 3. Collective excitations, 25. — 4. Molecular excitations — 
Order-disorder theory, 28. — 4a. Order-disorder theory, 29. — 4b. Fluc- 
tuation theory, 35. — 4c. Cell-theory, 35. — 4d. Other theories, 54. 


1. Introduction 


The influence which the quantum effects and in particular the 
exchange effects have on the equilibrium properties of liquid helium 
has been the object of a considerable number of theoretical investiga- 
tions. In the beautiful and systematic exposition which the late F. 
London, in his book Superfluids II, gave on the whole subject of 
liquid helium, the exchange effects play an important role. Recent 
developments, however, have given new insight into this field and 
make it possible in some respects to obtain a better understanding 
of the influence of the exchange effects on the properties of liquid 
helium. It is for this reason that it may be justified to make this the 
object of a more detailed discussion. Recent theoretical survey 
articles in the same field are that of R. P. Feynman in Progress in 
Low Temperature Physics, vol. I, and of I. Prigogine? to which 
articles we shall refer later on in this chapter. 


a) INTERMOLECULAR PoTENTIAL FIELD 


The point of view taken in this chapter is the molecular point of 
view, ie. it will be attempted to give the considerations as far as 
possible a quantitative character, by basing them on the known 
interaction between helium atoms and trying to explain the experi- 
mental behaviour in terms of the parameters characterising the 
interaction between helium atoms. 
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The potential field of the intermolecular forces between helium 
atoms will be represented by the formula: — 


g(r) = 4e{(o/r)* —(o/r)"} | (1) 


The constants ¢ and o have been obtained from the values of the 
second virial coefficient of the equation of state at low densities, 


25 30 35 —rtA) 40 


a= 


Fig. 1. Interaction potential of two helium atoms 


Curve S.K: Theoretical curve calculated by Slater and Kirkwood 

Curve M: Corrected curve from Margenau 

Curve de B: Semi-experimental curve used by the author (Eq. (1)) 

Curve B.S: Semi-experimental curve obtained by Buckingham and 
Scriven. 


which can be represented with the help of this expression in the 
temperature range from 200—300° C down to the lowest temperatures 
of a few °K where measurements have been made. The same expression 
gives also a satisfactory explanation of thé second virial coefficient 
of *He gas and of the heat conductivity and viscosity of both the 
helium isotopes (see Vol. I, Ch. XIV for a survey article on this 
subject). 
The values obtained for the constants are given in the table: 
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TABLE r 
Constants of intermolecular field of helium: _ 


No*® = 10.06 cm?/mole é= 14.11 10—% erg 
ee == 10.22 °K o = 2.556 A 
e/o®> = 83.4 atm. h 
Ne = 20.31 cal/mole ‘He: A* = == = 2.68 
= 84.9 J/mole  oVme 
h 
‘He: A* = = 
Elen 7" "== Vee 3.08 


The values in the first column are directly derived from the experi- 
mental data or are obtained by using the value of R. The values in 
the second column are obtained from those of the first by using the 
present values of NV, k, h, mg, and mMmp. 

In the application of this potential field it is implicitly assumed 
that the intermolecular forces are additive. The justification for this 
assumption might be found in the fact that when a similar potential 
field is used in the case of the other noble gases Ne, A, Kr and Xe, 
in this case the same field can be used both in the dilute gas and in 
the solid state, where the number of nearest neighbours is even as 
large as 12: the potential field which fits the second virial coefficient 
gives a quite accurate description of the condensed state. We may 
assume therefore that the additivity assumption most probably will 
be also a reasonable working hypothesis in the case of liquid helium. 


b) THe Quantum PARAMETER 


The small mass of the helium atoms and the small interatomic 
forces make helium a substance which is of the utmost interest for 
our insight into the effects of quantum theory of the thermodynamic 
properties. The small mass leads to a large de Broglie wavelength 
h/mkT, and the small interaction energy « has the result that helium 
“has not much power to offer resistance’ against the quantum 
effects. This finds its expression in the value of the quantum, mechani- 
cal parameter A*=A/o=(h///me)/o=h/o /me, which has the physical 
meaning of being the ratio of the de Broglie wavelength for relative 
motion of two helium atoms with energy « and the “diameter” o of 
the atoms. It is clear that when A*=A/o <I one may expect that 
quantum effects are negligible, but that when A*=A/o becomes of 
the order of magnitude 1 or larger, the quantum effects will play a 
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predominant role. From Table II, in which the values of A* for the 
most important substances are given, it is ‘clear that He and He 
must play a most exceptional role in this field. 


TABLE II 


Values of the quantum mechanical parameter 


Substance Ales Substance A* 
3He 3.08 Ne 0.593 
4He 2.68 A 0.186 

Tinks hz} Kr 0.102 
1B); ee, Xe 0.064 


For the study of the quantum effects in general, but in particular 
also to appreciate the role which exchange effects play, it is important 
to consider very briefly the possibilities of the quantwm mechanical 
principle of corresponding states *. When one assumes that the proper- 
ties of the substances mentioned in Table If can be described on 
the basis of a potential field of the type (1), it follows from direct 
dimensional considerations that the partition function Z, which is a 
dimensionless quantity, can only be a function of the dimensionless 
“reduced” quantities i.e. the quantities expressed in the “molecular” 
units given in table 1; 7* =T/(e/k)=kT Je; V* =V/No® and A*=Aja: 
This function should then, of course, be the same for all substances, 
however it may be different in the case of Fermi—Dirac (anti- 
symmetrical wave functions) and Bose—Hinstein (symmetrical wave- 
functions) statistics. Thus 


Z= fen, (I*, V, A*) or Z=fpp, (I*, V*, A*). (2) 


Consequently the same holds for all the dimensionless quantities 
which can be obtained from the partition function: the reduced 
pressure p* = po*/e, the reduced entropy S*=S/R, the reduced energy 
U*/Ne as a function of V*, T’* and A* and also for characteristic 
temperatures, energies or volumes. 


c) Quantum EFFEecTs AND SYMMETRY EFFECTS 


This principle of corresponding states now offers an interesting 
tool for the empirical investigation of the quantum effects and for 
obtaining information about the relative importance of the symmetry 
effects: If symmetry effects are relatively unimportant for a property 


-4 


-10 
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of liquid He one may expect a smooth variation of this quantity as a 
function of A* in particular for ‘He and *He. If, however, strong 
anomalies exist this might be an indication that the symmetry effects 
play an important role for that particular quantity. 

We now first consider some properties which show a smooth 
variation as function of A* and which therefore most probably are 
not influenced very much by the symmetry effects: 

(1) The molar internal energy at temperature zero under zero 
pressure, ' 

(2) The molar volume at temperature zero under zero pressure, 

(3) The critical temperature, 

and which are apparently not influenced very much by the exchange 

effects. 

Molar Volume and Energy. In Fig. 2 and Fig. 3 we have plotted 


1.0 2.0 emacs Soe ch) 


°H, 
HDo 


Fig. 2. Reduced value of the internal energy at the absolute zero of tempera- 
ture under zero pressure as a function of the quantum mechanical parameter Ase 
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0 1.0 20 =~ ipod 


Fig. 3. Reduced value of the molar volume at the absolute zero of tempera- 
ture under zero pressure as a function of the quantum mechanical parameter A*. 


the internal energy and the molar volume of different substances as a 
function of A*. The fact that a rather smooth curve can be drawn 
through these points shows that at least in a first approximation the 
influence of the exchange effects is not very large. Some points need, 
however, more careful attention. 

The principle of corresponding states assumes implicitly that e.g. 
in the solid state the “‘structure”’ is the same for all substances. Most 
probably all the noble gases crystallize in the close packed structure. 
This seems to be true also for the solid phase of helium, which can 
be realized under pressure (see J. 8. Dugdale and F. E. Simon ? and 
§ 2.c). Helium at the absolute zero under zero pressure, however, has 
a structure with a very much smaller coordination number (4 to 
6 instead of 12), which in principle makes liquid helium not very well 


Ter 


1.0 


0.5 
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comparable to the other substances. In Fig. 2 and 3 we have therefore 
drawn separately the curves corresponding to the internal energy 
and volume of liquid helium at zero temperature. The fact that the 
curves are smooth functions of A* suggests that for these properties 
the symmetry effects are not important. 

Critical Temperature. In Fig. 4 we have plotted the reduced 
critical temperature as a function of A*, showing that also in this case 


°Ne 


Do 


SHe 


10 30 7 30 


Fig. 4. Reduced critical temperatures as a function of A*. 


a smooth curve is obtained with no strong deviations in the case of 
liquid helium. It was even the assumption that this curve was a 
smooth curve, which made possible the approximate determination 
of the critical temperature of liquid *He before this could be measured i. 

In those thermodynamic properties which are more directly related 
to the thermal motion of the molecules, such as: 
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(1) the heat capacity and the entropy, 

(2) the thermal expansion coefficient, 

the deviations from the corresponding states-principle are larger and 

most probably here the exchange effects play a predominant role. 
Heat Capacity. In liquid *He the most striking thermal effect is 

the J-transition at 2.19° K. Below this temperature the heat capacity 


O1 
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Fig. 5. Curves for molar heat capacity of *He, *He under vapour pressure 
and of solid helium at the solidification density. 
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falls off rapidly until at about 0.6° K the heat capacity approaches 
a Debye 7%-curve® (see Ch. II), with O=18.9° K but only for one 
third of the degrees of freedom. This is usually explained by assuming 
that only longitudinal thermal waves are excited. In liquid He the 
heat capacity is quite different: the values are much higher down 
to temperatures of about 0.5° K ®. The curve shows an interesting 
flattening-off at the lowest temperatures, which might point in the 
direction of occurrence of a A-point also in the case of ?He, which, 
however, has not been observed so far. Both curves differ markedly 
from the normal heat capacity curve, which was measured in the 
case of solid *He by Keesom and Keesom’, Webb, Wilkinson and 
Wilks ® and by Dugdale and Simon %. This can be described at the 
solidification point by a Debye-curve having approximately 0 = 24° K 
with all degrees of freedom (see Fig. 5). 

Debye-Temperature. It is interesting to apply to the values of 
the Debye-temperature observed for the sequence of substances listed 
in Table II the quantum mechanical principle of corresponding states 
again. The proper quantity which should be compared for the different 
substances is the ratio of the Debye-frequency »,=k0,/h to some 
frequency characteristic for the molecular field of the substance 


4.0 


2.0 


0 


0 10 20 ad es 


* 2 aa ¢ i 
Fig. 6. Reduced values of Debye frequency vp =Vp/ Ve/mo* as a function of 
the quantum mechanical parameter A*. 
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considered. The only classical quantity of the dimension of a frequency 
to be built from ¢, o and m is (e/mo?)"*. The reduced Debye-frequency 
may thus be written as »*,=v,/(e/mo”)". It is of interest that although 
the @, itself varies quite irregularly as a function of A*, the reduced 
Debye-frequencies »%, vary smoothly as functions of A*, as can be 
seen in Table HI and Fig. 6. 


TABLE III 
 Debye-temperature 9, and Debye-frequency vp for different substances 


y* = OF/A* = 
Substance Ae ae On =kO>/e i Ae a 

*He (liq.) 2.68 19 1.9 0.71 
‘He (sol., 25 atm) 2.68 24 2.4 0.90 
jab 1.73 105 2.84 1.64 
IDE 1.22 97 2.62 2.15 
He 0.59 64 1.80 3.05 
A 0.186 80 0.67 3.60 
Kr 0.102 63 0.38 3.7 

Xe 0.064 55 0.24 3.8 


Thermal Expansion Coefficient. It is well known that a similar 
abnormal behaviour as is found for the heat capacity in liquid helium 
has also been observed for the thermal expansion coefficient. It was 
observed (comp. W. H. Keesom’, p. 242) previously that below the 
4-point the thermal expansion coefficient becomes negative. Recently 
Atkins® showed that at temperatures below 1.1°K the thermal 
expansion coefficient becomes positive again and approaches the 
normal 7'-curve, which can be expected from the behaviour of the 
heat capacity at temperatures below 1.1° K. In Fig. 7 this thermal 
expansion coefficient is plotted, together with the data for solid helium 
at the solidification point obtained by extrapolating the measurements 
from Dugdale and Simon ® and using the thermodynamic relation: 
QV /dT), =(S/dp),. Unfortunately no data for ?He are available so 
far in this case. 

The behaviour of, the heat capacity of liquid helium, differing so 
fundamentally from the behaviour according to the Debye-theory, 
and in particular also the remarkable difference between *He and 
*He will be studied in more detail in the next two sections. In § 2 
we shall discuss the behaviour of liquid helium at the absolute zero 


Woocs-ccece 


_ Fig. 7. Thermal expansion curve for liquid helium under vapour pressure 
and solid helium at the solidification density. 


2. Liquid Helium at Zero Absolute Temperature 
a) Larrice-strucTURE Mopet Versus IpgaL Gas Mopen 


The theoretical attempts to describe the properties of liquid helium 
_ean be divided roughly into two fundamentally different approaches: 
(a) The ideal gas approach, 

(b) The solid state approach. 

_ The main attraction of the ideal gas model, which has initially been 

advocated very much also by F. London in particular, comes from 

the following facts: 

(1) It offers an explanation for the 4 point in liquid *He in the 
transition due to the Bose—Hinstein condensation which occurs 
in an ideal gas of helium atoms with the density of liquid helium 
PY rae Sy iad 6 
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(2) It gives a possible explanation for the peperiwad and normal 
component of liquid helium in terms of the “condensed atoms” 
and “excited atoms” of the B.E. gas below the transition point. 

(3) The ideal gas model demonstrates very clearly the influence of 
the symmetry-effects: *He-atoms follow Bose—Kinstein statistics 
and ®He-atoms the Fermi—Dirac statistics and consequently an 
ideal ‘He gas shows the Bose-Einstein condensation phenomenon 
with an anomaly in the heat capacity at the “condensation” 
temperature and a curve proportional to 7%? below the point, 
whereas an ideal *He gas shows no anomaly at all and approaches 
at low temperatures a heat capacity curve proportional to 7’, 
as for the electrons in metals. This well known difference between 
these two gases is pictured in Fig. 8. 


Fig. 8. Specific heat for an ideal: 
a) Fermi Dirac gas m = my,, V = 36.4 cm’/mole, Ty) = 1.64° K. 
b) Bose Einstein gas m = %m&g,, V = 27.3 cm’/mole, Ty = 3.15° K. 


Later experiments have led to additional information, which makes 
it very difficult to consider the ideal gas model as a suitable first 
approximation: 

(4) The 7*?-law for the specific heat of a partly condensed B.E. gas 
could be modified only by assuming either an ad-hoc change of 
the statistical weights of the one particle states or by assuming 
the presence of an energy gap between the lowest and first excited 
state. 

(5) The molar heat of liquid *He is in disagreement with the propor- 
tionality with 7’ for an ideal Fermi—Dirac gas. 

(6) Moreover the heat capacity approaches in the case of 4He at 
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low temperatures a 7'-law which can directly be explained on 
the basis of a lattice model and is in contradiction with our 
expectations in the gas model. 

The further development of our knowledge about liquid helium 
has given, however, many arguments in favour of an approach from 
the side of the solid state rather than the ideal gas state. According 
to this approach liquid helium at absolute temperature zero has to 
be considered as an ordered arrangement of helium atoms, resembling 
in principle that of a solid at temperature zero. Because of the 
uncertainty principle, however, the atoms cannot be located on 
definite sites of a lattice-structure. Therefore helium at temperature 
zero should be considered, according to such a model, as an ordered 
arrangement of wave packets instead of atoms. It may very well 
make sense, however, to speak about the “‘structure’’, this being the 
lattice according to which the wave packets are arranged. 

Comparing such a “lattice model” with the ideal gas model, the 
following should be remarked: 

(1) Im such a lattice model phase transitions might occur which 
offer an explanation for that occurring in liquid helium: Very 
important in this connection is the early attempt of Frohlich 1° 
to interpret the A-point of liquid helium as an order-disorder 
transition in such a lattice model. But besides this one, other 
explanations are possible and will be discussed in next sections. 

(2) In such a “‘lattice model” the two fluid model is given an entirely 
different basis, which is much closer to the original concepts of 
Landau?!. The two fluids are no longer interpreted as two sub- 
stantial components of the system or as two different states in 
which the atoms can be (‘‘superfluid state’? and “normal state’’), 
but the two fluid model becomes only a mathematical description 
of the system of thermal excitations (“the normal fluid”) moving 
in an ideally ordered system of helium atoms (“the superfluid’’) 
in the ground state as background. 

The old language of “‘atoms in the normal or superfluid state” is 
typical for its origin: the ideal gas approximation with atoms in 
the condensed or in the normal state. Here however we consider 
the “gas” of excitations in analogy with developments in the field 
of solid-state physics. One is able to give a straight-forward 
derivation from first principles of the “equations of motion” of 
the two fluid-model (i.e. the equations of Landau) as has been 


(3) 
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demonstrated by Kramers '! by Kronig * 2 and by Khalatnikov 1%, 
The symmetry effects play in this model a less obvious role than 
for the ideal gas model: For a classical solid, in which interchange 
of atoms is practically impossible, the influence of the symmetry 
effects can be neglected entirely. For liquid helium, however, 
quantum effects have “blown up” the substance to a volume 
which is three times larger than that of a classical solid (see 
Fig. 3) and this allows the atoms to change place much easier 
than in a classical solid. Therefore in this model for liquid helium 
the exchange effects will also play a role; their influence will be 
in particular very large on the thermal excitations. It is, however, 
possible that in this model one obtains theoretically a A-anomaly for 
liquid *He as well as for *He. This is not a drawback of the model, 
because it is by no means certain now that in *He no phase 
transition occurs: There are even strong indications that a 
transition occurs also in ?He somewhat below 0.4° K. 

It has to be remarked, however, that important investigations 
on the basis of different models have been made-e.g. the con- 
siderations of Feynman ™*, Chester? and of Friedman and 
Butler 4’, among others. As it is the intention of this chapter to 
give the background for the recent cell theories the author felt 
that the approach from the side of the condensed state, making 
use of structure-considerations offers a better starting point for 
a satisfactory exposition than the gas model. It is for that reason 
that only very few of the researches made in the field of the 
liquid helium problem will be discussed in the present chapter, 
and that a large number of important contributions following 
different lines have to be disgarded, notwithstanding the fact 
that they may be very important for the whole problem. 


In this section we first discuss the ground state of liquid helium, 


the discussion of the excitations being reserved for the next sections 
§3 and 4. 


b) 


STRUCTURE ANALYSIS FROM DIFFRACTION 


The most direct information about the mutual arrangement of the 
helium atoms in liquid helium is obtained by X-ray-analysis or by 
elastic neutron-scattering experiments. The early experiments by 
Keesom and Taconis? have now been followed by three groups of 
experiments: The X-ray experiments of Reekie and collaborators 4, 
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Fig. 9. Values of 4zr? n(r), as a function of r at temperatures 2.06° K and 
1.65° K according to the measurements of Beaumont and Reekie 13 and Hurst 
and Henshaw! respectively. The broken curve represents 47r?n). 
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still be of interest to compare the results with the “structures” which 
have been proposed for helium at the zero absolute temperature. 

As is well known it is possible to derive with the method of Fourier 
transforms from the scattered intensity as a function of s = (47/A) sin (9/2) 
the average number of molecules which can be found at a distance 
between r and r+dr from a given molecule: 4ar?n(r)dr. Fig. 9 shows 
the curves obtained at temperatures below the A-point for 4zr?[ 7(7)—n | 
as a function of r measured in A, where 7, is the average number of 
molecules per A %. Both groups of experiments show the large positive 
values between roughly r=3 and 4.5 A and the minimum between 
4.5 and 6. 

In the neutron diffraction experiments this first maximum was 
assumed to be due to the scattering of a group of about 8.5 atoms at 
roughly 3.8 A. The analysis of the X-ray experiments of Beaumont 
and Reekie pointed to a division of this first shell into two subshells 
at 3.3 and 4.3 A, but it is highly probable that this division into two 
subshells is not real: From the X-ray scattering experiments one 
obtains only a Fourier composition of the quantity 427r?[n(r)— 79] 
made by using a wavelength spectrum with a minimum wavelength 
of 1 A, consequently a double maximum with a mutual distance of 
1 A as occurs in n(r)—n, according to Beaumont and Reekie can 
easily result from this composition without having any real signi- 
ficance. If, therefore, we do not take into account the splitting of the 
first maximum, both groups of measurements lead to the same 
conclusion that there exists a group of 8—9 nearest neighbour atoms 
at roughly 3.8 A. 

In Fig. 10 we have compared the number of nearest neighbours 
with the different cubic structures which have been proposed for liquid 
helium at 0° K. It is obvious that the distribution of atoms above 
1.5° K as found from this analysis does not agree with either the 
diamond or the 7”-structure, the number of nearest neighbours being 
much too large. 

Instead, above 1.5° K the distribution of atoms is much more in 
agreement with the model which one very often makes of a liquid, 
i.e. a partly occupied cubic close packed structure, as has been suggested 
for this particular case by Hurst and Henshaw. One divides the 
liquid volume into L cells ordered according to a cubic close packed 
lattice, and one assume that only N=aL of the cells are occupied 
and the remaining (1—«)Z cells are empty holes. The distance between 


| Diamond 


Fig. 10. Number of atoms at a distance r from a central atom according to 
scattering experiments compared with different structures. 


nearest neighbours then becomes a=(V/N)"*-2"°.a" and the average 
number of nearest neighbours or “coordination number’? becomes 
c=12a. In Fig. 11 we have plotted the change in average distance 
for the cubic face centered lattice for x=1, x=5/6, x= 2/3 and x=1/2 
respectively. This shows the regular shift of the nearest neighbour 
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distance to smaller values, the smaller the average coordination 
number c becomes. The situation at about 70 %, occupation seems 
to be in good agreement with the experimental findings at tempera- 
tures above 1.5° K. 


(100 % occupied) 12 
cubic face centred 


(83% occupied) 10 


(66% occupied) 


(50% occupied) / / / 


(50% occupied) 


ordered structure: Un 


round each atom: 
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round each hole: 


1 
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Fig. 11. Average number of atoms on different shells in partly occupied cubic 
close packed structure. 


Still, one might expect that at 0° K an ordered structure is realized. 
It is nice that the present picture offers a possible indication for this 
structure: One might assume that at 0° K the atoms in liquid heliam 
are “‘arranged”’ according to the 7% structure, which, as is well known, 
can be considered as a close packed structure in which lattice sites 
are only 50 % occupied, but in an ordered way. The term “‘arranged”’ 
should be used, of course, with the considerable care needed in a 
picture which should be in agreement with quantum mechanical 
concepts as explained in § 2.1. 
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Increase of temperature then leads to disorder. Most probably 
this disorder becomes noticeable at temperatures above 0.8—1.0° K. 
Atoms then get enough kinetic energy to be displaced to the empty 
lattice sites of the 7%-structure and vice-versa. Such a disordered 
arrangement of a cubic close packed lattice which is 50 % occupied 
would have the same molar volume and nearest neighbour distance 
as the 7", arrangement. However, when the open structure according 
to the ordered 7%-structure breaks down by raising the temperature 
it is rather improbable that the disordered structure also has a 50 % 
occupied lattice. Instead the number of holes decreases somewhat 
leading gradually to a 60 % or 70 % occupied close packed lattice. 
The decrease of the number of holes might then be accompanied by a 
decrease of the molar volume (because the decrease of the number 
of holes at constant volume leads to an increase of the distance a 
between nearest neighbours). This decrease in molar volume with 
rising temperatures demonstrates itself in the negative expansion 
coefficient which becomes noticeable in the temperature region 
above 0.8° K. 

It should be stressed that this picture is largely the same as that 
put forward originally by Frohlich, although for a different lattice 
arrangement. The only intention of the present remarks is to stress 
that the present results found with the diffraction experiments at 
temperatures above 1.5° K are by no means in conflict with the 
assumption of the existence of an ordered arrangement with coor- 
dination number 6 at 0° K. In § 3, where the temperature excitations 
are considered in more detail, we shall come back to these considera- 
tions, which had to be mentioned briefly in the present discussion 
of the diffraction experiments. 

Also from the experimental data on the inelastic scattering of 
neutrons the conclusion has been drawn that a liquid structure model 
provides in principle the best model for a description of the scattering 
data. For a more detailed discussion of this point we refer however 
to the discussion of the experiments of Egelstaff and H. London *, 
Somers, Dash and Goldstein and by Goldstein, Sweeney and Goldstein®’. 


c) EnrerRGy AND VOLUME AT ABSOLUTE ZERO 

We come to the discussion of the energy-volume relationship of 
the ground state, and the influence which quantum effects and 
exchange effects have in this connection. 


Fig. 12. Energy volume relationship for liquid and solid helium. The lattice 
energy for different lattice structures. The experimental values for the minimum 
of solid H,, D,, Ne and A are indicated as —- — 


( of 4He much more data are available, viz. ie energy 
olume at the ‘melting or solidification point both for the liquid — 
the solid s,,. The pressure of solidification, being the slope of 
ine connecting the points s,, and J,,, is also known. In terms of 
- the ‘molecular units of Table I the values ” of these quantities are: 


TABLE IV Ah e 
Condensed helium, experimental data ea 


7 : Ve = VINo (Die = U[Ne - p* = pore 


7 is Baia. Pb | (A -ah2 Oc? Orie cb Gael 
23} lig. (solidif. pt.) - 2.31 — 0.65 : 0.30 

solid (melt. pt.) 2.11 a 0.30 

e ‘He: lig. 3,862 — 0.25 0 

.. liq. (solidif. pt.) — a 0.5 — 

} : 

7 _ Moreover, very much information is now available about the solid 

4 state of “He because of the extensive measurements and the detailed 


evaluation and discussion of these measurements by Dugdale and 
Simon ' from which a very complete picture is obtained concerning 
the equation of state and the caloric properties of solid *He. As a 
result of these measurements it is now also possible to draw in Fig. 12 
the U*—V* curve at the absolute zero for the solid state as far as 
V*=1.05. These results are summarized in the Table V. 


— i 


Pay, 


TABLE V 
Solid helium, experimental data 


V* = V/No P* = Pole U* = U/Ne 0% =kO,/e t 
1.10 19.9 + 3.8 eee 
neh 8.34 41,18 5 
1.5 3.54 + 0.15 5.38 
17 1.63 08 3.92 
1.9 0.60 — 0.5 2.99 
2.1 0.30 — 0.58 2.4 


+ The values of Op are obtained by equating Op) =1.1 ¢, ¢ being the “para- 
meter” introduced by Dugdale and Simon. This conversion factor gives on the 
average a reasonable agreement of the C, curve with the Debye curve. 
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We will now discuss the energy diagram from the point of view 
of the lattice structure model, which was also the basis of the discus- 
sions in the previous section. For the theoretical evaluation of the 
energy in this model one assumes that a first approximation for the 
energy can be obtained by assuming that all atoms are placed on the 
positions of the lattice. To this potential or “lattice” energy as a 
first approximation one should add the “zero point’ energy due to 
the motion of the atoms round their lattice positions. It should be 
kept in mind that this division of the energy into a lattice energy and 
a zero-point energy becomes rather artificial when the amplitude of 
the zero-point motion round the equilibrium positions becomes of 
the same magnitude as the lattice distance, a. As this seems to be 
actually the case in liquid helium, the application of this procedure 
for calculating the energy has to be done with considerable scepsis. 
In Fig. 12 we have plotted the lattice-energy, calculated with the 
Lennard—Jones potential field (1) and expressed in units Ne, as a 
function of the reduced molar volume V*=V/No? for the following 
lattice structures: 

(a) cubic face centered structure (c.f.c.), (b) cubic body centered 
structure (c.b.c.), (¢) simple cubic structure (c), (d@) diamond structure 
and (e) the 7% structure. 

It seems to be certain that the solid state of helium is a cubic face 
centered structure. It can be seen from the figure that there is a very 
large difference between the lattice-energy curve for the cubic face 
centered lattice and the experimental energy curve for solid helium 
at 7’=0, as determined by Dugdale and Simon’. The difference 
between these two curves, i.e. “the zero-point energy”, can be 
determined empirically and the result has been plotted separately 
in Fig. 13 as function of V*. As has been pointed out by these authors 
this zero-point energy can be explained quantitatively using the 
Debye theory, which gives the following expression for the total 
zero-point energy of all different heat waves: 


K,=%NkO, Ki=3 0%. (2) 


In Fig. 13 the curve 20) has been drawn for comparison with the 
“experimental” curve for Ky using the experimental value as deduced 
from the calculations of Dugdale and Simon for @, and the known 
dependence of @, on volume (see Table V). The figure shows that 
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the two curves nearly coincide. It should be pointed out, however, 
that the zero-point energy can also be represented with reasonable 
accuracy by assuming that each helium atom moves as a hard sphere 
independently inside a spherical shell with radius a—d, a being the 
distance between nearest neighbours and d the diameter of the hard 
spheres. This gives for the zero point-energy: 


h? A*? 
ON a lrsegrqeer Ko = gar aE: (3) 


8m (a—d)? 


6.0 


40 


2.0 


oo Outs —Vy* 30 


Fig. 13. The zero point energy of solid and liquid helium according to the 
Debye theory and the ‘“‘empirical’’ values based on definite “lattice structures’. 


Taking a*3=V*.)/2, valid for a cubic face centered lattice, one 
obtains a reasonable agreement with the experimental data, when 
d* is taken to be d*=0.78 or d=0.78 o. Though this is a somewhat 
small value, it represents the effective diameter of an equivalent 
hard sphere which gives approximately the same wave function as 
the true potential field. 
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Although the quantum effects are obviously very large, the preaeet 
method makes it very difficult to get insight, into the exchange effects: 
for the Debye treatment this would require the knowledge of the 
interaction of different Debye waves, which is difficult to estimate 
and to take into account. In the single cell model used in connection 
with (3), taking into account of exchange effects is in principle 
impossible. 

The situation in the hau phase of heliwm is much more difficult 
to understand. In liquid helium only the longitudinal heat waves 
contribute to the 7-law of Debye (see further § 4) because of the 
fact that transversal waves cannot be propagated in the liquid. 
“Consequently the reduced zero-point energy is only 307, = 3 x 1.9=0.71. 
The difficulty is that for the liquid state, because of the lack of know- 
ledge about the “structure” of the liquid, no theoretical estimate for 
the lattice energy is available. In Fig. 12 we have plotted the value 
K*=303, and its variation with V* together with the zero-point 
energy which would be needed if the “structure” of the liquid state 
were as indicated. In any case it can be concluded that. the zero-point 
energy due to the longitudinal Debye waves alone is not sufficient 
to explain the difference between the experimental energy curve and 
any of the lattice-energy curves. The discrepancy becomes even the 
more serious, the smaller the coordination number of the liquid state 
is assumed to be; and for a 7%-structure the “empirical” value for 
this reduced zero-point energy is even two or three times as large. 

Of course one might bring forward in this connection the fun- 
damental objections against the whole method of separating the total 
energy into lattice energy and zero-point energy, but in view of the 
fact that in the case of solid helium up to a reduced molar volume of 
V*=2 a reasonable description with this model is possible, one 
would expect that the situation in the liquid state at V* =2.7 is not 
so fundamentally different. 

It seems therefore ineluctable to conclude that besides the zero- 
point energy of the longitudinal waves there must be another contri- 
bution to the zero-point energy in liquid helium, which undoubtedly 
is connected with transversal oscillations of some kind. 

The explanation of this zero-point energy is, however, closely 
connected with the discussion of the excited states and their contri- 
bution to the thermodynamic properties of the system. We will 
therefore postpone the further discussion of the zero-point energy 


' EN 
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to section § 4, where the excited states differing from the excitations 
of longitudinal waves will be discussed. 


3. Collective Excitations 


It is now generally assumed * that the excitations in liquid helium 
have to be divided into two different groups: 


(a) collective excitations, which involve large. groups of atoms and 
which can be described in terms of macroscopic physics as 
longitudinal elastic waves, and 


(b) molecular eacitations, which involve one or very few atoms and 
for which a molecular description is needed. The nature of these 
molecular excitations, about which still considerable uncertainty 
exists, will be considered in the next section § 4. 


a) COoLLEecTIVE ExcrraTions In SoLips AND LiQuiIDs 


In this section we shall first consider in somewhat more detail the 
collective excitations. As is well known, in the amorphous solid state 
the following excitations can be distinguished: , 


(1) longitudinal, or compressional waves, for which the velocity 
field is rotation-free: rot v=0, and the velocity of propagation 
c, of which is determined by the formula: c}=(A+2wu)/o, 

(2) transversal, or torsional waves, for which the velocity field is 
divergence-free: div v=0, which do not involve compressions, 
but only shear-deformations and for which the velocity of 
propagation is determined by the formula c?= w/o. 

Here 4 and w are the well-known elasticity coefficients of Lamé, 
u=G being the shear modulus and 4+ 2u=K being the compres- 
sion modulus, which is the inverse of the compressibility ~. 

In the liquid state the shear modulus 1.=G=0, leaving only the 
possibility for the propagation of longitudinal compression waves 
with a velocity of propagation c?=K/o=1/ox (K is the compression 
modulus and x the compressibility). In general this velocity depends 
on the wave number o, giving the dispersion relation: »=o-c(c). 

According to the picture which we have made of liquid helium at 
7 =0 as a liquid but completely ordered state, the particle nature of 
the medium is taken into account by considering only wave-vectors ¢ 


* See R. P. Feynman, Vol. I, Ch. I. 
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situated in the first Brillouin zone. According 4 to the Debye picture one 
introduces a maximum wave vector op, determined by the condition 
V - fp? 4r0?'do = N or op) = (3N/42V) )* which is of the order of magnitude 
0, © 0,624, & being the average distance between molecules. 
Usually the quanta of these longitudinal excitations are indicated 
as “phonons” and the distribution function f(c) for the phonons over 
the wave number then indicates that the state with wave number o 
is excited corresponding to the quantum number f(c). Very often, 
however, and in particular when the transport properties are discussed, 
the phonon~is identified with a wave packet with average wave 
number and frequency: & and 7, which propagates with the group 
velocity 6=dv/dc. Of course the group velocity is approximately 
equal to the phase velocity c where c(c)=constant. The spread do in 
the wave number and the corresponding spread 6x of the phonon in 
space are related by the uncertainty relation édvé0 ~ 1. If the extension 
in space is much larger than the lattice distance: dx > a ~ ap’, the 
spread in wave number is much smaller than the maximum wave 
number: do <o,. It thus makes sense to speak about the energy 
of phonons «=hy=hc-G and the distribution of the energy over 
different wave numbers characterized by the distribution function 


f(o\\do™ (4) 


exp Pe(c)—1 


this being equal to the number of phonons per unit volume in the 
element do of wave vector space at a temperature 7'=1/Bk. 


b) Catoric PROPERTIES OF PHONONS 
Using the methods of statistical mechanics one finds for the Gibbs 
free energy due to these excitations: 


fro — eS aT f In {1 —exp— Be( (o)} dco (5) 


and from the free energy all thermodynamic quantities can be 
obtained. They all are proportional to the volume and depend on the 
ratio T/O,, O, being the Debye temperature 0, =he o,/k=hy,/k, 
which, using c=239 m/s 8, gives 0, =20.0° K. 

In the temperature region which is of interest for liquid helium 
T <@, always, and it is of particular interest that in this region 
the thermodynamic quantities obtained from #7 simplify consid- 
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erably because in this limit o, can be replaced by co. Then we obtain: 
oe aN kT'\8 An> 4 
Fo — _ % (—) Se ee a ath 
15 V kT hyp] — 45 pal (6) 


which expression no longer contains particular reference to the 
discrete structures of the system, ¢ being the limiting value for the 
velocity of sound at 7'=0. 


From this one obtains for the caloric properties: * 


my wa 1625 ft 

Seb) — ~ (3), =e wal? (7) 
ron) (OUFI/T)\ 4nd et 

[yoh) — Gam), as Rel" (8) 


which is —as is well known —in nice agreement with the experiments ® 
on the specific heat of liquid *He below 0.6° K, where only this 
collective type of excitation is left (see Ch. II). As is shown in Fig. 5 
deviations from this law occur at temperatures above 0.6° K which 
deviations are the result of the contribution of the molecular type of 
excitations to the entropy. 


c) THERMAL PRESSURE AND THERMAL EXPANSION DUE TO PHONONS 


The contribution which these collective excitations give to the 
pressure is: 


pen) — — ea =e a E earn (<>), a. (9) 


This “thermal pressure’ clearly consists of two parts: 


(1) the “kinetic” pressure of the phonons, which is equal to $0", 
the relation which also holds in the photon gas, and 

the contribution —(dInc/)In V),™, which is due to the 
dependence of the velocity of sound on density . The last term 
is by far the most important, (d In c/d In V) being roughly equal 
t0>— 2.7. 


—, 
bo 
— 


This thermal pressure is the direct cause for the thermal expansion: 


1 /oV op Ue, ike 3 (ss), ]« 
(9) eget Se ee = 
opin or), i ane 45 ee a. 


* Thermodynamic quantities per mole are indicated by capital characters. 
The _quantities per unit volume are distinguished by a tilde ~ on top: 


U, F, S, ete. 
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where x= —(1/V)(dV/dp)p is the isothermal:compressibility. It has — 
been shown by Atkins and Edwards, who have drawn attention to 
this interesting consequence of the thermal pressure exerted by the 
phonon gas, that such a behaviour is not in conflict with the experi- 
mental data. Although at temperatures above 1.1° K the thermal 
expansion coefficient is negative as the result of a large negative 
contribution due to the molecular type of excitations, the expansion 
coefficient becomes positive below 1.1° K and indeed approaches the 
positive 7 curve in agreement with Eq. (10), as was shown in Fig. 7. 

The exchange effects play only a very indirect role in this behaviour 
at very low temperatures, because this depends entirely on the bulk 
property: the velocity of sound and the dependence on density. 
There is no reason, therefore, that the behaviour in the case of liquid 
3He is different: also in that case there must be a contribution 
proportional to 7 in the specific heat, entropy and thermal expansion, 
due to the collective phonon excitations. Assuming a value of 0, 
which is about 20 % smaller than that for liquid *He one would 
therefore expect also in the case of liquid 3He a molar-entropy con- 
tribution due to the collective excitations of the order of magnitude: 
S/R=0.008 T8. This contribution is, however, largely dominated in 
the available temperature region by the contribution of the molecular 
excitations which for *He is much larger than for ‘He. 


4. Molecular Excitations — Order-disorder Theory 

The excitations of the molecular type will be the subject of discussion 
in this and the following section. It is well known that the nature of 
these excitations is not so very well understood. It is not the purpose 
of this article to review the existing literature in this connection. 
For this we may refer to existing review articles from Dingle *, 
Wilks 3°, Daunt 3 and others. Much attention to the nature of these 
excitations has been paid in particular by Feynman °°, who gave a 
very illuminating discussion in Prog. Low Temp. Physics, vol. I. 
We only discuss those theories which have a close relation to the 
cell theory: 

(a) the order-disorder theory of H. Frohlich 2° and H. Jones %, 

(b) the fluctuation theory of I. Prigogine 22, 

(c) the cell theory connected with rational motions introduced by 
several authors independently: J. de Boer and E. G. D. Cohen 24, 
P. Price 7, O. K. Rice % and H. N. V. Temperly 2’. 


4, 
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_ state. It is not surprising that these different problems can be treated 


“iples 
% heory with which H. Fréhlich 2° and H. Jones 24 explained 


ee 


for the melting process, i.e. the transition of the solid into the liquid 


with the same theory: as we have pointed out in section 1 liquid helium 
II can be compared with the solid state of a heavier substance in the 
sense that in both a state of complete order is realized when the zero 
point of absolute temperature is approached. The existence of this 
ordering principle gives a close similarity between the behaviour of 
liq. He II and the solid state notwithstanding the fact that the density 
of liquid He IT is so much smaller than that of an ordinary solid that 
the shear modulus happens to be zero in this case. According to these 
theories one considers the lattice of the substance at 7’'=0, together 
with an interstitial lattice formed by the interlattice sites (see Fig. 
144, b,c). ; 

Lennard—Jones’ theory of melting considers a simple cubic lattice 


of the NaCl type. The cubic face centered lattice of the solid substance 


(a) 


Fig. 14. Lattice @ and interstitial lattice o in: 


(a) theory of melting of Lennard—Jones 


oa i’ oe 


phase transition of liquid He II into liquid HeI goes entirely — ‘Ss 
parallel with the theory of J. E. Lennard—Jones and A. F. Devonshire? 


ol 


a. 
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(b) 


(c) 
(c) theory of Fréhlich based on T2 lattice. 


at T'—0 is identical with the lattice of the Na-sites and the interstitial 
lattice of empty sites are the Cl-positions. 

Frohlich’s theory of the 4-transition considers a cubic body centered 
lattice, half the sites of which constitute a diamond lattice and the 
other half being the interlattice sites. When it became clear that 
liquid He at 7=0 is not arranged according to a diamond lattice 
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Keesom and Taconis *8 generalized Fréhlich’s theory for the A-transi- 
tion by considering a cubic face centered lattice, half the sites of 
which constitute the 7” -lattice considered in section 2 and the other 
half consists again of the interlattice sites. 

The melting phenomenon, as well as the A-transition, now is 
explained as a transition in the process of gradually distributing all 
the atoms over the lattice sites and the interlattice sites. The transition 
thus becomes entirely analogous to the order-disorder transition of 
very similar character occurring in binary metallic alloys like CuZn. 
The total entropy of disorder which is finally obtained when equal 
numbers of sites and inter-lattice sites are available is 2R In 2=1.38 R 
per mole. It is well known that the transition in binary alloys sets 
in at a temperature where the entropy is still only about 65-70 % 
of this total disorder entropy, there still being some short range order 
left above the transition point which gradually disappears at higher 
temperatures. The fact that the entropy of liquid *He at the A-point 
is only 60 % of this value is in rough agreement with this picture. 
It is also well known that the heat capacity curves for liquid *He and 
for f-brass closely coincide when both are plotted as function of 
hee 

It may be good to recall that according to the results concerning 
the atomic distribution in liquid *He, as discussed in section 2, such 
a concept of a partly occupied cubic face centered lattice for liquid 
Helium II is not in disagreement with experiment and is able to give 
an interpretation of some of the features of the scattering data 


b) Density Effects 

The present model is also able to throw some light on the relation 
between the anomaly in the heat capacity and that in the thermal 
expansion coefficient. If the anomaly in the heat capacity, which sets 
in at roughly 0.6° K, and the negative contribution to the thermal 
expansion coefficient, which becomes important in the same tem- 
perature region (both of which must be due to the molecular exci- 
tations), are indicated * by C™” and «™°”, they seem to behave very 
similarly as a function of temperature (see Fig. 5 and Fig. 7) being 
roughly proportional according to: «™” ~ —0.01 C™”/R. According 


* The contributions to C and « resulting from the molecular excitations 
are distinguished by an upper index (mol). Thus C=C® + 0™ and 
a = oh) of q(mol) | 
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to Jones this can be roughly understood by remembering that in order- 
disorder the entropy depends only on a quantity kT'/W , where W> is 
the excitation energy needed for placing an atom on the interlattice 
position. On this basis straightforward thermodynamics shows that: 


op oS dinV ~*~ D ; 
(mol) __ Ae ees, a mo 
eile #8 (sr), ne bd Beats ” Tin We Cy oe 


thus explaining the proportionality between a™”%and Ci. 
Using x= 1.2 x 10-8cm?/dyne one thus obtains dIn W,/dIn Vy + 0.3. 
An independent check on this is obtained from the change of the 


A-temperature under pressure. As the A-temperature should depend _ 


only on W,/k this gives direct information on the change of W, 
under pressure, giving (d In T/d In V),=(d In W,/d In V),=0.40 which 
is not very different from the figure obtained from the thermal- 
expansion coefficient. 

To understand qualitatively the change of the excitation energy 
W, under pressure, we have to recall that the T?-structure is an open 
structure with low coordination number. Increase of the temperature 
leads to an increasing number of atoms on interlattice sites, destroys 
the open structure, and is accompanied by a decrease in volume, 
which demonstrates itself in the negative expansion coefficient. 
In this respect there is a close similarity with the melting of ice in 
which also an open structure breaks down accompanied by a decrease 
in volume instead of the usual increase, although the total anomalous 
volume decrease of about 1.3 °%% is much smaller than in the case of 
ice. The increase of disorder, accompanying the increase of coordina- 
tion number with rising temperature makes the excitation energy 
for placing atoms in interlattice positions gradually smaller and 
smaller than the 7’=0 value W,, a phenomenon which is charactéristic 
for a cooperative phase transition. Decrease of volume at constant 
temperature, however, also results in an increase of coordination 
number, an increase in disorder and thus in a decrease of the excitation 
energy W,. Decrease of volume and increase of temperature thus 
have in principle the same effect in liquid helium: increase of the 
coordination number, increase of disorder and thus increase of entropy. 
Although it is possible to explain, some of the main features and to 
give some qualitative insight into the 4-transition, a more quantitative 
theory is rather difficult to give because of the difficulty of giving a 
more quantitative description of the increasing disorder. 
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c) Role of Exchange Effects — Spin-Ordening 


It is important to discuss in this picture the influence of the 
exchange effects which might be of importance for a comparison of 
the behaviour of *He and *He. A molecular excitation in this theory 
places an atom on an interlattice position and thus brings this atom 
much closer to some of the neighbouring atoms. Now it may be 
expected that for atoms having antisymmetrical wave functions 
such a closer packing is more difficult to produce than for sym- 
metrical wave functions. The argument is somewhat complicated, 
however, because of the fact that 3He has a nuclear spin and ‘He 
has not. One may expect that two ?He atoms with parallel spin have 
a smaller probability of being close to each other than ?He atoms with 
anti-parallel spin, because the spatial wave function should be anti- 
symmetrical in the first and symmetrical in the second case. As for 
4He atoms the wave function should be always symmetrical, there 
seems to be little doubt that the probability of finding two 4He atoms 
close together is larger than for two *He atoms. 

There is, however, an additional difference between liquid +He 
and °He, caused by two factors: the molar volume of *He is larger 
and the molecular mass is smaller. These two effects have a com- 
pensating influence on the excitation energy for an atom on an inter- 
lattice site and it is difficult to see which of these dominates. If these 
two effects compensate, however, one may conclude that in the case 
of *He most probably the energy of an interlattice excitation would be 
larger than in the case of He because of the statistics. One would 
conclude, therefore, that in liquid *He the spatial disordering process, 
which according to this theory is responsible for the A-transition 
in liquid *He, would require somewhat higher temperatures in liquid 
3He and therefore is not observed. 

There remains, however, according to this picture in liquid *He 
the necessity for ordering also the nuclear spins. The fact that at a 
temperature of 0.5° K the entropy is still of the order of magnitude 
of S=R In 2=0.69 R thus would indicate that the ordering process 
for the nuclear spins starts at temperatures below 0.5° K. 

It is obviously difficult to develop in more detail a theory based on 
the order-disorder concepts and to make more quantitative statements 
about the role of the exchange effects. The general type of picture 
which might be expected on this basis is summarized schematically 
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in Fig. 15 in which are given the entropy contributions from the 
collective excitations S®™, that from the molecular excitations 
0 (where it has been assumed that for *He Wy is somewhat 
larger than for *He) and the spin entropy sm, The experimental 
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Fig. 15. Schematic picture of order-disorder treatment of liquid *He 
and *He. 


curve for liq. °>He suggests that this picture is insufficient: There 
must be some reason why the molecular excitations start at much 
lower temperatures. Another way of putting the question is to 
remark that obviously there is a much closer correlation between 
the spin-disorder and the spatial-disorder which becomes important 
in approximately the same temperature region in liquid *He. It 
will be shown that the cell treatment in which these two effects 
are treated at the same time gives somewhat better results in this 
respect. 
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B) Fivuctuation THEoryY 


Before starting the discussion of the cell theory we wish to stress 
the close relation between Frohlich’s order-disorder theory and the 
fluctuation theory of Prigogine 22. In these considerations the molecular 
excitations are identified with density fluctuations. For the purpose 
of describing these density fluctuations Prigogine makes use of the 
cell picture: At 7’= 0 every molecule is moving in its cell, but at higher 
temperatures molecules gradually move, leave their cell empty and 
give rise to a doubly occupied cell somewhere else. 

A molecular excitation of this type is thus very similar to a mole- 
cular “disorder” excitation to an interlattice site. The further thermo- 
dynamic treatment given by Prigogine is somewhat different, the 
result being that the entropy shows a sharp rise at that temperature 
at which the molecular excitations of this double-occupancy-type or 
density fluctuations become more and more probable. Of course the 
exchange effects have a big influence on the molecular fluctuation- 
excitations: the two atoms can be in the same quantum state in the 
doubly occupied cell in the case of *He, but for *He it is necessary 
to force one of the two into a more excited state when the spins are 
parallel, resulting in an excitation energy for ?He which is so much 
higher that no excitation of these fluctuations appeared to be possible 
in liquid *He. This conclusion, which is similar to that drawn above 
for the molecular disorder excitations, is based, however, on rather 
qualitative arguments as was also the case with our discussion of the 
influence of the exchange effects on W). For further details concerning 
these calculations, the density effects and the application to mixtures, 
we refer to the original publications of Prigogine and Philippot **. 


C. THe Crti-THEORY 

It was shown in the previous section A that the order-disorder 
treatment, although having the advantage of giving an explanation 
of the A-transition, probably will have difficulties to explain the 
influence of the statistics: apparently the disorder in liquid *He 
starts at much lower temperatures than one would expect from purely 
theoretical considerations. This means that there must be molecular 
excitations of a somewhat different type which have the property 
that they can be excited much easier in *He than is the case in “He. 
In this connection the ‘‘cell-theories’’ which have been developed in 
recent years have made much progress. As the theories of this type 
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which have been proposed independently by J. de Boer and E. G. D. 
Cohen 24, P. Price 2°, O. K. Rice #® and by H.-N. V. Temperley *” are 
somewhat different in starting point and also in the further statistical 
treatment, we shall follow an argumentation which according to the 
author is the background for this procedure. 


a) Thermal Motion in Classical Liquids 


_ We first give an intuitive picture of this approach. In the dis- 
cussion of the collective excitations which occur in liquid helium 
it was indicated that from the two types of collective excitations in 
a solid: the longitudinal or compressional excitations (with rot v=0) 
and the transversal or shear excitations (with div v=0), the latter 
do not occur in liquid helium because the shear modulus is zero. 
The different character of these two types of excitations is given in 
Fig. 16: arrows indicate the direction of simultaneous vibration in 
these modes of vibration; excess and deficit in pressure are indicated 
by + and —; no change in pressure is indicated by 0. 

When in the liquid state the shear modulus is zero, the restoring 
force for the transversal motions is zero. This causes these motions 
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Figs. 16 and 17. Longitudinal (upper figure) and transversal modes (lower 
figure) in a two-dimensional solid. The phases have been chosen such that 
at the walls v, = dv\/0n = 0 and o, has been chosen equal to o,. 


The equations are: 

Vz = A, sim 2n0,x cos 2no,y exp iwt 

vy, =A, cos 2n0,x sin 2no,y exp iot 
compr.mode: rot v= 0 A,o, — Ao, =0 
ransv. cla = = 
transv.mode: div v=0 A,o, + A,o, = 0. 
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to degenerate to rotational motions, damped by viscous forces as 
shown in Fig. 16, 6. Brillouin 2° evaluated on this basis the molar heat- 
capacity for a classical liquid as follows: 

The molar heat capacity due to the longitudinal, compressional 
waves, is in solid and liquid the sum of a kinetic and potential part, 
giving: 4R+4R=R. 

In a solid each of the transversal waves gives a similar contribution, 
making in total 2(}R+4R)=2R for the transversal waves because 
of the 2 degrees of freedom. One would expect that for a liquid from 
these transverse excitations only the kinetic contribution to the molar 
heat capacity: 2-4R=R is left. One thus gets for a monoatomic solid 
a molar heat capacity 3($R+}R)=3R and one would expect for a 
monoatomic liquid 1(4R+4R)+2-4R=2R. In fact, there is no 
abrupt change in heat capacity at the melting point, because of the 
fact that the transversal motions in the liquid state will be hindered 
rotations or librations, which still contain an appreciable potential 
energy contribution to the heat capacity. For the liquid state one 
would thus expect that for a classical liquid the molar heat capacity 
falls gradually from 3R at the melting point to 2h at the critical 
point. This is in fact the case for monoatomic liquids like Ne and A 
and one may consider this with some reserve as a rough confirmation 
of the concepts explained above. 


b) Molecular Excitations in Liquid Heliwm 


If we now consider this picture with quantum mechanics, we would 
expect that similar to the spectrum of possible longitudinal waves 
with wavelengths varying from very large values down to the value 
sw 2a at the boundary of the first Brillouin zone or the Debye-limit, 
we would have a spectrum of rotational motions with dimensions of 
the rotating groups varying from very large values down again to 
values of the dimension of the lattice distance a. Just as in the smallest 
longitudinal wave two neighbouring atoms vibrate in opposite phase, 
in the smallest rotational motion two neighbouring molecules would 
rotate round each other. Quantization has the effect that excitation 
of the longitudinal elastic waves requires an excitation energy hc/A 
which thus becomes the smaller, the larger the wavelength is, and the 
maximum value ~ hc//, of which corresponds to the wavelength 
Ay © 2a at the Debye limit. 

A similar spectrum of excitation energies could be expected for 
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the rotational motions, the quanta being of the order of magnitude 
i?2/ml#, when 1 is the diameter of the rotating group. From this picture 
it would then follow that not only the longitudinal modes, but also 
the rotational modes could easily be excited at very low temperatures, 
which is in conflict with the experimental findings at low temperatures. 

The solution for this difficulty has been indicated by Feynman *°, 
who pointed out that the energy of excitation for rotational motions 
of a large number of atoms is very much larger than h?/ml? because 
of the large zero-point energy required for a synchronized rotational 
motion of a large group of molecules. In fact, it might be that the 
whole spectrum is inverted and the smallest excitation energy is that 
for the rotational motions corresponding to the Debye limit, i.e. the 
rotation or libration of a pair of neighbouring atoms; rotation of 
larger groups would then require a larger excitation energy. 

We have thus arrived at the following picture for the possible 
excitations in liquid helium: 

(1) one branch of collective excitations, corresponding to the lon- 
gitudinal or compression waves with excitation energies ¢=hco=he/A, 
starting from ¢=0 up to « & he/2a. 

(2) various types of molecular excitations corresponding to rotational 
or rotation-vibrational (or librational) motions of small groups of 
molecules, requiring a finite excitation energy, the lowest value of 
which should be of the order of magnitude f?/ma?. 

For the evaluation of the contribution to the heat capacity due 
to these molecular excitations, we make an approximate calculation 
which is very similar to the Einstein procedure in the theory of solids: 
in the solid state, instead of considering all the different Debye- 
waves, with their frequencies, one divides the solid into N cells and 
one considers all the atoms as vibrating independently in their cells. 
The energy of excitation hy, in the cells is then not far from that at 
the Debye-limit of the vibrational spectrum. 

We therefore replace the system of liquid helium by a system 
of NV, independent cells, each cell containing a small group of 2, 3 
or 4 molecules which are moving independently of the neighbours. 

We have thus to investigate what types of excitations are possible 
in these cells and it will be shown that the librational motions have 
the lowest excitation energy and thus are the only excitations which 
are of importance for the thermodynamic behaviour of liquid helium 
at low temperatures. 
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Moreover we will assume these cell excitations to be localized: 
when a single cell is excited, this excitation in general will have a 
certain probability to be transferred to neighbouring cells. In principle 
this state is therefore N,-fold degenerate. Each excited state in the 
cell broadens to a narrow band of N, states, to be distinguished by a 
wave vector o. The energy corresponding to this band r is (co) = 
=e + h®o?/2u, where u, is the effective mass for the motion of a single 
excitation through the lattice. We will assume for simplicity that 
=co and thus neglect the motion of cell-excitations in the evaluation 
of the thermodynamic properties. 

The free energy of this system of NV, independent cells then becomes: 


Food — _N kT In Ze, (12a) Ziel) — > exp(—Bes) (12b) 


the quantum states in the cell being indicated by r. 

If these molecular excitations are nonlocalized, the free energy is 
still given approximately by (12) as long as the effective mass is so 
large that the width of the band (~ h?/,a”) remains small compared. 
to the mutual distance of the bands (~ h2/m,,@2), i.e. when pu, > mMygp- 
When, however, the effective mass becomes comparable with m,, 
one has to use the expression (5), which is valid for any type of 
excitations and which in the case of molecular excitations, for which 


kT <e. leads to: 


Fimo — > Fimo Fimo!) — —kTV f exp—fe™ (c) do (13) 


Originally Landau *! introduced a type of molecular excitations, 
the rotons, having an excitation energy: e%"(c) =e" + h?o?/2u_y 
with ¢« /£=8.5° K and having a large effective mass y,,, 17.5 mg,. 

More direct information about the ‘‘mass’’ of the excitations could 
be obtained however from the “normal fluid density”. This quantity, 
which according to the Landau *!-Kramers "~—Kronig theory of the 
non-equilibrium phenomena is the mass per unit volume, which has 
to be attributed to the ‘“‘gas of excitations’’, is expressed in terms of 
the distribution function f(c) of the excitations by the formula 


—4f (off) p? do= § f(a) [§ plw—+ (p?/w*) de/dp*] do 


where w=de/dp is the group velocity of the excitations. For phonons 
for which e=cp, one obtains sumply p/w=e/c? or: 


o(phen) — 1. (4/3c?) ) fF f(o )edo= (4/3c 2) TJ (phon) __ —16 7° kt [4/4 5 Asc 
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whereas for rotons, for which ¢=é)+ p/2,;,.one obtains 


On of = J fo) Mrot AG = Lrot hg! 


n) being the number of rotons per unit volume. The values of 0, 
can be determined from the en values of the velocity of 


second sound: ci,=(@,/(e ) )S20/ 0; o. At low temperatures, in 
the phonon region, the a once between theory and experiment for 
0%” is satisfactory, but from an analysis of the available data between 
1.3 and 1.8° K, Landau concluded ® that a better agreement with 
the experimental data could be obtained by using an expression of 
the form ¢°(c) = e8 + h?(o — 09)?/2u,o, Where o9= 0.310 x 108 em 
and where now «°?/k=9.6° K and u,,,=0.77 m,,. It should be men- 
tioned, however, that in the region between 0.7 and 1.1° K, where 
these molecular excitations start playing a role, the agreement between 
theory and experiment is not yet convincing, whereas at higher 
temperatures where the agreement is good one would expect that the 
interaction between the excitations would spoil the independent- 
excitation picture on which these calculations of Landau are based. 


c) Quantum Mechanical Treatment of Collective and Molecular exci- 
tations on the Basis of the Cell-Model 


It is possible to give a more systematic quantummechanical treat- 
ment leading to the two types of thermal excitations. For full details 
we refer to an article to be published by J. de Boer and E. G. D. 
Cohen *4. 

We divide the available liquid volume into NV,=WN/y cells each 
containing » atoms, which cells will be indicated by letters «, £, 
Let the centre of mass of the y atoms moving in any of these cells 
« be R. and let the coordinates of the » atoms with respect to this 
centre of mass be indicated by the set re = fa1, Tag, ... T Ms 


a, y—lL 


The total Hamiltonian of the system can now be written as: 
Ho = HARA KH, +> O44 > > Das (1, ¥5; R) (14) 
a“ ro oe £B 


where % p=) _( ee rx 18 the kinetic energy operator of the 
centres of mass R = R, »R,,...; #, is the kinetic energy operator 
corresponding to the Solon of the atoms in cell « with respect to 

* 


There are only » — 1 radius vectors to determine the positions of the 
vy atoms with respect to the centre of mass. 
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the centre of mass R,; &(r,) is the mutual interaction of the molecules 
in cell x and @,, is the interaction between the atoms in cell « and 
those in 6, which interaction depends on R,—R, as a parameter. 

The quantum-mechanical treatment is based on the adiabatic 
method in which the motions connected with the centres of mass 
R,, R,,... are considered to be slow, compared with those cor- 
responding to the motions inside the cells, connected with the 
coordinates r,,1,, .-.. This treatment is justified when the excitation 
energies of eallective motions connected with the centre of mass are 
small compared with the excitation energy of molecular motions in 
the cells. This in fact seems to be the case in liquid helium: the 
excitation energy of collective motions becomes smaller and smaller, 
the longer the wave lengths of the compressional waves; those of the 
molecular motions inside the cells are separated from the ground 
state by a finite gap corresponding to at least several degrees Kelvin. 

According to the adiabatic method as developed by Born and 
Huang *4 we first consider the centre of mass coordinates fixed, i.e. 
the coordinates R are first treated as parameters. We then determine 
the eigenfunction for the motion of the » molecules moving in the 
cell «, satisfying the equations: 


{4 as ®,, ( a) + x [Dee (ts — ®,4}} Pro (T.) Sen Pn. (T.) (15) 
where 


Dis (r,) at ii Wo (Iz) Dp (I, T,) Po (Tz) dr, (15a) 


is the interaction of the molecules in cell « with one of the surrounding 
cells 6, averaged over the ground state in these cells 6 and where 


Dy =fsywt. ) po (Iz) Og (Ta¥2) Vo (Ta) Yo (Tz) dr, dr, (15d) 


is the average interaction between the cells « and f, both in the 
ground state. In this way ¢, —é is the excitation energy of the cell « 
in the state n, when ¢ is the ground state energy. 

The approximate eigenfunction for the whole system, still keeping 
the centre of mass coordinates R = R,, R, ... fixed as parameters, is: 


= II Wn, (ty) (16) 
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where n = 1,, 1, «.- and r =r,, Tig ss The diagonal elements of the 
r-dependent part of the Hamiltonian (14) are then given by: 


Wr=J PRO) CY 41,4 XPath DZ Pap} ¥,, (r) dr = 
=; EX 2 Pept 2 ny 


except for small terms which can be neglected when the number of 
cell excitations is small and the neighbouring cells of an excited cell 
can always be assumed to be in the ground state. This expression for 
W,, is clear from the physical point of view: the first term represents 
the average interaction energy between the cells and the second 
the sum of the energies inside the different cells. 


(17) 


There exist also non-diagonal terms, which shows that the function (16) is 
not a proper eigenfunction, but only an approximate one. Consider a state 
Yin eo) = yp, (r,) + o("p) ... in which cell « is excited in the state n, = n and all 
other cells are in the ground state ng =n, = ... = 0, then all different states 
YW (n, x) in which one of the other cells f is excited are degenerated with Y(n, «) 
so that the proper approximation for the eigenfunction should be: 


F2{t) = % P (m, x) ek Re 


which function satisfies the requirement of periodicity of the lattice of the 
centres of mass. The wave vector k may take all values in the first Brillouin zone 
of the lattice formed by these centres of mass. The motion of an excitation of 
cell « to neighbouring cells is caused by the matrix elements 


J Vn (T.) Yo (f,) Dy 5 Yo( (T4) Vn (Ty) dr,, dr; 


and gives rise to a broadening of the energy of an excited state into a narrow 
band. For the case of one single excitation at the bottom of this band (small k) 
the expression for the energy as function of the wave number k becomes 
Wain = Wo + (& — &) + Hk?/2u.., Where Mex, can be expressed in the 
matrix elements of ®,, given above. This extra term thus corresponds to a 
kinetic energy of these excitations and y,,, to their effective mass. The treatment 
thus gives in principle the possibility of calculating the effective mass of these 
molecular excitations. We will, however, neglect this kinetic energy of these 
cell-excitations and thus assume yp,,, to be infinite. The effect of the kinetic 
energy on the thermodynamic properties is most probably very small, the 


only effect being that all excited states due to molecular excitations broaden 
to a narrow band. 


According to the adiabatic method as developed by Born and 
Huang ** we now consider the energy W,(R) as a function of the 
centre of mass coordinates R=R,, R,, ..., Which occurred as a para- 


= LS 
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meter in the previous treatment, and determine the eigenfunctions 
&(R) of the equation: 


{#n+V(R)} 5(R) = B-E(R) (18) 
where the potential energy in this equation is taken to be: 
V(R) = Wo(R)+ J Yo (eR) He Yo (r; R) dr. (19) 


In the integral, % operates on R occurring in y»(r) as a parameter. 
The solution of this equation can be obtained by developing in the 
well-known way the total potential energy V(R) in a power series 
in R—R, around the value of R=R, for which this potential energy 
is a minimum. After introducing normal coordinates Q, the equation 
can then be transformed into (v = vg, Ug, ...). 


> (- Be + 40802) 0.) = (H—V(Ro))-0.(@) (20) 


where 


0,(Q) = I Brg (Wo) (21) 


and 


E, = X (+4) hog. (22) 


Using the adiabatic method the problem has thus been separated 
into two distinct parts: 

(1) the solution of the problem of the cell excitations or molecular 
excitations for given values of R=R,,R,..., by Eq. (16), 

(2) the solution of the problem of the vibrational motions given by 
Eq. (21) corresponding to the well-known system of vibrational 
modes in the harmonic approximation. 

The total eigenfunction can now be written as approximately **: 


Qoein (fh, r) =e I Ooe (Qo) Il Yn, (Ty). (23) 
The diagonal elements of the total Hamiltonian appear to be: 
Bio, = JJ Q* H QAR dr = V (Ry) + > (Yet t)hoet > (&n.—£0) (24) 
ey a 


where we have neglected small contributions resulting from the 


influence of cell excitations on the potential energy V(R), which can 
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be neglected at low temperatures where the number of excitations 
is assumed to be small. 

The wave function (23) is not a correct eigenfunction: there remain 
non-diagonal matrix elements of # of the type: 


Sf Be (R) Pie (es R) [@ 2, %, (tr; R)] Z,(R) dR dr (25) 


(where [a,b]=ab—ba) which cause transitions between excitations 
of the elastic waves and internal excitations in the cells. The basic 
assumption of the adiabatic method is, however, that these effects 
are small and that the wave function (23) is a good approximation to 
the true eigenfunction (see for details Born and Huang *4). 

The adiabatic method thus allows a systematic quantum-mechanical 
treatment to be given, leading to the result that the total wave 
function of the system can be written as the product of a wave function 
corresponding to the elastic modes and a wave function corresponding 
to excitations in the different cells; and the energy can be written as 
the sum of two distinct contributions from the vibrations of the 
whole system and the cell excitations. Obviously the ‘approximation 
is only good as long as the elastic modes have a wavelength long 
compared with the distance between cells. In this region w,=2ac-o 
where c is the macroscopic velocity of sound. In the particular case 
of liquid helium the transversal modes do not exist and thus the only 
excitations which have to be taken into account in the summation 
over o are the longitudinal modes. 

In this way the adiabatic method gives a division of the excitations 
in liquid helium into “‘collective excitations’? connected with the elastic 
vibrations of the centres of mass of the cells and “‘molecular excitations” 
connected with motions of the atoms inside their cells with fixed 
centre of mass. The method gives also the formal expressions from 
which one may calculate the effective mass of the molecular excita- 
tions, as well as the expressions which allow the evaluation of the 
probability for transfer of excitation energy between collective 
excitations and molecular excitations, or in the language of Landau, 
between phonons and rotons. 

In first instance one might think that the results obtained in this 
way depend very much on the size of the cells. In this connection it 
is important, however, to realize that the contribution of the collective 
excitations to the thermodynamic quantities as given in $3, did 
not depend on the molecular structure: the thermodynamic quantities 


Qe 
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FS) ete. per unit volume and the thermal pressure depend 
only on the velocity of sound c, which is a macroscopic quantity 
which does not depend on the subdivision of the whole system into 
cells as long as these cells remain cells on a molecular scale. The 
contribution due to the collective excitations is thus largely in- 
dependent of the subdivision into cells. The contribution from the 
molecular excitations depends on the size of the cells. Here one would 
expect that the larger the cell is chosen, the better the results will be 
(provided, of course, that the cell remains of molecular dimensions!). 
But of course for the treatment of more than two molecules in the 
cells we have to fall back on crude approximation methods which 
rather soon nullify the advantage of having taken a larger cell. 


d) Molecular Excitations in Cells with two Molecules 


We first consider a somewhat simplified model of a system of 
spherical cells with hard elastic walls in each of which move two 
atoms. Although the exact value of the radius of the cell will turn 
out to be not very important, we define the cell diameter as follows: 
The average distance d@ between neighbouring molecules in liquid 
4He is about 3.6 A. Using for He-atoms an effective hard sphere 
diameter d= 0.8 c=2.05 A, the radius R, of a single cell is taken to 
be R,=3.6—4(2.05) = 2.6 A. The radius of the double cell is then taken 
to be R,=2" R,=—3.27 A. 

We now consider the system of two helium atoms, with the centre 
of mass in the centre of the cell and moving under influence of their 
mutual interaction potential g(r) given by (1). Aecording to Eq. (15) 
we then have to determine the eigenvalues of this system subject 
to the boundary condition that the radial wave function for the 
relative motion has a node at 7=2R,—d=4.4 A. 

The radial wave functions have been found by numerical integration 
of the Schrédinger equation: 


(—#?/m)d*(ry)/dr? + [p(r) + WIT + 1)/mr2|(ry)=eJ)rp (28) 


for different values of the energy of relative motion ¢ and for different 
values of the angular momentum quantum number J. The values of 
the energy for which the corresponding wave-function has its first 
node at r=r, could be represented for the values J=0, 1, 2, ete. by 
the well-known formula 


e(J)=const + kO - J(J +1) (27) 
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corresponding to excited rotational states with constant moment 
of inertia 7,=h?/2kO. States with radial nodes, i.e. vibrational excita- 
tions in the double cell, have an energy which is much too high to be 
able to exist in this double cell. The excited states in the double cell 
thus behave as those of a rotation with constant moment of inertia 
which can be found from the value k@ of the constant in (27). A 
determination of the distance of the atoms from these values of 
I,=4ma? gives a)=3.25 A, which compares nicely with the lattice 
distance for the 7? lattice. A similar conclusion holds in the case of 
liquid *He. The dates are summarized in the following table: 


PARAMETERS FOR DOUBLE CELL 


liq. *He liq. He 

a& = (V/N)" 3.58 A 3.99 A 

R, =a — }d 2.56 A 2.97 A 
R, = 2*R, 3.23 A 3.74 A 
% = 2(R, — 4d) 4.40 A 5.42 A 
O = h?/21,k 1.125 °K 1.248°K 

a,(from J, = 4ma2) 3.2008 3.62 A 
a)(T'3-structure) 3.18 A 3.54 A 


We now take into account the symmetry effects and the spin effects. 

In the case of liquid *He there is no spin and the wave function 
should always be symmetrical, i.e. J should be even. Thus: 

Ze = DY (2441) exp (—Be(J)) (28) 
J=0,2,4... 
where, of course, each state has the weight 2J-+1 because of the 
rotational degeneracy. 

On the other hand, for liquid He there is a spin 4% and the total 
wave function including the spin state should be always antisym- 
metric. Thus when the total spin of the two ?He atoms is equal to 
S=1, the angular momentum quantum number J =odd; whereas for 
antiparallel nuclear spins (S=0) the angular momentum J=even. 
The cell partition function thus becomes: 


Zigel — > g;(2J +1) exp (—Be,;) 


ee 
1 = 93 =I =---= 3. \ 


(29) 
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_ Thus the total weights for the states J=0, 1, 2, ... are in the case of 


 4He: 1, 0, 5, 0,9, ... and in the case of °He: 1, 9, 5, 21,9, .... This 


results in the first excited state for ‘He corresponding to 6 x 1.125= 
=6.75° K, whereas in the case of *He the first excited state is 
2 x 12.48=2.5° K with a weight 9 (see Fig. 18). This difference in 
behaviour between *He and 4He makes an enormous difference in 
the entropy, which for *He rises at very low temperatures to much 
higher values than is the case with ‘He. In fact, this is what is found 
experimentally as is shown in Fig. 19. The exchange effects thus explain 
directly the remarkable difference in entropy which exists between 
liquid *He and ‘He at very low temperatures. 

It should be pointed out that the approximation which uses a 
spherical cell is somewhat artificial: The cell will be ellipsoidal 
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Fig. 18. Energy levels in double-cell as a function of the maximum distance 
ré =1,/o in the double cell and energy levels for 7) = Li 2 Oo 4.40/A and 
ry) = 2.126 = 5.42 A for *He and *He respectively. 
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having a hindering potential which prevents free rotation for small 
excitations. Such a hindering potential might be of the form: 


V (9) =—A (5 cos? 0 — 5) (30) 


where # is the angle which the axis of the pair of atoms makes with 
the symmetry axis of the cell. 

- The lowest excited states in the ellipsoidal cell are not of the 
rotational but of the rotation-vibrational type which are often 
indicated as “‘librational’’ because free rotation is prevented by the 
barrier. This, of course, has some influence on the evaluation of the 
partition function, because the hindering potential leads to a splitting 
up of each rotational level. The energy eigenvalues then are modified 
with somewhat changed weights, but as far as the order of magnitude 
is concerned, the calculations will remain correct. Another consequence 
of this librational motion in the ground state is that now also the 
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Fig. 19. Entropy of 4He and *He at low temperatures according to the cell 
model. 
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zero-point energy obtains an additional contribution from the trans- 
versal oscillations of a pair of atoms in the double cell. This is 
important in connection with the fact which we found in section 2, 
viz. that the zero-point energy of the longitudinal modes alone was 
insufficient to explain the total zero-point energy which occurs 
obviously in the case of liquid helium. 


e) Molecular Excitations in Cells with more than two Atoms 


It is not too difficult to obtain some information as to the molecular 
excitations which would be obtained by considering cells of three or 
four molecules. In fact the structure of the type 77, which might 
possibly be approximately the ordered arrangement of the helium 
atoms, makes plausible rotations of three molecules as well as of four 
molecules. In Fig. 20 it is shown how in this structure the surrounding 
atoms of a triangle of three atoms are arranged. This suggests that 
for a group of three molecules in a triangle a rotation of the triangle 


‘ Shae oes ‘ 
Fig. 20. The surrounding sites of a triangle of three sites in the 7’j7-structure. 
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as a whole in the plane could easily be excited. The excitation energies 
are then given approximately by: ie 


e(J) = (h2/21)J? (30) 


where the moment of inertia is equal to half the value for a pair of 
molecules when the interatomic distance is taken to be the same, 
giving 72/2I,4=2.25° K for *He and f?/2I,k=2.50° K for *He. 

In order to investigate the influence of the symmetry effects we 
have to investigate the symmetry properties of the eigenfunctions 
of a plane triangular rotator. The problem is very similar to that of 
the rotation of molecules like CH,Cl around their symmetry axis, 
which problem has been considered by E.'B. Wilson. The result is 
that for *He atoms with symmetrical wave functions and no spin 
only the states J=0, 3, 6, etc. are allowed, giving: 


Zig = > 2exp(—fe(J)) (31) 
J=0,3,6,... 
where of course each state has the weight 2 because of the rotational 
degeneracy. 
On the other hand for *He atoms having antisymmetrical wave 
functions and a nuclear spin 4% we have: 


ZS = > 952 exp (—Be (J)) 
Jo = 2 N=%9=9 =... =2 (32) 
Gs 96 a Oe Oe ee ee 


Figure 21 shows that one might also obtain a good approximation 
by considering groups of 4 atoms arranged in a tetrahedron. In fact, 
the structure of T7 can be considered as a close-packed arrangement 
of tetrahedrons, and therefore an approximation in which the liquid 
is divided into a close packed arrangement of V,=4N spherical cells 
each of which contains a group of 4 He atoms, approximately 
arranged in a tetrahedral configuration, might offer a good approxi- 
mation. During the motion of these 4 atoms in a spherical cell they 
will remain approximately arranged in the form of a tetrahedron and 
the energy levels will therefore be given approximately by 


h2 


e(J) = 57 J (+1) (33) 


where [,=1,;=31,. Thus for *He: #2/27,k=2.25°K and for 3He: 
h?/21,k=2.50° K. Again we can apply to the investigation of the 
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Fig. 21. The surrounding sites of a tetrahedron of four sites in the T3-structure, 
showing the ‘close packed”’ surrounding by 12 tetrahedrons. 


symmetry effects the results of molecular spectra, this time those of 
CH, investigated also by E. B. Wilson. In 4He only the states with 
J =0, 3, 6,... are allowed, giving: 
Zi = Y (2F+1)exp(—Be(J)) (34a) 
J=0,3, 6... 


whereas in the case of ?He the nuclear spin gives rise to the following 
complicated set of weights: 


LE = > 97 (2 +1) exp (—Be(J)) (34b) 
J 
Tie =o Ue ecloue 
yi (aca Ja=fo= -- =18 


Jo=Js= -- =5 Is=9Ju= -- =l1 
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In Fig. 22 we have compared the energy levels and the weights 
for the states in 3He and 4He for cells containing 2, 3 and 4 atoms 
respectively. The most important difference between these models is 
that in the cells with more than two atoms the lowest state is degen- 
erate. Thus the entropy approaches at low temperatures the values 
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Fig. 22. Energy levels for cells containing 2, 3 or 4 He atoms, for the cases 
*He and *He. 


+R In4=0.46 Rk and 4RlIn5=0.40 RF for cells with 3 or 4 atoms 
respectively. These models thus show in any case a much larger 
entropy for *He than in the case for *He. At somewhat higher temper- 
atures above 0.5°K the behaviour between the different cell- 
occupations is not very different. At low temperatures, however, it is 
necessary to introduce the interaction between different cells so as 
to split up.the lowest degenerate level. 


f) Discussion A-Transition 


As has been indicated before, the idea of using the quantum states 
of pairs of helium atoms to explain why *He differs so remarkably 
from *He when we consider the behaviour of the entropy at low 
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_ temperatures has been put forward also independently by Temperley 2” 
and Rice *°. Considerable discussion has been given by these authors 
to the system of levels which would explain the low temperature 
entropy of liquid *He. Thus Temperley suggests that a triplet at 
0.4° K and an octet at 2.7° K are needed to give the experimental 
entropy curve, although a difficulty seems to be that in connection 
with these empirical levels a Debye entropy of 0.04 RT? would be 
necessary, which is about five times the value which seems reasonable 
in the case of *He. The question of the position of the lowest levels 
seems therefore still open and more measurements of the specific heat 
at very low temperatures will be needed to give more information 
about this point. The work of P. Price 6 had its origin in attempts to 
explain the magnetic susceptibility of liquid *He at very low temper- 
atures. Also here the. cell model proved to give interesting con- 
sequences in agreement with experiments, but the discussion of this 
point is considered to be outside the scope of this contribution. 


The question remains to give on the basis of the cell theory an 
explanation of the A-transition. The order-disorder theory gave 
directly an explanation of tho A-transition as being a cooperative 
transition at the temperature when the long range order becomes zero. 

In the cell theory the A-transition must also result from a cooperative 
effect, here, however, caused by the interaction between excitations 
in neighbouring cells. One of the approximations introduced in the 
present treatment is that the interaction with the neighbouring cells 
is the average interaction, averaged over the ground state of the 
neighbouring cell as shown in Eq. (15a). In fact, however, the inter- 
action depends on the state in the neighbouring cells and just as the 
cooperative effect in the case of order-disorder transition results from 
the fact that existing disorder facilitates the creation of new disorder, 
one might expect in our picture that most probably excitation in one 
cell is facilitated by the excitation of motions in neighbouring cells. 
In this way again a cooperative transition results which then should 
be identified with the A-point in liquid *He. It should be stressed, 
however, that it is by no means certain that this interaction leads to 
a phase transition. In the case of #He the cooperative process sets in 
at much lower temperatures, but it is not very well possible to predict 
whether this interaction causes a phase transition also in this case. 
If the cell excitations are of the rotational type the transition 
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we are describing here is a rotational type of transition, which in 
fact is based on the assumption that the rotation of one group is 
facilitated by that of the neighbouring groups. Unfortunately the 
statistical mechanics of transitions of this type is in a much more 
rudimentary state than that of the order-disorder transitions. The 
very great difficulty of treating the interaction properly and dealing 
with the spatial degeneracy have made the existing treatments 
unsatisfactory so far and it is not very well possible therefore at this 
moment to go into a more detailed discussion of the application of 
these types of phase transitions in the case of liquid helium. 

The considerations given in this contribution only apply therefore 
to a temperature region far from the /A-point where the cooperative 
effects, disturbing the relatively simple situation at low temperatures, 
do not yet play an important role. Most probably, however, these 
kinds of effects are already important at temperatures between 0.5 
and 1.0° K in liquid *He and this is the main reason why not very 
much attention has been paid to attempts to evaluate exactly the 
entropy of liquid *He from a detailed theory of the individual cell 
excitations. 

As a concluding remark it may be good to mention that the treat- 
ment of the excitations in liquid helium, divided into the order- 
disorder (or also fluctuation) type of theory and into the cell theory 
does not mean that these two concepts are contradictory or that 
they exclude each other mutually. This division has been chosen 
only to make the exposition somewhat systematic, but these two 
types of excitations are rather similar in many respects. In fact, 
sometimes rotational transitions can be explained only slightly 
differently in terms of an order-disorder treatment. One may hope, 
therefore, that in the future it will be possible to make a proper 
synthesis of these considerations. 


D. OvHER THEORIES 


Extremely interesting progress in calculating the energy of exci- 
tations in liquid “He has been made by Feynman *° and by Feynman 
and Cohen *°. Although a complete discussion of their results falls 
outside the scope of this contribution, it may be useful to outline 
the relation with the results obtained with the cell theory approach. 
Following a suggestion originally made by A. Bijl, Feynman used 
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a trial wave function for the first excited state in liquid 4He of the form 


N 
Po (¥y..-Iy) =o (¥1-.-Ty) + } exp 2a o-r, (35) 


i=1 
where %(r, ... ry) is the groundstate eigenfunction and where the 
factor 


N N 
COo=* [24 (t;—r)] exp (272i o-r) dr= > exp 2zi o-r,, (36) 
— i=1 
being the Fourier transform of the microscopic density operator 
>i 6%; — r), is the normal coordinate corresponding to the wave 
vector o. In accordance with the fact that the eigenfunction of an 
harmonic oscillator in the first excited state is obtained from that 
of the ground state by multiplication with the coordinate (36), one 
may expect (35) to be a good approximation for the first excited 
state of the elastic waves. Using the variational principle the exci- 
tation energy turns out to be 


é(a) = h? 07/2 mS(o) (37) 


where the normalizing factor S(c) may be transformed into: 


S'(0) =f--$ QoS Ar..dty= - 
=l+n§ [g(r)—1] sin (2207) -(2xor)—dr 0) 


g(r) being the pair correlation functions in the ground state. Assuming 
that these excitations for long wave lengths really describe the elastic 
(phonon-) excitations, S(c) should approach in the limit o — 0 to 
S(c) — ho/2mc, which would give ¢=hceo, c being the velocity of sound. 
For higher values of o the quantity S(c) can be obtained empirically 
from the X-ray scattering intensity as function of the scattering angle. 
Introduction of these values then leads to a curve for e(o) having a 
maximum at o,,,, ~ 0.25 A+! and a subsequent minimum at o,,,. = 
= 0.32 A-1 with (e,,,/4) ~ 19.5° K. The general shape of the curve 
is in agreement with Landau’s suggestion, that the two types of 
excitations: e=hce.o (for o small) and ¢= «+ h?(o—oy)?/2m (for o ~ 05), 
can be considered as forming part of one simple excitation curve. The 
experimental value of ¢/k is only 9.6° K, being half the value obtained 
at first by Feynman *°, whereas the experimental value of 0) ~ 0.31 
to 0.36 A- is in good agreement with the theory. 
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In a subsequent article Feynman and Cohen *° used an improved 

trial function - 

N 

Yo=Po° ae +A ¥ xy/7i) exp 2nt0-7; (39) 

i= j+t 
where the additional factor accounts for the “backflow” around a 
moving particle. With this wave function the minimum of the curve 
lowers to the value ¢,,,,/k ~ 11.5° K but the curvature at the minimum 
seems still to be considerably higher than indicated by Landau. 

A suggestion about the physical nature of the maximum and sub- 
sequent minimum in the ¢(c) curve assumed by Landau and explained 
in principle by Feynman can be obtained by using again the lattice- 
structure model which was on the basis of the treatment in the 
previous chapters. In such a model the elastic waves show dispersion : 
the «(o) curve has a maximum when the wave number is approxi- 
mately at the Brillouin zone (o,,=1/2a ~ 0.14 A+ for a cubic 
lattice) in reciprocal space or what is roughly equivalent: near the 
Debye limit o,=0.62 v-' ~ 0.17 A. The neighbouring atoms are 
then vibrating approximately in opposite phase, the wave length 
A= 1/o being equal to twice the average distance a between the atoms. 
The fact that the maximum of the empirical curve of Landau also 
occurs at roughly o,,,, ~ 0.16 A! seems to be in favour of this 
explanation. The minimum at about twice this value of o can then be 
explained in principle by observing that there the wave length A ~ 3.2A 
is of the order of the average distance of atoms @ ~ 3.6 A in liquid 
helium. This however causes neighbouring atoms to move in the 
same phase, which obviously should lead to a minimum in the e(o) 
curve. 

The excitations considered by Feynman for liquid *He are thus 
in essence the long wave excitations and molecular excitations of the 
longitudinal type. The molecular excitations of the transversal type: 
i.e. the rotation-vibrational excitations considered in the previous 
sections, which show interesting exchange effects and require a finite 
excitation energy ¢) of the same order of magnitude, should also 
play an important role. They have also to be taken into account so 
as to complete the picture of the thermal excitations of liquid helium. 
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CHAPTER II 


LIQUID HELIUM BELOW 1° K 
BY 


H. C. KRAMERS 
KAMERLINGH ONNES LaBoraToriuM, LEmDEN 


Contents: 1. Introduction, 59. — 2. Techniques, 60. — 3. The theory of 


elementary excitations and the two-fluid model, 61. — 4. Experiments 
on static and reversible properties, 65. — 5. Dissipative effects, 70. — 6. 
Large mean free path phenomena, 77. — 7. Miscellaneous experiments 80. 


1. Introduction 


The distinction between liquid helium above and below 1° K was 
originally made only for a purely technical reason. As is well-known 
this temperature is roughly the limit which can be attained by 
ordinary pumping on the liquid. For experiments at lower tempera- 
tures usually recourse has to be taken to the magnetic cooling effect 
of paramagnetic substances. For temperatures below about 0.7° K 
this is actually the only method available. 

However, the physical behaviour of the liquid also justifies this 
distinction. As will be shown in the following discussion most of the 
phenomena of the liquid below 1° K can be explained by means of 
the theory of elementary excitations (see Vol. I Ch. II). Actually 
the best evidence of the suitability of Landau’s theory and its later 
extensions can be found in this region. The condition of the scarcity 
of low energy states, discussed by Feynman (Vol. I Ch. IT) is here 
certainly fulfilled, in contrast to temperatures near the A-point. 
Therefore the assembly of elementary excitations may be expected 
to behave truly gas-like. Consequently statistical methods may be 
applied to this gas to deduce thermodynamic quantities and to 
derive the equations of the two-fluid model. (For a somewhat different 
approach to the problem of liquid helium see Ch. 1). 

Although the interaction between the excitations should not be 
too large for this purpose, it should also not be too small, if this 
theory is to be applied without more ado to non-stationary phenomena. 
The rapidly decreasing number of excitations with diminishing 
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temperature leads to a similar decrease in. their interaction. As a 
consequence equilibrium conditions are established only relatively 
slowly. This is indeed what will be shown to occur at the lowest 
temperatures: in a general way this can be expressed by saying 
that the mean free path becomes very large. 

The temperature region can be divided into two parts. Below 
0.6° K there are only phonons; above that temperature both phonons 
and rotons are present. Because of the small interaction between 
phonons the major part of the lower region (i.e. certainly below 
0.4° K) roughly coincides with that where the mean free paths are 
comparable with the dimensions of the experimental equipment. 


2. Techniques 

The usual method of attaining low temperatures by reducing the 
pressure above the liquid can be extended to 0.8 or even 0.7° K 18 20 28, 
A diffusion pump must be used and the film creep must be kept as 
small as possible by inserting a constriction in the pumping tube. 
Still lower temperatures have to be attained by demagnetizing a 
large enough paramagnetic sample in contact with the liquid. 

A general disadvantage of this latter method is that no large 
thermostat is present and so the liquid is warming up during the 
experiment. Special care is therefore required to reduce the heat 
influx. The vessel is surrounded by a vacuum jacket and precautions 
against radiation are taken. The main source of heat influx with 
an open vessel is the film flow. The film can creep up, evaporate some- 
where in the upper parts of the cryostat and recondense in the low 
temperature vessel, delivering a disastrous amount of condensation 
heat. On the other hand an open vessel is convenient because the 
helium can easily be condensed into it. A compromise can be found 
by using a narrow capillary (e.g. with an inner diameter of 0.2 mm). 
This method has been employed in many experiments } 2 3, 

Ashmead has introduced a different design, in which the inner 
vessel can be closed by means of a tightly fitting evacuated conical 
plunger. When it is open the inner helium is in direct contact with 
the outer bath. If a large amount of salt and helium can be used the 
rather considerable heat leak is not very awkward. This set-up has 
also been successfully used by some investigators * 5, 

Some experiments have been done with a closed capsule technique. 
The helium is brought in beforehand, either at high pressure at room 
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temperature *7 or condensed at liquid helium temperature and then 
sealed off*. The advantage of the capsule technique is the very small 
warming-up rate but the, perforce, heavy metal apparatus hampers 
magnetic temperature meausrements, which are the most reliable 
ones in this range. The principles of the three main methods are 
shown in Fig. 1. nee 

Finally, the continuous magnetic refrigerator of Daunt and Heer ° 
may prove to be very convenient for these kinds of experiments. 


Fig. 1. Techniques. 
a. capillary technique 12%, 
b. Ashmead plunger 4:5, 
ce. closed capsule (after Hull eé al. °), 
Ss = paramagnetic salt. 


3. The Theory of Elementary Excitations and the Two-fluid Model 


The theory of elementary excitations and Landau’s interpretation 
of the two-fluid model on this basis have been expounded by Feynman 
in Vol. I, Ch. II, As has been argued there, it is supposed that there 
are two kinds of excitations: the phonons and the rotons. The energy- 
momentum relation for the phonons is H=v,p and for the rotons 
E=A+(p—p,)2/2u (see however Ch. I § 5b); v, is the velocity of 
sound, A the zero-point energy of the rotons, p) their zero-point 
momentum and yu an effective mass 14. One may now consider the 
assembly of excitations as a mixture of a phonon- and a roton gas. 
By applying statistics in the way indicated by Feynman in § 3 of 
Vol. I, Ch. II one can derive expressions for the thermodynamic 
quantities and for e,, the so-called normal density. All these quantities 
are sums of two contributing terms, one for the rotons and one for 
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the phonons. This is true as long as the interaction between the 
excitations is small, ie. for temperatures not too near the /-point. 
In this way one finds for the specific heat per unit of mass: 


16 kt 78 
Cy = Con FG = 1s h3 ve 


a. (27 \e ae (22) (4)" (=) [ese 4 & Pi-i2 als ; (5) 7] exp (AIR) (1) 


m 


m being the mass of a helium atom, & the Boltzmann constant and 
h the Planck constant. 
The two equations of motion of the two-fluid model follow im- 
- mediately from the conservation laws of momentum for the gas of 
excitations and for the liquid as a whole. Further, the law of con- 
servation of energy for this gas leads to the continuity equation of 
the entropy, reversibility being presupposed. Together with the mass 
conservation equation one has now four equations which determine 
the properties of the two-fluid model, provided irreversible effects 
may be neglected. Terms arising in this way which involve velocities 
to a higher order than the first are omitted in the equations of motion. 
The actually observed phenomena at large velocities can certainly 
not be accounted for by such serms following from the theory of 
excitations in its present form. 
If one puts all velocities and accelerations in the equations equal 
to zero, the equation for the fountain effect follows immediately: 


grad P=oS grad T. (2) 
The mechano-caloric effect can also easily be derived: 
aa (3) 
In the latter expression Q is the amount of heat produced per unit 
of mass of flowing liquid. All other thermodynamic quantities are 
also given per unit of mass. 

For the inclusion of irreversible effects into the equations the 
problem has to be generalized in a way familiar from the kinetic 
theory of ordinary gases. This has been done by Khalatnikov ! in 
a formal way. The treatment involves the setting-up of a non- 
equilibrium distribution function by means of the Boltzmann equa- 
tion. The difference between this new function (f) and the distribution 
function valid in equilibrium (f,) lies in terms depending on the 
derivatives with respect to the space coordinates of the temperature 
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and the velocities. Only the terms of the first order in these are 
preserved; therefore, the treatment is restricted to small deviations 
from equilibrium. The new distribution function, inserted into the 
conservation laws of the gas of excitations can now be used for a 
derivation of the equations of the two-fluid model, just as has been 
done in the case of equilibrium. The terms of f—f, lead to terms for 
first and second viscosity and heat conductivity in these equations. 

The equations for the two-fluid model can now be written. Since 
there are two velocity fields (v, and v,), one can choose any two 
lineair combinations of these to write down the equations of motion. 
For the purpose of a consideration of the propagation of ordinary 
and second sound it is useful to take j/o=0,v,+0,v, and w=v, —Vv, as 
such. In the equations given here thermal expansion is neglected and 
a small transformation has been made to have only @, 7’, j, and w 
as variables. The result is: 


2s (22) grad 9 =™ (7244 grad div) (j-+e,w) + 
“ oe (4) 

a grad div j+“# grad div (0, w) 
on +08 grad T = > (V?-+% grad div) (j+e,w) + a grad div j % 
5 

+ a grad div (0, w) 

00 Aa ioe 6 
+ div j=0 (6) 
ot to Sdivw=2 77 (7) 


where P is the pressure; 7, and 4, are the coefficients for the viscosity 
and the heat conductivity of the normal fluid respectively; and 
Ci S12 and ¢,, are three coefficients for the second viscosity. 

It should be noted that the heat conductivity term has nothing 
to do with the heat transport observed in ordinary experiments, 
which is almost completely due to the motion of the normal fluid and 
the super-fluid. The heat conductivity term occurring in the equations 
is actually the heat conductivity of the normal fluid itself; as a rule 
its contribution is negligible in heat flow experiments. 

Viscosity and heat conductivity terms were introduced much 
earlier 12; the second viscosity terms arose for the first time from 
Khalatnikov’s analysis. His interpretation of these will be given later. 
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Eq. (4) and (6) lead to the wave equation of ordinary sound ; 
Eq. (5) and (7) to that of second sound. The nature of the latter is 
now also clear: the energy is oscillating between the kinetic energy 
connected with the relative motion of the two fluids and the potential 
energy connected with the local deviation of 7 from its equilibrium 
value. Since o,/0 is supposed to be dependent only on 7’, second sound 
can be thought of as a sound wave in the gas of excitations. 

Neglecting dispersion, which is only an effect of the second order 
in the frequency, one gets for the velocities of ordinary and second 


sound 


Be 5 (8) 
piseye 
Seah (9) 


respectively. It is seen that measurements of v,, allow for a calculation 
of e, and a subsequent comparison with the theory. According to 
Landau !4 the phonon contribution to e,, which should be the only 
one at low enough temperatures, is 


eS Ps 16>, or 
Onph = e AR ne 3” (10) 


Consequently for temperatures near absolute zero one finds 
Vi, = Vi/3. (11) 
The coefficients of absorption due to the irreversible terms can 
also immediately be derived from the plane wave solution of the 
Kq. (4), (5), (6), (7). This yields for the velocities expressions of the 
general form: 
v= vyttawt..., (12) 


higher order terms in the angular frequency w being neglected. Since 


the absorption coefficient per cm (A) equals the imaginary part of 
w/v, one finds easily 1) 13 


1 w? 1 /4 2) 

br= 3 9 (3 mtu) (13) 
Bey er - dn 

Cn 2 ye, es € Nn + ay or sae (14) 


The coefficient Cy, does not occur in these expressions; it enters into 
(12) only in terms proportional to ?. 
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It should be noted here that the type of two-fluid model which is 
yielded by the theory of excitations is less general than that proposed 
by Gorter (see Vol. I, Ch. I). The quantity 8* in that model has here 
been replaced by o@S/o,; this simplified model is identical with that 
obtained by H. London by a thermodynamic reasoning ©. 


4, Experiments on Static and Reversible Properties 
4.1. THe Sreciric Heat 


Below 0.6° K the specific heat proved indeed to be proportional to 
7? 162, as would be expected, according to Debye, for a pure phonon 
gas and which is in agreement with Landau’s predictions 4. The 
temperature independent factor in the theoretical expression contains 
only (apart from general constants) the parameter v,, which can be 
found from measurements on the velocity of sound. No very accurate 
measurements on this quantity are available in the low temperature 
region but a reliable extrapolation can be made from the range above 
1° K, since just above that temperature v, becomes practically tem- 
perature independent. 

Atkins and Chase” deduced in this way v,=239 + 2 m/sec at 
7'=0° K. This yields for the specific heat in the phonon region: 


C,= 0.0204 (+ 0.0006) x 7 joule/g deg. 


The experimental value of the coefficient originally published was 
about 15 % larger? 16. However, new experiments in the Leiden 
laboratory, which will soon be published, indicate that this value 
was actually too large, and that there is no longer a discrepancy between 
the theoretical and the experimental value *°. The error in the original 
data was probably due to an extra heat capacity of as yet unknown 
origin in the calorimeter. By using different amounts of liquid this 
effect could be eliminated. The correction is only of some importance 
in the range below 0.7° K. 

Measurements of the specific heat in the region where rotons play 
also an important part allow for an evaluation of A/k. To find the 
roton contribution, the phonon part is first subtracted. 

It appears that Eq. (1) gives a good representation of the experiment- 
ally found specific heat below 1.3° K with a value of A/k equal to 
8.8 (4 0.1)°K. At higher temperatures deviations occur because of 
the proximity of the A-point (see Fig. 2). 
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Fig. 2. The specific heat. 
Fully-drawn line: total specific heat calculated from the energy spectra of 
phonons and rotons with v; = 239 m/sec; A/k = 8.8° K; p/h = 1.96 A-; 
p/m = 0.23. 


The phonon and roton parts are indicated by dashed lines separately. 
© data from Kramers eé al. 2.16, 
A. new Leiden measurements *. 


42. Tur CoEFFICIENT OF EXPANSION 


Data on the coefficient of expansion at constant pressure «, were 
obtained down to 0.85° K by Atkins and Edwards 8. Again there is 
a phonon and a roton contribution, the former being positive since 
v, increases with pressure. The roton contribution is presumably 
negative, but at sufficiently low temperatures the phonon contribution 
should again predominate. This is indeed found experimentally: 
&, is negative above 1.15° K and positive below this value. At the 
lowest temperatures «, tends to approach very well the value for a 
phonon gas computed from v, and its dependence on pressure by 
means of well-known thermodynamic relations (see Fig. 3). It may 
be noted that the phonon influence on «, persists at much higher 
temperatures than that on the specific heat (at 1°K: ¢,,/c, 0.25 


and «,,/x, ~ 1). For theoretical considerations one is referred to 
Ch. I, § 3c and 4b. 


Fig. 3. The expansion coefficient at saturated vapor pressure (after Atkins 
and Edwards !’). 
Fully-drawn line and points: experimental data. 
» Dashed line: calculated phonon contribution. 


4.3. Tare Fountain EFrrecr 


Fountain effect measurements were made by Peshkov ”° from 1.5 
down to 0.82°K. By means of H. London’s formula [Eq. (2)] a 
comparison can be made with entropy data calculated from the 
Leiden specific heat experiments 7. The agreement is good. 

Recently Bots and Gorter 74 published data on the fountain effect 
at still lower temperatures. In these measurements the so-called 
integral fountain effect was measured, i.e. one of the two vessels 


_ connected by a superleak of jeweller’s rouge was kept at bath tem- 


perature (about 1.1° K), the other one being cooled magnetically. 
H. London’s formula can now be tested by comparing the pressure 
heads with {7 Sd7’, calculated from the specific heat values. T’, is a 
conveniently chosen reference temperature (e.g. 0.9°), and 7’, is the 
temperature of the cooled vessel. The agreement is good down to 
0.70° K. Below this temperature deviations occur:.the value of the 
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integral effect between 0.2 and 0.6°K is about 10% lower than 
the calculated value. It should be noted, however, that the calculated 
value of the fountain height between 0.2 and 0.6° K is only 2.3 em, 
while the actually measured integral effect (between 1.1° and the 
lower temperature) is of the order of 45 cm in this case. There seems 
therefore as yet no serious reason to distrust the H. London formula. 

Unfortunately no experiments are available on the mechano- 
caloric effect in this region. 


4.4. Second SouND 

Of all the properties of liquid helium in the temperature range 
discussed the largest attention has been given by investigators to the 
propagation of heat pulses 2? 23:24 25.26. The preference given to 
pulses above sine waves is due to the small amount of heat developed 
with the former. Historically these experiments have played an 
important role, since they made possible a decision between the 
applicability of Landau’s and Tisza’s theories 1+ ?’. The second author 
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Fig. 4. Velocities of heat pulses and second sound. 
Fully-drawn line: second sound velocity calculated with the parameters of Fig. 2. 
L] Peshkov’s data from standing waves *; 
© Leiden data on top velocities of pulses 25; 
mess e)ey & pulse front velocities (de Klerk et al.*); 5 em tube. 


—-—----—-— pulse front velocities from the Leiden experiments; 
curve A: 1.5 em tube, 


curve B: 6.25 em tube. 
A Osborne’s data on the second sound velocity obtained from running waves. 
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expected the velocity of second sound to decrease from the 20 m/sec 
plateau at temperatures above 1° K to zero at 0° K. As has been 
shown, Landau’s theory predicted a rise towards v,//3 = 138 m/sec. 
When a rise of v,, was actually observed to occur below 1.1° K 22 23; 24, 
it was a great triumph for the theory of phonons and rotons. 

However, the interpretation of the results at low temperatures 
appears to be not as simple as Landau originally predicted. The 
shapes of the pulses are radically changed while passing through the 
liquid. Above 0.7° K this shape is still approximately symmetrical, 
but below that temperature a large tail develops and very little of the 
shape of the original pulse is preserved (see Fig. 5). These effects will 
be discussed later. 

Since the pulses at low temperature do not remain narrow, it is 


at (Sec) 


Fig. 5. Shapes of heat pulses for the 6.25 cm tube of the Leiden experiments **. 
The abscis indicates the time after the start of the heating pulse; the ordinate 
is arbitrary. In the order of the pulse fronts from right to left: Z’ = 1.1; 0.75; 
0.65; 0.55; 0.25; 0.15° K. 


difficult to define a unique velocity of second sound. Most authors 
identified this with the velocity of the front of the signal, but this 
is rather an arbitrary choice. As long as the pulses are symmetrical 
and the original pulses have a negligible width, one should in the 
opinion of this author, identify the velocity of the top with v,,. This 
has been shown to occur only above 0.7° K 76. A further condition is 
that surface attenuation, due to the presence of the tube can be 
neglected. In the experiments just mentioned *, the velocity of the 
front depended clearly on the tube-length (see Fig. 4). 

Standing wave measurements were extended by Peshkov ** down 
to 0.81° K: the agreement with the Leiden data on v,, obtained from 
the top velocities is satisfactory. 

The measurement of v,, allows for a calculation of @,, provided 
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Eq. (9) is valid. The result can be compared with the expression for 
o, obtained from the theory of excitations. Again there is a phonon 
and a roton contribution. The phonon contribution (Q,,,) has to be 
calculated from the theory since no direct measurements exist on 
either the normal density or v,, in the phonon region. 

In view of the good agreement for the specific heat there is no 
reason to distrust such a calculation. g,,,, is proportional to T*, the 
coefficient containing only v, as a parameter. The roton contribution 
(0,r) can now be found by subtracting 0,,,, from @,. Again one finds 
good agreement when A/k=8.8° K. Moreover, by combining the data 
of 9, with those of c, it is possible to evaluate the other two para- 
meters of the roton spectrum. One finds p)/A=1.96 (+ 0.05) Ao 
and u/m=0.23 (+ 0.1). 


5. Dissipative Effects 


A theoretical approach to the calculation of the coefficients of the 
irreversible processes from the kinetics of the phonon-roton gas has 
been made by Landau and Khalatnikov ? 3°18, This has proved to 
be a very intricate problem: many types of collisions may occur. 
These collisions may even be inelastic in the sense that the number 
of excitations changes during. the collision. 

Moreover, only little is known about the nature of the rotons, 
though in general one may regard them as “heavy’’ particles in 
contrast to the “light”? phonons since energy and:momentum of the 
former are relatively much larger. To each type of collision one can 
attribute a characteristic time which determines the rate of approach 
to equilibrium in the gas by means of this process alone. Since the 
number of excitations (especially of the rotons) decreases rapidly 
with diminishing temperature, all these relaxation times show a 
substantial increase under the same condition. The temperature 
dependence is moreover different for all processes and consequently 
different types of collisions predominate at different temperatures. 

A> general consequence of this temperature dependence is that all 
irreversible coefficients increase towards low temperature. The 
increase of the relaxation times is actually equivalent to an increase 
in mean free paths. 

The analysis shows that the energy and momentum transport 
below 1° K takes place only by the phonons. Between 0.7 and 1.0° K 
ym and 4, are determined only by elastic collisions of phonons with 
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rotons, i.e. transport in the phonon gas is almost exclusively limited 


by collisions of this type. Below 0.7°K elastic phonon-phonon 


collisions replace this process in limiting the momentum transport 


and consequently should determine ,. According to Khalatnikov 


this latter process cannot affect the heat conductivity coefficient. 


The second viscosity is supposed to be determined by two kinds of 
inelastic processes *°: three phonons may be transformed into two, 
and two rotons into one roton and one phonon, or the reverse of 
both processes. The second viscosity terms with coefficients ¢,, and 
Co. give a contribution to the absorption of ordinary and second 
sound respectively; they cannot be measured, in any other way. An 
alternative way of taking into consideration the influence of the 
inelastic collisions on the attenuation of the sounds, also due to 
Khalatnikov, is to regard the characteristic times as relaxation times 
in the ordinary sense and to express the absorption directly in terms 
of these. As long as the absorption coefficient is proportional to w? 
[see Eq. (13) and (14)], this method is completely equivalent to the 
formal introduction of the coefficients ¢. 

As to the actual calculation, the dependence on temperature can 
be found for all processes. An estimate of the actual magnitude is, 
however, only possible with the elastic phonon-roton collisions. 
Therefore, between 0.7 and 1.0° K 7, and A, can indeed be calculated 
in absolute value. Actually this calculation is not very accurate since 
some of the required parameters are only approximately known. 
The ‘temperature-independent parts of the two inelastic relaxation 
times or, alternatively, of the ¢’s cannot be evaluated from first 
principles. Two constants have to be found from experiments on the 
absorption of ordinary sound. 

The result of these considerations is that in the case of ordinary 
sound the largest contribution to the absorption arises from the ¢, 
term, while with second sound this is true for the /, term [see Eq. 
(13) and (14)]. The other contributions amount in both cases to 
about 15 % of the total absorption. 


5.1. ABSORPTION OF SECOND SOUND FROM PULSE MEASUREMENTS 


From the Leiden pulse measurements ** in the range between 
0.7 and 1.0° K it proved to be possible to deduce a value of the 
frequency-independent quantity f,,/w7, by measuring. the width of 
the pulses. The deduction fails if the pulses lose their symmetry; 
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the method can therefore not be extended below 0.7° K. However, 
the lower region is more complicated also for other reasons (see § 6). 

The agreement of the data on B,,|o? with those calculated by 
Khalatnikov is quite good, in view of the many uncertainties (see 
Fig. 6). In the evaluation of B,,/2 from the experiments, attenuation 
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Fig. 6. Reduced absorption coefficient of second sound (f/m?) and the 
coefficient of heat conductivity (A) as a function of temperature. 
B/w?: lime: caleulated by Khalatnikov }, 
© Leiden data ”°, 
A: line: according to Khalatnikov *, 
© Leiden data *6, 
L] new data of Zinovieva “1. 


effects originating from the presence of the walls of the tube have 
been neglected. This is not unreasonable, since the input pulses were 
narrow (20 usec) and consequently the effective wavelength was 
small compared with the tube dimensions. Moreover no substantial 
change of the pulse widths was observed by reducing the tube diameter 
by a factor 0.5. A value of the coefficient of heat conductivity 4 and 


from this a mean free path of the phonons (J,,) can be obtained 
(see Fig. 7). 
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5.2. AQPPENUATION EXPERIMENTS oF SECOND SOUND FROM SINE 
WAVES 


According to a private communication the attenuation exper- 
iments of Zinovieva *° were recently extended down to 0.8° K. The 
method used is that of measuring resonance widths of standing waves. 
The attenuation is interpreted as being partly due to surface attenu- 
ation and partly to absorption in the bulk liquid; because of different 
frequency dependence separation is possible. The coefficient of 
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Fig. 7. Mean free paths of phonons (J,,) and data on «© = 0,/@- 

Lyn? & Leiden results above 0.7° K *, ay 
© Leiden results from observations of the pulse front in the lower region aK 
VY from heat conduction (Whitworth *?), 
A from second sound attenuation of the Kirchhoff type (viscosity), 

according to Osborne. 

2 : line: calculated with the parameters of Fig. 2, 
© from Leiden data on 77 aoe 
(J from Peshkov’s data on v;; *. 
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heat conductivity calculated from the latter part is shown in Fig. 6. — 
The agreement with the Leiden pulse data is found to be very satis- 
factory *. 

At still lower temperatures Osborne ® recently published the first 
measurements on the propagation of heat, using a sine wave instead 
of a pulse method. The heat input could be kept low by using an 
amplifier with very narrow bandwidth (i.e. low noise level). It was 
not possible to employ a standing wave method because of the large 
attenuation in the temperature region investigated (below 0.6° K). 
However, velocity and attenuation can be found from the meas- 
urement of phase and amplitude as a function of tube length. 

Since Osborne’s experiments were performed only below 0.6° K, 
no direct comparision can be made with the pulse data just mentioned. 

Osborne interprets the phenomena between 0.5 and 0.6°K as 
heavily damped. second sound. He neglects bulk liquid absorption 
and attributes the observed damping completely to surface attenuation 
due to the presence of the walls of the tube. The old treatment of 
Kirchhoff of the propagation of sound in a narrow tube is applied to 
the phonon gas. It follows that the attenuation should almost com- 
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Fig. 8. Wave velocities (a and c) and attenuation per wavelength (b and d) 
as a function of the second sound frequency for two temperatures, according 
to Osborne >, a and b: T = 0.58° K; c and d: T = 0.50° K. 


The surface attenuation is mainly determined by the viscosity of 


the liquid. The new measurements of Zinovieva yield values for Ny Which 
are in good agreement with those obtained by means of the rotating cylinder 


viscosimeter 44 (see Vol. I, Ch. IV) and with the theoretical predictions of 
Khalatnikoy 29: 18, 
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pletely be due to the viscosity. For high frequencies the propagation ) 
is nob very much hampered: only the layer of the medium just near 
the wall feels its presence. For low frequencies the whole liquid is 
affected and some kind of alternating flow of Poiseuille type should 
occur. The result is a very large attenuation and a considerable — 
reduction of the velocity in the latter case. This is indeed found 
experimentally: the velocity increases with increasing frequency 
and tends to level off at a value near the theoretically expected value 
of v,;, while the attenuation decreases (see Fig. 8). 

The supposition underlying this treatment is that the mean free 
path is still small compared with wavelength, geometrical dimensions 
etc. This is indeed found to be in agreement with the magnitude of 
the mean free path deduced from the viscosity which can be evaluated 
from the attenuation measured by Osborne. To what extent this is 
consistent with the Leiden pulse experiments will be discussed in § 6. 


5.3. ABSORPTION OF ORDINARY SOUND 


Chase and Herlin+ published data on the absorption coefficient 
of ordinary sound at a frequency of 12.1 MHz down to 0.1° K (Fig. 9), 
They used a method of pulsed sound waves. The result shows two | 
absorption maxima occurring just below 1° K. The absorption at 
higher temperatures can be explained by means of Eq. (13) or a 
similar expression using the relaxation times directly (see also Vol. I, 
0) ca. GA 8 Be 1 

The maximum absorption should be attained at a temperature at 
which the relaxation times become equal to the reciprocal frequency. 
The two relaxation times of Khalatnikov should therefore correspond 
to the two maxima observed. Recently **, however, Chase withdrew 
this explanation, since a more careful analysis of Khalatnikov’s 
calculation yielded only one peak, not separated into two. Moreover 
it appears that the presence of two peaks instead of one was probably 
due to some experimental error. 

The decrease of the absorption coefficient at lower temperatures 
should be due to the relaxation times becoming much larger than 
the reciprocal frequency. There is no longer a possibility of establishing 
equilibrium with respect to numbers of excitations and no energy 
can be dissipated in this way. However, the situation is even more 
complicated since also the ordinary viscosity gives a contribution to 
the absorption. The characteristic times connected with the viscosity 
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(i.e. of the phonon-roton and the phonon-phonon elastic collisions) 
may also become large. Actually one should take into account all 
these relaxation times in a theoretical approach to this problem. This 
has not yet been done. 
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Fig. 9. Absorption coefficient per em of ordinary sound at 12.1 MHz (after 
- Chase #1). 


Fully-drawn line: experimental data of Herlin and Chase ?, 
SSS calculated by Chase from Khalatnikov’s theory. 


It was not possible to measure the velocity with any accuracy in 
these experiments; therefore, no accurate data on the dispersion are 
available. Chase and Herlin gave a value of v, = 240 (+ 5) m/sec at the 
lowest temperatures. Dispersion should therefore not be very signi- 
ficant, a conclusion which is also in agreement with the observed 
magnitude of the absorption. 

The velocity of the thermal phonons (i.e. sound waves of 10° or 
10° Hz) which can be calculated from the specific heat below 0.6° K 
does not show a substantial difference from v, at much smaller 
frequencies either. However, this does not imply the absence of 
dispersion at higher temperatures. The difference between the velocities 
of sound at infinite and zero frequencies (v,,—v)) calculated by 


~~ 
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Khalatnikov depends very much on temperature. In his evaluation 
Uso — Vp increases from 0.175 cm/sec at 0.6° K to 37.5 em/sec at 1.1° K 
and to 115 cm/sec at 1.5° K. 

Very accurate measurements of the velocity of scued near 1.1° K 
at frequencies from 0.2 to 1.6 MHz were recently carried out by 
van Itterbeek ” at Louvain. Preliminary results seem to point also 
to the absence of dispersion in this range. 


6. Large Mean Free Path Phenomena 


It may be expected from the foregoing that at low enough tem- 
peratures the mean free path of the phonons will become large and 
even comparable to the dimensions of the measuring apparatus. There 
are sufficient experimental data to support this picture. 


6.1. Heat ConbDuctivity 


The conduction of heat should be equivalent to a Knudsen flow of 
phonons if the mean free path is much larger than the diameter of the 
measuring tube. The phonons only collide with the walls. The reflection 
may be diffuse or specular, though the wavelengths of the phonons 
in this region (e.g. at 0.2° K about 500 A) suggest that at least a large 
part should be reflected diffusely from the relatively rough surface 
of the walls. 

For a long and narrow tube, i.e. one in which the phonons are 
reflected many times, the propagation is determined by a differential 
equation of the heat-conductivity or diffusion type. The effective 
coefficient of heat conductivity in a tube of circular cross section is 


dope = 3401 0Cy (2—f)/f (15) 
where d is the diameter of the tube and / the fraction of phonons 
scattered diffusely. 

Measurements have been made on the stationary flow of heat by 
Fairbanks and Wilks ? (d = 0.029 cm and 0.080 em) and by Whitworth? 
(d=0.48 cm). If f is equal to 1, A,, should be proportional to 7°. This 
is actually found approximately for temperatures between 0.4 and 
0.6° K. At lower temperatures the heat conductivity is relatively too 
large, which would point to a decrease in /. This is not unreasonable, 
since the average wavelength of the phonons is inversely proportional 
to 1. The quantitative agreement of the experimental results with 
one another and with Eq. 15 is fair; f may, however, be very much 
different for different tubes. The data on the narrowest tube appear 
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to be the most reliable ones; they are consistent with a decrease 
of f from 0.93 at 0.5°K to 0.75 at 0.2°K. 2 

Above 0.6°K. Fairbank and Wilks found a larger increase of 
jeg than given by a 7? dependence. This points to the mean free path 
now becoming of the order of magnitude of the tube or smaller. The 
heat flow through the tube has now more the character of a Poiseuille 
flow of phonons, i.e. the flow is determined by the viscosity of the 
‘normal fluid. At still higher temperatures the conduction of heat 
shows the well-known complicated behaviour (see Ch. ITI). 

In Whitworth’s wider tube the increase began as low as 0.56° K. 
He concludes that, to an order of magnitude, the mean free path is 
0.24 cm at 0.58° K. 


6.2. Herat PuLses AND Herat WAVES 


At temperatures below 0.4° K the general shape of the pulse in the 
Leiden experiments was found to be in agreement with the large free 
path picture, ie. of the phonons being scattered only by the walls. 
For a long and narrow tube one would get a pulse shape similar to 
the temperature response found at the end of a heat conducting rod, 
when at the other end an amount of heat is supplied within a very 
short time. Though the tubes used were neither very long nor very 
narrow a satisfactory agreement was found for the longest tube 
(6.25 cm length, 0.95 cm diameter). The shorter tubes gave qualitatively 
the same result 7°. 

It should be emphasized that this propagation has nothing to do 
with second sound. The situation is analogous to the impossibility 
of propagating sound in a very dilute gas. If the mean free path of 
the excitations becomes larger than the wavelengths used, no local 
equilibrium can be built up, and some kind of phonon diffusion will 
occur 38. Moreover, when the mean free path is even larger than the 
tube diameter, not even diffusion can occur, and the propagation is 
wholly determined by reflections at the walls. As has been shown, 
the analysis of the experiments in the latter case is relatively simple. 

In the transition region from second sound to boundary scattering 
of phonons (from 0.7 to 0.4° K) the analysis is rather difficult, because 
of the coexistence of all effects. There are some indications in the pulse 
experiments that a trace of second sound still occurs down to 0.55° K: 
the velocity of the pulse front at that temperature is about 150 m/sec, 
ie. not very far from v,, in the phonon region. 
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This latter supposition is also in agreement with the results of 
Osborne mentioned in 5.2. However, his estimate of the mean free 
path is rather small compared with the extrapolated value deduced 
from the pulse experiments at higher temperatures and from Whit- 
worth’s data in the same region. It should be noted, of course, that 
the mean free path is a very loosely defined quantity, which may be 
different for different processes. Actually, according to Khalatnikovy, 
the mean free path which is characteristic for viscosity in this region 
is considerably smaller than that characterizing heat conductivity, 
but even so the deviations seem to be rather large (see Fig. 7). It is 
in general not surprising that Osborne’s results are more second sound- 
like in the region between 0.5 and 0.6° K than the Leiden pulse results, 
since the wave-lengths in the former case were much larger. A strong 
point in favour of his data is the magnitude of the velocity at the 
highest frequency which is actually very near the value, deduced 
by Landau for the phonon region. 

A very marked difference exists in the interpretation of the attenua- 
tion in the experiments of Osborne on the one hand and the pulse 
experiments above 0.7° K on the other hand. In the latter case the 
interpretation is that of absorption in the bulk liquid, in the former 
that of a Kirchhoff type of attenuation. This may not be inconsistent, 
however, since the effective wavelength in the pulse experiments is 
much shorter than the tube diameter, while in the wave measurements 
the reverse is true. Therefore it may be reasonable to neglect wall 
effects in the first case and the bulk effect (which is proportional to 
the square of the frequency) in the second case. On the other hand, 
the new results of Zinovieva seem to indicate that, at any rate near 
0.8° K, the bulk liquid absorption cannot be neglected for frequencies 
of the order of magnitude which Osborne used. 

Osborne’s results at 0.25° K are in agreement with a very large 
mean free path picture. His estimate of the fraction of diffusely 
seattered phonons (f= 0.26) appears to be inconsistent with the heat 
conductivity data though the structure of the wall may play an 
important role. The value of / could not be evaluated from the pulse 
experiments. 

Finally one other effect was found in the Leiden pulse experiments. 
A number of phonons may travel directly from heater to thermometer 
if the mean free path is larger than the length of the tube. Actually 
a sharp front was detected, traveling with the velocity of sound. The 
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way this front disappeared at higher temperatures was very curious: 
this occurred at a markedly different temperature for different tube 
lengths and at much lower temperatures than one would expect from 
Khalatnikov’s estimate of the mean free path (/,, ~ 10m at 0.2° Ko). 
The conclusion should be that the mean free path increases not so 
fast ag that and hence that yet another path-limiting process should 
exist. 

Wey probable explanation is that this is due to a very small con- 
centration of ?He, which is always present (about 1 atom in 10’). 
In agreement with this is one experiment with pulses in atmospheric 
helium which contains a 10 times larger amount of *He * 3°. ‘These 
experiments showed clearly an extension of the transition region 
(with front velocities of about 150 m/sec) from 0.55 at the smaller 
to 0.35°K at the larger concentration, suggesting therefore that 
second sound may exist down to lower temperatures in the latter 
case because of a more limited mean free path. This is also in agreement 
with experiments using a much larger *He concentration **. 


7. Miscellaneous Experiments 

Fairbank and Wilks’ published data also on the magnitude of the 
Kapitza thermal resistance down to 0.3° K. They found a temperature 
dependence of 7'-?, in the whole region below one degree, which 
appears at first sight to be rather surprising in view of the 7% 
dependence found at higher temperatures. However, a similar 
dependence seems to exist for the boundary resistance between metal 
surface at low temperatures. 

Mayper and Herlin * measured the velocity of heat pulses under 
pressure. They found for temperatures above 0.7° K (i.e. the proper 
second sound region) a decrease of v,, with increasing pressure. 
Below that temperature the interpretation of the results is not simple, 
since they measured the front velocity of the much broadened pulse. 
At low enough temperatures this velocity appeared to increase 
with increasing pressure. This is not surprising in view of the positive 
magnitude of dv,/d0. The velocity they measured should, according 
to the foregoing, be somewhere between v, and v,/)/3. The quantitative 
results of these experiments may not be very reliable, since the total 
heating-up time was only a few minutes and therefore temperature 
equilibrium was probably not very well established. 

Film flow experiments were performed by Ambler and Kurti *6 
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and by Waring *”. In the first experiment the flow was due only to a 
gravitational potential difference; an increase of flow amounting to 

30 % was observed in passing from 0.85 to 0.15° K. Waring measured 
the flow due to a temperature gradient. At 1.4° K the magnitude was 
found to be about twice the gravitational potential value. It increased 
from this only by 10 % at 0.14° K. 


1 


2 


12 


i) 


rs 


in) w ix} to 
wo 


o 


REFERENCES 


R. P. Hudson, B. Hunt and N. Kurti, Proce. Phys. Soe. London, A, 62, 
392 (1949). 


_ H.C. Kramers, J. D. Wasscher and C. J. Gorter, Leiden Comm. No. 288c; 


Physica, 18, 329 (1952); Proc. Kon. Ak. Wet. Amsterdam, B, 58, 366, 
377 (1955). 

D. de Klerk, R. P. Hudson and J. R. Pellam, Phys. Rev., 93, 28 (1954). 
C. E. Chase and M. A. Herlin, Phys. Rev., 97, 1447 (1955). 

D. V. Osborne, Conférence de Physique des Basses Températures, Paris 
(1955) p. 48. 

Phil. Mag. (8) 1, 301 (1956). 

R. A. Hull, K. R. Wilkinson and J. Wilks, Proc. Phys. Soc. London, A, 64, 
379 (1951). 

H. A. Fairbank and J. Wilks, Proc. Royal Soc., A, 231, 545 (1955). 

Z. Dokoupil, G. van Soest, D. H. N. Wansink and D. Gs Kapadnis, Leiden 
Comm. No. 298a; Physica, 20, 1181 (1954). 

C. V. Heer, C. B. Barnes and J. G. Daunt, Phys. Rev., 91, 412 (1953). 
I. M. Khalatnikov, Zh. Eksp. Teor. Fiz., 23, 8 (1952). 

For a more full review: H. C. Kramers, Proce. Kon. Ak. Wet. Amsterdam, 
B58, 302; 313) (1955). 

E.g.: R. Kronig, A. Thellung and H. H. Woldringh, Physica, 18, 21 (1952). 
See also Vol. I, Ch. I of this issue. 

I. M. Khalatnikov, Zh. Eksp. Teor. Fiz., 23, 21 (1952). 

L. Landau, J. Physics U.S.8.R., 5, 71 (1941). 

L. Landau, J. Physics U.8.S.R., 11, 91 (1947). 

H. London, Proc. Roy. Soc. London, A, 471, 484 (1939). 

C. Kramers, Proc. Kon. Ak. Wet. Amsterdam, B, 58, 386, 396 (1955). 
R. Atkins and C. E. Chase, Proc. Phys. Soc. London, A, 64, 833 (1951). 
E. Chase, Proc. Roy. Soc. London, A, 220, 116 (1953). 

R. Atkins and M. H. Edwards, Phys. Rev., 97, 1429 (1955). 

R. Atkins and R. A. Stasior, Can. J. Phys., 31, 1156 (1953). 

P. Peshkov, Zh. Eksp. Teor. Fiz., 29, 351 (1954). 

G. J. GC. Bots and CG. J. Gorter, Leiden Comm. No. 304b; Physica, 22, 503 
(1956). 

V. P. Peshkov, Zh. Eksp. Teor. Fiz., 18, 951 (1948). 

J. R. Pellam and R. B. Scott, Phys. Rev., 76, 869 (1949). 

K. R. Atkins and D. V. Osborne, Phil. Mag., 41, 1078 (1950). 

D. de Klerk, R. P. Hudson and J. R. Pellam, Phys. Rev., 93, 28 (1954). 


aA ARR 


82 H. C. KRAMERS 


26 H.C. Kramers, Tineke van Peski—Tinbergen, J. Wiebes, F. A. W. van den 
Burg and C. J. Gorter, Leiden Comm. No. 296b; Physica, 20, 743 (1954). 
H. C. Kramers, Proc. Kon. Ak. Wet. Amsterdam, B, 59, 35, 48 (1956). 

27 J, Tisza, Journ. Phys. et Radium (8) 1, 164 (1940). 
L. Tisza, Phys. Rev., 72, 838 (1947). 

28 V. P. Peshkov, Zh. Eksp. Teor. Fiz., 23, 686 (1952). 

29 7. D. Landau and I. M. Kkalatnikov, Zh. Eksp. Teor. Fiz., 19, 637, 709 
(1949). 

30 JT. M. Khalatnikov, Zh. Eksp. Teor. Fiz., 20, 243 (1950). 


31 ©. E. Chase, Amer. J. of Physics, 24, 136 (1956). 

32 R. W. Whitworth, Conf. de Phys. des Basses Temp.,7Paris (1955), p. 56. 
33 H. C. Kramers, Conf. de Phys. des Basses Temp., Paris (1955), p. 51. 
34 J. C. King and H. A. Fairbank, Phys. Rev., 93, 21 (1954). 

35 R. D. Mayper and M. A. Herlin, Phys. Rev., 89, 523 (1953). 

36 B&H. Ambler and N. Kurti, Phil. Mag., 43, 260 (1952). 

37 R. K. Waring, Phys. Rev., 99, 1704 (1955). 

38 C. J. Gorter, Phys. Rev., 88, 681 (1952). 

$9 K. R. Atkins, Phys: Rev., 89, 526 (1953). 

40 K. N. Zinovieva, Zh. Hksp. Teor. Fiz., 25, 235 (1953). 

41 K. N. Zinovieva, Private Communication. 

42 A. van Itterbeek, Private Communication. 


% J. Wiebes, C. G. Niels-Hakkenberg and H. C. Kramers, to be published in 
Leiden Comm. and Physica. 


“4 W. J. Heikkila and A. C. Hullis—Hallett, Can. J. Phys., 33, 420 (1955). 


CHAPTER III 


TRANSPORT PHENOMENA OF LIQUID HELIUM II IN SLITS 
AND CAPILLARIES 


Ise 


P. WINKEL 
Puiuies’ RESEARCH LABORATORIES, EINDHOVEN 


AND 


D. H. N. WANSINK 
JKKAMERLINGH ONNES LABORATORY, LEYDEN 


Contents: 1. Introduction, 83. — 2. The fountain effect and the mechano- 
caloric effect, 87. — 3. The frictional forces, 90. — 3.1. Isothermal flow, 91. 
— 3.2. Non-isothermal flow, with and without resulting flow of matter, 95. 
— 3.3. Conclusions, 100. 


This chapter deals with the transport phenomena of liquid helium II. 
We restrict ourselves to bulk flow through slits and capillaries under 
the influence of pressure and temperature gradients in the temperature 
region above 1° K. The transport phenomena in rotating cylinders 
and oscillating disks have been discussed already 1 in Vol. I, Ch. IV. 
Separate chapters are devoted to the properties of the helium film 
and the helium in the case of temperatures below 1° K (Ch. IV 
and. IT). 

Both the flow of 4He and of mixtures of ‘He with *He shall be 
discussed, although by far most experiments have been performed 
with practically pure *He. 


1. Introduction 


We shall discuss the experiments on the basis of the well-known 
two-fluid model for liquid helium II?. Although especially at high 
velocities its validity and application may become doubtful, it is still 
a convenient starting point. 

Under the influence of a pressure and (or) a temperature gradient 
liquid helium IT will flow, this flow being supposed to consist of a 
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- contribution from the normal fluid (velocity v,) and the superfluid 
(velocity v,). The equations of motion for both fluids are written 


as follows: 
o(1—a)dv,/dt = —(1—2) grad p+ax(1—2)S*o grad 7'—F (1) 


oxdv,/dt = —a grad p—x (1—x)S*o grad T 
. +, (Av, +; grad div v,)+F’ (2) 


The symbols have the usual meaning * (see Vol. I, Ch. I), S* being a 
quantity with the dimensions entropy/gram. Hence only the pressure 
gradient and the temperature gradient are stated explicitly in both 
equations. The former acts on both fluids independently but in the 
same direction, the latter has the form of a diffusion force. All other 
forces are formally included in F and F’, except for the Poiseuille term. 
This force is supposed to be essentially absent in the superfluid 
equation. Numerically the acceleration terms (left-hand members) 
are always very small and can be neglected. 
When F=0, Eq. (1) yields 


grad p=oxS* grad T. (3) 


This implies the possibility of a pressure gradient as a result of a 
temperature gradient, the so-called ‘fountain effect’ (after its discovery 
by Allen and Jones *). With S*=S/x, Eq. (3) takes the form, derived 
by H. London.*; with S*=dS/dx, it becomes the equation derived by 
Gorter ® and also by de Groot e¢ al. ® and Usui’. As will be seen in the 
next section, the H. London equation is a good numerical approxima- 
tion in the temperature region under discussion. 

By adding Eq. (1) and (2), one obtains in the case of a stationary 
state and F equal to F’: 


grad p= Nn(AV, +4 grad div v,,), (4) 


the well known Poiseuille equation for a normal fluid. For a slit with 
a width h, Eq. (4) becomes 


Vilas ca grad p. (5) 


In addition to Kq. (1) and (2), describing the flow through the slit, 
a third important one is the energy balance of the reservoirs, at both 
sides of the slit. Besides showing the quantities contributing to an 
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ordinary balance, helium II exhibits the property of the so-called 
‘mechanocaloric effect’, i.e. a heat effect Q, caused by a displacement. 
of superfluid *. This may be expressed as 


Q=«TS**, | (6) 


where S** is a quantity with the dimensions entropy/gram. From 
the first and second law of thermodynamics it follows in the case of 
small velocities > that S** = *. 

The mechanocaloric effect implies a special kind of heat conduction 
in helium II, caused by convection of the normal and superfluid, 
which in the case of a stationary state yields 


I=OoxS*Tv,, (7) 


where O denotes the cross-section of the slit or capillary. With Eq. (5) 
this becomes 
Iw grad p. | (8) 


Apparently no such relation between J and grad7 exists when 
F #0 [ef. Eq. (1)]. The conservation of mass is always tacitly assumed. 

Concerning the forces F and F’ in the two equations of motion 
(1) and (2), it is generally believed that they depend on the velocities 
v, and (or) v, of the fluids. They can be considered as a correction 
to the original simple two-fluid model, apparently necessary in the 
case of high velocities. We shall return to this question in the last §. 
In the earlier measurements only more or less qualitative results 
concerning the F —v relation *° were obtained. Later it was supposed 
that these forces were zero up to a certain velocity (the ‘critical 
velocity’), above which these forces strongly increased with increasing 
velocity 1°. This notion of a critical velocity originated in experiments 
on film flow (see Ch. IV). Gorter and Mellink 1+ gave the first 
quantitative suggestion of these forces by writing 


F= F'=Ax(1—2)o?(v,—¥,)"; m=3. (9) 


This accounts for the strong dependence of the velocity on the driving 
force, as is observed, whereas the small values of F and F’ at low 
velocities are not necessarily in contradiction with a critical velocity. 
This expression was mainly based on the data available on heat 
conduction in slits and capillaries (J as a function of grad 7’), where 
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rather high velocities occurred. At present we are inclined to prefer 
the combination of a negligible friction up to a critical velocity and 
in many cases a cubical dependence of the friction on the velocity for 
the higher velocities 1% 14. In many cases it is certain that the values 
of F and F’ at velocities near the critical value are smaller than those 
given by the cubical relation ™. 
We prefer to divide the experiments on helium I in slits and 
capillaries into two groups, one determining S* and one determining 
qualitatively and quantitatively / and F’. This will be the classifi- 
cation of the following §§. Before doing so we wish to make some 
general remarks. Hach apparatus, used for the experiments is essen- 
tially one of the four standard types given in Fig. 1. In Fig. la 
reservoir A is connected with a volume B by a slit or capillary, some- 
times filled with a fine powder such as jewellers’ rouge. The volume B 


NSS 


———— 


is the helium bath itself. The volume A is open or closed depending 
on whether isothermal or adiabatic flow is concerned, the glass being 
supposed to be a satisfactory insulator. The advantage of this 
arrangement is that pressure differences can be adjusted easily in 
the case of isothermal flow. The disadvantages are the lowering of 
the level of B during the experiments as a result of evaporation and 
the precautions which have to be taken in order to ensure isothermal 
conditions. In Fig. 1b the apparatus is similar to the previous one 
except that between A and B a manometer X is placed. As the 
diameter of X is necessarily much larger than the width h of the 
capillaries or slits one can also describe this as a situation with three 
reservoirs A, X and B connected by two slits or capillaries in series. 
In Fig. lc a third type is given for application to truly adiabatic 
experiments. It combines the advantages of good thermal insulation 
and the use of a constant amount of helium. It is not possible, however, 
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to perform isothermal experiments with this system. A fourth type 
(see Fig. 1d) consists of a slit, connected ‘to two tubes A and ©, 
leading to manometers outside the cryostat. By condensing helium 
in A up to a level much higher than the bath level, pressures up to 
1 atmosphere can be reached in A. The resulting flow of matter 
which is observed in ©, is isothermal as both the liquid in C and the 
lower part of A are at bath temperature, since they are far below 
the bath level. 

To describe the experiments it is convenient to introduce some 
symbols and to simplify the three equations mentioned above 14 16, 
Neglecting the left-hand member, Eq. (1) becomes 


F=fAT —Ap = fAT*, (10) 


where Ap and AT are the differences in pressure (in cm He) and 
temperature across the slit or capillary and f denotes the fountain 
effect in cm He/degree. A7'* is defined by this equation as a kind 
of ‘surplus’ AT’, proportional to F, the integrated F, divided by 
(l—2x)og. Eq. (2) can be reduced to 


8, - = Ap, (11) 


the constant G depending on the geometry of the slit or capillary. 
In the case of an apparatus of the type of Fig. 1c, one can reduce 
the energy balance of the vessel A approximately to 


dAT'+ 
a nO G, (12) 
6b and c being constants and v, the relative velocity v,—v, 1%. 
With these three equations the behaviour of helium II is formally 
described. In the case of the Gorter—Mellink assumption, Eq. (9) 
gives AT* co v™. Substituting this in Eq. (12) one obtains a differential 


equation for v,, which has a special character when m # 1. 


2. The Fountain Effect and the Mechanocaloric Effect 


The values of xS* are determined by measuring grad p and grad T' 
under the condition that F=0 [Eq. (1)]. As this condition is expected 
to be realised anyhow when v, =v, = 0, the measurement of the so-called 
ideal fountain effect is—mirabile dictu—a static problem. However, 
in view of the existence of a critical velocity, ie. a velocity below 
which the force F is negligible, this requirement is not so stringent. 
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These measurements were carried out by Kapitza 1° and by Meyer 
and Meliink 1’. The apparatus is schematically drawn in Fig. le, 
although in Kapitza’s arrangement the outer volume was the bath 
itself. In both cases an annular slit was used (width h<1y). The 
results are given in Fig. 2. Below 7=1.7 ° K good agreement between 
the two sets of data exists, but at higher temperatures more or less 
serious deviations occur. The reason for this is not clear. Perhaps it 
may be connected with the difference of experimental method. 
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Fig. 2. wS* as a function of 7. 
©: Kapitza. []: Meyer and Mellink. A: Brewer, Edwards and Mendelssohn. 
—: Kramers’ entropy values. 


Kapitza adjusted the height and measured the resulting temperature 
difference, whereas Meyer and Mellink adjusted the temperature 
difference and measured the corresponding level height. Also it can 
be mentioned that the length and the shape of both slits were rather 
different. Finally, as a result of the limited pressure differences the 
values at higher temperatures are inaccurate, which, however, cannot 
explain the systematic differences observed. 

There also exist measurements on the integrated fountain effect 
carried out by Van den Meijdenberg, Taconis, Beenakker and 
Wansink '8. In this case large pressure differences are measured as a 
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result of temperature differences of several tenths of a degree. We 
shall come back to these results below. 

It is also possible to determine the quantity xS* by measuring the 
mechanocaloric effect, Q=TxuS* (cf. $1). These data have been 
obtained by Kapitza '° with the same apparatus as above by deter- 
mining the flow of matter as result of a heat supply to volume A (at 
low velocities). His results agreed quite well with his measurements 
on the fountain effect (see Fig. 2). New measurements were carried 
out by Brewer, Edwards and Mendelssohn 8 with an apparatus like 
that of Kapitza but with a refinement in order to prevent the normal 
fluid flow. These results give lower values than those of Kapitza (see 
Fig. 2). In this respect we should like to mention that measurements 
on the mechanocaloric effect in film flow give much higher values 
(about 15 %) 2°. However, as has been pointed out 1%, it is not 
necessary that film flow and bulk flow have the same thermal 
properties. 

On the basis of H. London’s equation, i.e. by putting xS*=S, one 
can compare the results mentioned above with the data of the entropy 
available. At present the most reliable ones seem to be those of 
Kramers, Wasscher and Gorter ?!, calculated from their measurements 
on the specific heat. These values are confirmed by other investiga- 
tors ?*, while they also agree partly with earlier data 7°. These entropy 
values are also given in Fig. 2. 

On the basis of the measurements available at present and given 
in Fig. 2, it seems to be justifiable to sketch the present situation as 
follows: to a good approximation one can replace xS* by S in the 
temperature region in discussion, using Kramers’ data for S. This 
implies the validity of the H. London-equation in this temperature 
region and of the corresponding relation Q=7'x«S* for the mechanoca- 
loric effect. 

Direct support for this statement is presented by the measurements 
of Brewer, Edwards and Mendelssohn and by the measurements of 
Van den Meijdenberg e¢ al. For, in this latter case the integrated 
values of the fountain effect were compared with different integrated 
curves based on the data given in Fig. 2. By far the best agreement 
was found with Kramers’ curve. Finally the deviations of the points 
given by Mellink and Kapitza by chance approximately cancel each 
other. In this way the present situation seems to be satisfactory. 
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3. The Frictional Forces = 

The flow of the superfluid plays the most important role in many 
of the experiments, in agreement with the hypothesis of the absence 
of a Poiseuille friction. The flow of the normal fluid can even be 
suppressed completely by using small slits and low temperatures. 
The former implies high ordinary friction, the latter a small con- 
centration of the normal fluid. Thus in general we get only information 
on the force F in Kq. (1). The force F’ [Eq. (2)] can only be examined 
in experiments where the normal fluid flow is relatively high as a 
result of special conditions. 

We shall divide the experiments into two groups, one concerning 
experiments where helium flows isothermally under the influence of 
a gravitational potential and one where the flow is caused by a 
thermal and a gravitational potential. The latter group can be split 
into two parts, one with and one without resulting flow of matter. 

Before doing so we should like to make some remarks. Although 
v, and v, are not constant along the cross-section of the slit, one usually 
considers only the average velocity without even using special symbols. 
We shall do the same although in a detailed analysis the difference 
has to be remembered and can play an essential role. 

It is convenient to introduce the velocity 6 by the equation 


— =6= (1-2) v,+20, (13) 


where V is a volume and OQ the cross-section of the slit. In the case 
of a normal liquid ¢ is the ordinary flow velocity. In the helium IT 
case it is proportional to v, and to the relative velocity v,=v,—v, in 
the case of negligible »,,. 

Concerning the isothermal experiments, the high values of the 
fountain effect imply the necessity of many precautions. Small 
temperature differences cause important errors in the results; such 
temperature differences arise easily as the flow itself is accompanied 
by heat effects. In discussing the isothermal results one must keep in 
mind this point in spite of all the (sometimes ingeneous) precautions 
taken. 

A last point is related to the uniformity of the slits and capillaries. 
Usually the former consists of two annular optically flat glass surfaces, 
kept at a fixed distance by thin blades of some material. In the 
experiments on the fountain effect the exact shape of the slit is 
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unimportant as it only serves to suppress the flow of the normal fluid. 
But in determining the frictional forces F the exact shape of a slit 
or capillary is of fundamental importance. This makes these experi- 
ments rather awkward especially in the case of slits of the order of — 
1 w and smaller. Also the shape of the entrance and the exit can be 
of importance. It is possible to get information about the homogeneity 
by determining the effective slitwidth in different ways. This can 
be done e.g. by comparing the results of a Poiseuille flow and a 
Knudsen flow through the slit or capillary, the former giving an 
effective value of h®, the latter of 2. Further informations are obtained 
by comparison of these results with those from optical interference 
methods and also from the thickness of the blades separating the glass 
surfaces. When carrying out the Poiseuille and Knudsen flow also at 
lower temperatures, another welcome control results. But never- 
theless the actual shape of the slit still remains the most uncertain 
factor in the results of flow experiments. 


3.1. IsoTHERMAL FLOW 


The experiments are carried out with an apparatus of the type of 
Fig. la and partly of Fig. 1b. By lowering or raising the apparatus 
relative to the bath level a pressure difference is established. By 
measuring the level height as a function of time the flow is determined. 
In many cases these observations obey the relation 


grad p ~ 6”. (14) 


If v,=0 and m=3 this would be identical with the formulation of 
Gorter and Mellink. 

First we should remember that by this method Kapitza 4 tried to 
measure the viscosity of the liquid as a whole, which yielded an 
apparent viscosity of less than 10-° P. The discrepancy between this 
viscosity value and the one, obtained from oscillating disk experiments, 
lead to the hypothesis of the two-fluid model. 

An extensive study was made by Allen and Misener * ”> ?° using 
capillaries of different diameter (0.1 —400 w) and length (0.1—40 cm). 
Although the importance of these pioneering experiments cannot be 
underestimated we will mention at the moment only that a relation 
(14) is found with m varying between 1.6 and 4.5. 

Much later a new set of careful experiments in wide capillaries 
(+100 ~) was carried out by Atkins” at low temperatures (small 
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a-values, i.e. v,). Writing formally 6=v,(r) + v,(grad p) + v,(7, grad p), 
Atkins supposed the velocity to be divided into three parts. On the 
basis of the different widths used, his experimental data could be 
composed in this way. However, the velocity 1, is found to be negligible 
as this has the character of a critical velocity and in these experiments 
no superfluidity was observed. Velocities of the type of v, and v, are 
both provided by the Gorter—Mellink hypothesis ‘?. With respect 
to Ve a satisfactory agreement with the values given in ref. 12 was 
observed even when calculating values of the constant of mutual 
friction [Eq. (9)]. However, comparison of the numerical v,-values of 
Atkins with those of Gorter—Mellink 12 seems to suggest that still 
other forces are present. It must be mentioned that in these experi- 
ments for the first time the end-effects were studied carefully. As a 
result, for each capillary a correction of about ev? was applied. Also 
oscillations of the liquid around the equilibrium position were studied. 
With respect to amplitude and period, agreement was found with 
elementary formulae. 

Narrow capillaries, such as those present In a porous membrane, 
were used by White ?°. The results gave a relation of the type (14) 
with m=3.3—4.5. 

A new idea was realised in another set of experiments 1 2% 30 31, 32 
carried out in Oxford with different shapes of the apparatus of Fig. 1b. 
Operating in the same way as mentioned above one can now also 
observe the height at which the level X will adjust itself, i.e. one 
can determine the pressure at the position X. It was found that the 
level A went down according to Eq. (14), with different values of m. 
In the case of a slit the value m=3.7 was observed; a capillary filled 
with jewellers rouge gave m=2~—3.3; while in the case of (two) 
membranes a value of m= 10 was realised. The level X always adjusted 
itself very rapidly near the bath level in case the flow resistance 4X 
is larger than XB; in the opposite case the level X follows the level 
in tube A. Obviously all (or most) of the pressure drop exists across 
the highest resistance. This implies the possibility of a discontinuity 
in the (derivative of the) pressure along the flow channel. However, 
this is not necessarily the case, as follows from the high value of m 
and assuming the existence of a critical velocity. Also other experi- 
ments are in contradiction with the former idea. 

Swim and Rohrschach * used the same apparatus, only with longer 
tubes A and X. These experiments are the only ones with level diffe- 


ae 
hee: 


: 


TRANSPORT PHENOMENA OF LIQUID HELIUM II 93 


rences exceeding 10 cm He. Nevertheless the same results as in the 
shorter tubes are obtained (with m=3), although at the highest 
pressure differences the accuracy is reported to be low. 

The flow of He II under the influence of large pressure gradients 
has been measured at Leyden 4. An apparatus of the type of Fig. 1d 
with a slit width of 0.33 micron was used. With pressure gradients 
varying between 25 and 3500 cm He/em the relative velocity was 
found to obey the relation 


grad p=constant (v,—v,)*", (15) 


the relative velocity obviously being independent of temperature. 

Jn view of flow experiments with pure ?He and ?He—4He mixtures 
we first have to mention Abraham, Osborne and Weinstock ® and 
Hammel and Schuch **, who studied the flow of pure *He and of a 
3.9 % ?He—*He mixture resp. At one side of a slit a small amount 
of liquid was condensed, whereas the space at the other side of the 
slit was evacuated. By observing the pressure increase in this space 
(after switching off the pump) some information about the flow was 
obtained, such as the non-existence of superfluid ?He. As, however, 
no values of 6 were obtained, whereas on the other hand the unsatu- 
rated liquid at the low-pressure side of the slit might have affected 
the flow rate, we shall not discuss their results further. 

At Leyden measurements of the flow properties of ?He—‘4He 
mixtures *4 at concentrations up to 7 % have been performed with 
the same apparatus as used in the case of the *He-flow under high 
pressure gradients, mentioned above. Since a concentration gradient 
along the slit, which gives rise to an osmotic pressure gradient, is 
inevitable in experiments with mixtures, the equations of motion 
(1) and (2) have to be modified in the mixture case by inserting 
(1—x) grad p,,,,=(1—2) eRT grad X (where X denotes the *He-con- 
centration in the liquid), a term rather similar to the fountain pressure 
term 2 (1—2) oS grad 7’. Hence the equations of motion become in 


the isothermal case 
VU, Ap (16) 


(v,)™ © (Ap —AP pan) = AP eg (17) 


where Ap and Ap,,,, are the pressure differences across the slit. By 
keeping the concentration larger at the high pressure side of the slit 
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both Ap and Ap, are positive. Hence v, has to be positive always, 
whereas v, can be either positive or negative, according to the sign of 
Ape. Since v, becomes much larger than v, as soon as Ap g is not 
nearly zero, the observed velocity 6=(1—a)v,+¥v, ean be larger or 
smaller than zero too (see Fig. 3). At the same absolute value of 


S15) 5g 0 cmfec #19 


Fig. 3. The velocity 6 of a 4.1 % *He-*He mixture at 1.7° K as a function 
of the pressure Ap. 


Ap.qg, however, the modulus of the negative velocity 6 is smaller than 
the corresponding positive one. This is obviously caused by the 
normal fluid flow, which implies the possibility of calculating the 
normal fluid viscosity 7, directly from experiment. On the other hand, 


(1—2)(v,—v,) can also be derived from 6, once 7, has been determined. 
The experiment yields the relation 


APeg=o(T, X) {(1—2)(v,—v,) Ph. (18) 


Since the value of the exponent is the same as for the 4He-flow with 
the same apparatus, one is tempted to apply Eq. (14) once more to 
v,, Obtaining in this way the dependence of the normal fluid con- 
centration x on the *He-concentration X. At temperatures near the 
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lambda-point values of (dx/)X), somewhat smaller than four have 
been found, which is in good agreement with the latest determinations 
of the shift of the lambda-point of mixtures, d7',/dX 22 37,38, At lower 
temperatures (dx/)X),, decreases to a value of about two tenths. 


3.2. NON-ISOTHERMAL FLOW 


In this § we shall discuss only those experiments (with thermal 
and gravitational potential) in which the frictional forces were 
investigated qualitatively and quantitatively. 


A. Experiments with Resulting Flow of Matter 


The first measurements were carried out by Kapitza2®° who 
observed a strong increase of the temperature in volume A (see 
Fig. lc) when the heat supply J exceeded a ‘critical’ value. An 
analogous result is reported by Meyer and Mellink ” although most 
of their work belongs to section B, concerning the experiments 
without resulting flow of matter. 

Extensive studies have been carried out in Oxford and Leyden by 
several investigators 1% 14 15, 29, 30, 31, 32, 39, 40,41. The Oxford experiments 
have been performed in the apparatus of Fig. 1b with the volume A 
closed at the top; the Leyden experiments with an apparatus of the 
type of Fig. le. In this case also the temperature in A and B was 
measured. For this reason and because of the thermal isolation, it is 
possible to discuss the energy blance of the vessel A. These measure- 
ments will be described with the quantities discussed in § 1. 

As a result of a heat supply J to A, the helium will flow with a 
velocity 6 (about (1—«x)v,) and the level in A will rise. Neglecting the 
flow of normal fluid and, for the time being, the force F’, there will 
flow as much helium as is required to compensate the heat input. 
As a result, the velocity 6 will be proportional to J. Of course a (in 
practice small) part of J will be required for heating the volume A in 
order to obtain the (equilibrium) temperature difference corresponding 
to the pressure difference. Also as a result of this temperature dif- 
ference some heat will leak away (see Fig. 1b). However, all these 
effects are propertional to each other and do not affect the propor- 
tionality of 6 and J. 

The existence of the force F', however, implies that a great part 
of the heat will be necessary for creating the extra temperature 
difference A7'*, proportional to F', and the velocity 6 will be less than 
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proportional to J. Now the hypothesis of a critical velocity implies 
that below a certain value /' is negligibly small whereas for large 
values F' can also be rather large. Therefore the 6 vs. J-curve must 
have a discontinuity in its first derivative at 6=v,,,, Which is actually 
observed. This is schematically drawn in Fig. 4. These considerations 
refer to the velocity é,, i.e. the value of 6 directly after the heat 
supply is started. For, during a constant heat supply J, the é-values 
change as a function of time which makes the situation somewhat 
more complicated. But this 4(t)-function also can be calculated, and 
agreement with experiment is found ». 


4 


C) I 2 4mW 
' Fig. 4. 
The initial velovity 6, as a function of the heat supply J (7 = 2.02° K). 


The behaviour of the tube X is somewhat peculiar. The level 
remains at the height of the bath level until the critical value is 
reached, above which it first lowers and later increases. We are 
inclined to attribute this to temperature effects but as it is impossible 
to measure any temperature in the tube X it is not possible to test 
this supposition. 

If one stops heating after some time, the helium will continue to 
flow in case [>TI,,,,. This is because Ap and AT’ are obviously not in 
equilibrium, the difference AT*+ being proportional to F or to v”. 
On the other hand, if J</,,,, #=0 and no flow will occur after the 
heat supply is removed. So this ‘overshoot’ [] as a function of J 
(or 6,) will also exhibit the critical effect 18. This has been confirmed 
by many careful experiments %. These relations can all be calculated 
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exactly with the famnidlad (10), (11) and (12), based on the equations 
of motion and the energy balance 1°, 

Finally in these experiments one can just measure the differences 
in temperature and pressure across the slit as a function of time 
and calculate at each instant the force F directly according to Eq. (1). 
This is the most direct way and a number of data are available 3% 40, 
At low velocities, however, the overshoot method is more accurate, 
since [] is proportional to #’, whereas in the other experiments F is 
derived from the (small) difference between two large quantities. 
The value of m, obtained with this method, equals 3 for all slits with 
h>1y. At lower h-values the m-values became somewhat higher. 
Numerical values of A, the proportionality factor in the mutual 
friction force, have been calculated. It was shown that these values 
vary as a function of temperature but that they do not depend on 
the length of the slit. This is a strong indication that the frictional 
processes occur in the whole slit, in contradiction to other possible 
assumptions (cf. § 3.1). More evidence is given below. 

With an apparatus of the type of Fig. lc (the slit of 0.2 micron 
width being made by fusing a gold wire into soft glass) the flow rate 
of He IT as a function of large temperature differences 4? was measured 
at Leyden (see Fig. 5). In this case one can neglect v,, because of the 
small pressure differences across the slit. When Eq. (9) is modified 
into f= B{(1—«)v,}"= Bé”", integration of Eq. (10) along the slit 
yields 


[faT+ = 6") Bdz= 6" B(dz/dT) aT. (20) 


As the normal fluid flow was fully suppressed, the temperature dis- 
tribution along the slit was determined by the gold wire, the heat 
conductivity of the glass being relatively poor. Hence Kq. (20) becomes 


T+AT T+AT 


[ fart = Fe J Br ar (21) 


where L is the slit length, 7’ the mean temperature of the slit and 
AT the applied temperature difference. By inserting the values of B 
as determined from isothermal flow with the same apparatus, complete 
accordance with experiment was found. All other types of distribution 
of the flow resistance along the slit failed to describe the experimental 
data correctly. Hence one has to conclude also in this case that the 
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flow resistance for the superfluid is distributed evenly over the whole 
length of the slit. ey 

With the same apparatus the flow of 3He—*He mixtures under 
the influence of large fountain pressures ** was studied by condensing 
pure #He at the warm side of the slit and mixture at the other. The 
results are analogous to the pure *He-flow, although the velocities 
observed were somewhat smaller. At high temperatures the decrease 
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Fig. 5. 


The flow rate of He II as a function of large temperature differences. 
H:7=195°K; A:T=1.84°K; O:7=1.66°K; V :T = 1.48° K. 


in velocity became so large that zero velocity could be attained. The 
results are not fully understood at the moment, as the mixture flow 
under pressure gradient is still under discussion. Furthermore, in 
contrast to the latter case, no He passes the slit, making comparison 
of the two experiments rather difficult. 


B. Experiments without Resulting Flow of Matter 


In this case a stationary state with a temperature and a pressure 
difference is reached. This can be realised (i) without any heat supply 
to volume A (see Fig. 1c) when v, =0 (narrow slits) or (ii) with a heat 
supply which just compensates the energy loss by the outflow of the 
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normal fluid. The first method was used by Kapitza 10 and by Meyer 
and Mellink 1” (discussed in § 2). In the case (ii) we are dealing with 
‘ordinary’ heat conduction which will be discussed here. 

The pioneering experiments were carried out by Allen and Reekie® 43 
leading to Allen and Reekies’ rule. This contends that in all cir- 
cumstances (slitwidth and length) the heat flow is proportional to 
the pressure difference. This in complete agreement with Eq. (8). 

An extensive study was made at Leyden 1” 44 45.46.47, The heat flow 
was observed as a function of slitwidth and diameter of capillaries 
over a wide range, and as a function of temperature and of temperature 
and pressure differences. Allen and Reekies’ rule was confirmed 
(I ~ Ap). In the wider slits the heat flow (and so also Ap) was found 
to be proportional to the cube root of the temperature difference 
(I ~ Ap w AT). On the other hand in narrow slits a direct linearity 
- was observed (I © Apc AT). The proportionality factor depends 
strongly on the temperature. It should be mentioned that on these 
experiments the formulation of the mutual friction was based. 
Quantitatively this model was also a success. 

Later experiments were carried out with an apparatus of ite same 
type although with a geometrically better defined slit 3°41. The aim 
was a closer examination of the heat conduction below and around 
the critical velocity. It was found that the heat flow as a function 
of AT also showed the critical effect, the increase being much sharper 
than given by a cubical law. Thus at low values of J obviously F =0 
and J=«AT. As this factor « appears to be proportional to h3 (as it 
should be in the case of an ordinary liquid when substituting Ap=cAT), 
the calculation of 7, from the values of « seems to be reliable. At low 
values of h these results deviate from the earlier results of Mellink, 
where the decrease of the heat conduction was found to be less than 
according to 3. The reason is not clear, but it may be connected 
with the special shape of the earlier, slit, which has disadvantages at 
these low h-values. On the other hand, the recent calculations of 
Klemens “8 suggesting an additive heat conduction independent of 
slitwidth and giving more or less a description of the results of Mellink, 
are not confirmed by these later experiments directly. For, in this 
case only at the lower temperatures and slitwidths, deviations are 
observed, which are at least an order of magnitude smaller than 
calculated by Klemens. 

The calculated values of 7, are given in Fig. 6 together with other 
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data 4:50 51,52, It should be remarked that with the experiments 
involving the viscometer and the slits, we are dealing with a stationary 
flow of the normal fluid in contrast with the experiments with the 
oscillating disk. The differences between the three 7,-curves, however, 
are all of the same order, although it is true that with regard to the 
temperature derivative of 7,, the data of the viscometer and the slits 
are in somewhat better agreement. 


40 ‘in [ 


%5 1.4 18 2.2 °K 
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Fig. 6. The normal fluid viscosity y, as a function of temperature. 
: oscillating disk-values 
—-—- = : rotating viscometer-values 
SS SaaS : heat conduction-values. 


3.3. CONCLUSIONS 


Now that we have outlined the experimental material we are 
able to submit our picture of the dependence of F on the velocity, as 
mentioned in the first §, to a closer examination. 

At low velocities we have found the frictional forces to be negligible. 
There are, however, indications that they are not exactly zero ¥. 


But as soon as the critical velocity is reached the situation is completely 
altered. We should like to discuss this velocity first. 
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As is obvious from experimental reasons, it will always be impossible 
to decide whether or not the first derivative of the F—v curve really 
shows a discontinuity at v=v*. One can only say that the derivative 
of F changes rather fast at v=v°, which values v’ can be determined 
rather precisely. Furthermore it must be remarked that the critical 
effect is related to the superfluid velocity. For, although this velocity 
is about equal to the relative velocity in many experiments, in the 
case of the measurements on heat conduction these two velocities 
differ in such a way that this statement is justified. 

The values of the critical velocity v’ can be calculated from all 
experiments mentioned in the previous § where critical behaviour was 
observed. Actually, the critical effect is observed only in experi- 
ments with slits, narrower than 3 w. It is found that these values are 
of the order of 5—15 cm/sec and depend somewhat on temperature }. 
Also they are generally believed to depend on the slitwidth. Although 
we will not discuss this question we should mention a rather remarkable 
fact. The values obtained by very different experiments and h-values 
obey approximately a h~’-relation over a wide range. This was first 
pointed out by Dash *°. 

It is possible that accurate values of the critical velocity do not 
exist in principle. For, if the critical behaviour is from microscopic 
origin it is by no means certain that it is always related to the same 
macroscopic average velocity. Actually there are experimental 
indications that it is not so. In this connection we should also 
comment on the question of the velocity profile of the superfluid. 
Up till now we have just considered the average velocity across the 
slit and the actual profile has not been in discussion. As a matter of 
fact the situation in this respect is not clear. It may be that the 
velocity is indeed a constant across the slit (rot v,=0). On the other 
hand sometimes a model is suggested including very large velocities 
along the wall over a depth 6, with zero velocity in the middle * °°. 
However, as has been pointed out by Atkins 2’, his oscillation exper- 
iments exclude such a possibility, admitting only a not-too-strong 
variation of v, across the slit. This is, for example, provided by the 
mutual friction force, especially in the case of small velocity of the 
normal fluid 12. We shall not discuss the question further. Anyhow 
it is likely that also in this respect the situation above and below 
v? is different. 


$s 
Now we return to the description of the F(v)-relation. As soon as 
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the critical velocity is passed the situation. changes. A strong inter- 
action with the normal fluid is revealed which at higher values can 
often be described by Eq. (9) (F ~~ (v,—%,)”). The value of m is found 
to be about 3, although using slits with low h-values somewhat higher 
values appear. This may be caused by the inhomogeneity of the slit 
or capillary which causes a higher effective friction giving a higher 
effective m. In the case of isothermal flow in wider slits described 
by the velocity 6, somewhat smaller values of m are observed. In 
this case the normal fluid flow is not completely suppressed and 
some average between m=1 and m=3 can be expected. 

The value of A in Eq. (9) is of the order of 50 egs units and depends 
on temperature. 

If Allen Reekies’ rule applies, ie. Ico Ap, the forces F and Ff’ 
are obviously equal. However, this may be only a (fairly good) 
approximation, since closer examination suggests that small deviations 
from this rule occur “. 

Although this description of the behaviour of helium II in slits 
seems to be satisfactory, it must be kept in mind that in some other 
experiments! still other forces are found to be present than those 
given by a type of mutual friction. Also some experiments in slits 
lead to such a conclusion, as we have seen ?’. This may seem to be 
ambiguous, but on the other hand we may ask whether or not com- 
plete agreement could be expected in the present situation. The 
general flow mechanism of helium II reduces for small velocities to 
two independent sub-fluids, one of them behaving as a superfluid. 

It may well be that at high velocities this reduction has an arbitrary 
character and that the usual introduction of a mutual friction in the 
two-fluid model has only sense as a reasonable approximation for 
narrow slits. It is quite possible that in different experimental arrange- 
ments other formal descriptions are required. A real synthesis can 
only be expected on the basis of a general theory of the flow phenomena 
in liquid helium II. 

Perhaps we can illustrate this with measurements on the viscosity 
of gases. Suppose. one knows the Poiseuille-formula but does not 
know the existence of mean free path effects. This implies that one 
will observe deviations of the formulae in the case of experiments at 
low pressure. To explain these one can assume a variable effective 
radius. As in the case of the F-force in liquid helium, this has the 
advantage of a formal description of the experiments, but it is unsatis- 
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factory from a theoretical point of view and it may be a source of 
confusion when using different kinds of experimental arrangements. 

The present situation suggests that a better knowledge of micro- 
scopic details will be of extreme importance. Probably it is one of 
the most interesting directions for futher research. How far this field 
will be accessible to experimentation without losing the real bulk 
flow, will be a subject of closer investigations. 
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Contents: 1. Introduction, 105. — 2. Experimental Difficulties, 108. — 3. Meas- 
urements of the Thickness of the Saturated Film, 110. — 4. Unsaturated 
Films, 113. — 5. The Flow of the Saturated Film, 118. — 6. The Flow of 
Unsaturated Films, 126. — 7. Theories of the formation of the Film, 130. 


1. Introduction 


Helium films present a clear cut case of physical adsorption. The 
helium atom is chemically inert and there can be no question of 
chemical bonding between the atoms of the film and the atoms of 
the wall. Offsetting this initial simplification, however, are the com- 
plications associated with the existence of the films at low temperatures 
—the importance of a large zero point energy and the quantum effects 
which give rise to the A-transition in the liquid. The superfluidity of 
the liquid also gives the films unique properties and the flow of the 
films draws attention to their existence in a dramatic fashion. Thick 
films of helium are particularly easy to study, because, whereas a 
thick film of an ordinary substance is readily evaporated by a small 
amount of stray heat, a helium film under the same circumstances 
can be replenished by superfluid flow. Multimolecular adsorption is 
therefore unusually prominent in the case of helium. 

The flow of the film was probably first observed by Kamerlingh 
Onnes ! who had built an apparatus in which an open Dewar vessel 
containing liquid helium II was partially immersed in liquid helium 
contained in an outer Dewar vessel. He noticed that, whatever the 
initial relative positions of the two liquid levels, the inner level always 
rose or fell until it reached the height of the outer level. We now 
believe that a thick helium film had formed on the walls of the inner 
vessel and flow took place through this film until the two levels were 
equal, but this explanation was first advanced many years later by 
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Rollin and Simon 2, when they observed that a thermally isolated 
vessel connected to a region at a higher temperature via a narrow 
tube warmed up much more rapidly when the liquid helium inside 
it was below the A-point. They attributed this to the formation of a 
thick film on the wall of the connecting tube, flow through this film 
towards the high temperature region, evaporation of the film there, 


Fig. 1. The pioneer film flow experiments of Daunt and Mendelssohn. 


and a backward flow of gas to the inside of the vessel where it 
condensed, giving up its latent heat. Some pioneer work on the 
film was performed by Kikoin and Lasarew * 4 but the existence of the 
film was firmly established and its basic properties discovered in an 
elegant series of experiments by Daunt and Mendelssohn **. Their 
basic experiment is illustrated in Fig. 1. As the beaker was raised or 
lowered, liquid flowed through the film on the exposed part of the 
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wall so that the inner level always moved towards the outer level. 
The rate of transfer was found to be almost, but not quite, independent 
of the level difference Ax and almost, but not quite, independent of 
the height of the film /. In support of the hypothesis of film flow, the 
volume of liquid transferred per second was found to be proportional 
to the circumference of the beaker and in an arrangement such as 
that of Fig. 2(a) was proportional to the perimeter at the point of 
constriction. The transfer rate of the film is therefore usually expressed 
as cm® of bulk liquid per second per cm of perimeter. In the arrange- 
ment of Fig. 2(b) the abnormally long path over which the film had 
to flow had no detectable effect on the rate of transfer. Daunt and 


(a) (b) 


Fig. 2. Further film flow experiments of Daunt and Mendelssohn. 


Mendelssohn therefore proposed that, apart from secondary effects, 
the phenomena could be explained by assuming that the flowing film 
attains a ‘critical velocity’ independent of everything, except possibly 
temperature. 

The thick film studied in this type of experiment has been called 
the saturated film because it exists in equilibrium with the saturated 
vapour. It is also possible to perform a more conventional type of 
adsorption experiment in which the film is in equilibrium with gas 
at a pressure p less than the vapour pressure py, and films of this type 
are called unsaturated films. There is a possible connection between 
the two cases. Imagine the ideal case of a static saturated film formed 
on a perfectly smooth, clean surface in an accurately isothermal 
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- enclosure, as in Fig. 3. The thickness d of the film is a function of the 
height H above the free surface of the bulk liquid. However, at this 
height the film is in equilibrium with gas whose pressure p at large 
distances from the wall is not p) but 


p= Mo e7 MoH/RT | (1) 


Po 
Bulk Liquid 


Fig. 3. The contour of the saturated film. 


This seems to imply that an unsaturated film being studied in an 
adsorption experiment at a relative pressure p/p) has identical 
properties with a saturated film in equilibrium at a height H above 
the surface of the bulk liquid given by 


—RT 
A= My In (p/Po)- (2) 


2. Experimental Difficulties 


It is extremely doubtful whether the ideal case just discussed can 
be realized, or even approached, in practice. Atkins’ and, independ- 
ently, de Haas and van den Berg ® observed that, occasionally, the 
rate of transfer through the saturated helium film is many times 
greater than normal. Bowers and Mendelssohn ® were able to show 
that this is a consequence of contamination of the surface by a deposit 
of some solidified gas, such as solid air, solid hydrogen or ice. Perhaps 
the deposit is granular and either increases the effective perimeter of 
the beaker on a micro-scale or else liquid is held in the spaces between 
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the grains, so that the effective thickness of the film is increased. 
Possibly, even a thin deposit of some impurity is able to modify the 
forces between the wall and the helium in such a way that the film 
thickness is increased. The views of McCrum and Fisenstein 1° on 
this point will be discussed later. From a practical point of view, it is 
extremely difficult to avoid accidental contamination of the surface 
and even the most careful of experiments can be suspect in this 
connection. 

No surface is perfectly smooth and even the surface of glass probably 
contains the so-called Griffith’s cracks which are important in 
determining its strength. For every helium film experiment, therefore, 
it is relevant to ask whether the results are entirely determined by 
the film or whether they are significantly influenced by liquid which 
is held in the cracks by surface tension effects. Recent experiments 
of Dyba, Lane and Blakewood!! and Brewer and Mendelssohn 12 
confirm that surface tension effects can fill such cracks with liquid, 
particularly below the A-point where any liquid evaporated out of 
the crack by stray heat can be quickly replenished by film flow. 

Consider an adsorption experiment on an unsaturated helium film 
with a gas pressure p and with the surrounding liquid helium bath 
at a temperature 7’, where the vapour pressure is p,(7'). A small 
amount of heat falling on the surface holding the film will raise the 
temperature in that vicinity to 7’+d7', where the vapour pressure is 
p(l+dT'). The experimenter will therefore relate the thickness of 
the film to the relative pressure p/p,)(7') whereas he should use 
p/p (T +47). If dT is not too large, this does not matter when p/p 
is appreciably less than 1, but when p is close to » the thickness of 
the film is very sensitive to p)—~p (see Fig. 6) and a film which might 
be expected to be thick because p— p,(7') is small remains thin because 
p—p(T'+dT) is large. For this reason, thick films were not observed 
above the /-point until care was taken to reduce extraneous radiation. 
Below the A-point the situation is somewhat different. The superfluid 
film is able to flow towards the source of heat and prevent the 
formation of large temperature differences, but there is then a dynamic 
type of equilibrium in which the film arriving at the hot region 
evaporates, returns as vapour to the cold region, condenses as bulk 
liquid or film and flows back to the hot region. It is relevant to inquire 
whether a film behaving in this way has the same properties as a 
static film. Meyer !* has suggested, for example, that when the super- 
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fluid component in the film is flowing with a velocity v,, the kinetic 
energy of the film must be included in its free energy and the thermo- 
dynamic equilibrium is thereby disturbed in such a way that the 
film thickness is increased and has a different variation with height. 
For saturated films of liquid helium IT, there is another disturbing 
possibility if a vertical temperature gradient exists. In accordance 
with the well-known thermo-mechanical effect, if two volumes of 
liquid communicate with one another through a narrow channel and 
there is a temperature difference AT’ between them, the level in the 
warmer vessel is raised above the other level by an amount 


Ah.= = AT. (3) 


If a vertical surface dips into liquid helium II and the temperature 
increases upwards, one might wonder if the effective height H 
determining the formation of the film ought to be reduced by Ah. 
At 2.0°K a temperature gradient of only 10-* deg/em would be 
sufficient to counteract the effect of gravity! 

This is a formidable array of possible difficulties and it is clear that 
the perfect film experiment would be difficult to perform. It is there- 
fore not surprising that the experiments which have so far been 
performed are mutually contradictory. Moreover, no single experiment 
can be said to be absolutely free from suspicion on one or more of 
the counts presented above. 


3. Measurements of the Thickness of the Saturated Film 


Jackson and his co-workers 1+ 116 have measured the thickness of 
the saturated film by an optical method, depending upon the fact 
that, if plane polarized light is reflected from a polished metal surface 
covered by a film, then the reflected light is elliptically polarized and 
the angle between the initial plane of polarization and the major axis 
of the ellipse can be related to the thickness of the film. Referring to 
Fig. 4, light from a sodium lamp S.L. was collimated by the slits 8, and 
8S, passed through a heat absorbing filter F and was plane polarized at 
45° to the vertical by the polaroid slab P. After reflection from the 
surface M, the elliptically polarized light was converted back into 
plane polarized light by the compensating plate, 4/4, and the plane 
of polarization was determined by rotating the nicol prism N. The 
upper part of the polished stainless steel mirror M was coated with a 
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monomolecular layer of barium stearate (2.4 x 10-7 cm thick) whereas 
the lower part had a coating three molecules thick. Different settings 
of the Nicol prism N were therefore needed to make the two regions 
appear dark, but an intermediate setting could be found at which 
the upper and lower sides of the 1—3 boundary appeared equally 
bright. When the helium film formed on top of the barium stearate 
layers, this halfshade setting was destroyed, but could be restored 
by rotating the Nicol prism through a small angle of a few degrees, 
measurable to within + 8 min of arc, and from this angle the film 
thickness at the 1—3 boundary could be deduced. The lower part of 
the mirror M dipped into a liquid helium bath and the film thickness 
measured therefore corresponded to the height H of the 1—3 boundary 
above the surface of the bath. 


Fig. 4. The optical method of measuring film thickness. 8.L., sodium lamp; 

S,, 5., slits; F, filter of heat absorbing glass; L, lens; P, polaroid; M, mirror; 

A/4, mica compensating plate; N, nicol prism; T, telescope. (after Burge and 
Jackson). 


As the technique has been developed and some of the difficulties 
mentioned in § 2 appreciated, the results have been progressively 
modified, so we shall discuss only the latest measurements , though 
these may still not be final. Below the A-point the film thickness d 
may be expressed in the form 

d= =, cm (4) 
k varied from 2.96 x 10-6 at 1.32° K to 3.15 x 10-* at 2.05° K and n 
remained constant at 0.435 over this temperature range. At a height 
of 1 cm the film was therefore about 80 layers thick. Above the 
4-point, when extraneous heat was avoided there was still a thick 
film of about 10 layers (4 x 10-7 cm). Within a temperature range 
of only 0.005 deg K just below the A-point, the thickness rapidly 
decreased from 80 layers to 10 layers, but this may be connected 
with the falling out of the flow mechanism. When a heating coil 
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was attached to the top of the mirror and a small heat input of 
7.75 uW applied, the film thickness incréased by about 20% and 
varied less rapidly with height. At 300 ~W the flow mechanism 
probably saturated, because then the film was observed to have a 
sharp upper boundary which slowly retreated down the mirror as 
the power was increased. At about 30 mW a very thick film, similar 
to a surface tension meniscus, was formed and rose to a height of 
8 mm above the bulk liquid. In another experiment the mirror M 
formed part of the outer wall of a beaker and it was found that the 
film thickness did not change noticeably when there was film flow 
out of the beaker. 

Bowers 17 has used a microbalance to weigh the film formed on a 
roll of aluminium foil. A wire tail hanging from the foil dipped into 
bulk liquid and the variation in the weight of the film was studied 
as the distance between the liquid surface and the bottom of the foil 
was varied. Interpreting the results in terms of Eq. (4), & was 
11.8 x 10-® and n was 0.5 + 0.07, so that the height dependence was 
not inconsistent with the optical method but the absolute thickness 
of the film was about three times greater. The thickness was almost 
independent of temperature below the A-point, but within a few 
thousandths of a degree of the A-point suddenly fell to about 4 x 107? 
em. The weight of the film was very sensitive to radiation influx and 
when the wire tail did not dip into the bulk liquid, so that the heat 
contact of the creeping film was lost, the thickness fell to about 
2.2 x 10-* cm and was independent of the height of the foil above the 
liquid surface and almost independent of temperature. 

Atkins '8 has employed the oscillation method illustrated in Fig. 5. 
As the beaker empties through the film, the rate of film transfer is 
almost independent of the level difference and so, when the inner level 
reaches the outer level, the film is still moving rapidly and its 
momentum causes the level to overshoot and then oscillate about 
its equilibrium position. This oscillation involves a periodic inter- 
change of energy between the kinetic energy of the film and the 
potential energy of that liquid inside the vessel which is raised above 
the outer level, and the period therefore depends primarily on the 
thickness of the film. To interpret the results it is necessary to make 
certain assumptions about the nature of the flow, such as that the 
velocity in the film at a fixed height is independent of distance from 
the wall, and that the thickness of the film is independent of its 
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velocity. The period of an oscillation can then be shown to be 
: : U 


be @ sp Le aH 1/2 : 

whet er (ee) 7 (5) 
~ 

where r and F are the inner and outer radii of the beaker and J is the 

height of the rim of the beaker above the bath level. Measurements 

of the period t over a range of values of J therefore enable d to be ~ 

deduced as a function of H. 


| Height of Inner Level 


— Copper Bottom for good 
thermal contact 


Over a range of heights from 1 cm to 5 cm, the results could be 
represented by Eq. (4), with k varying from 1.5 x 10-* at 1.1°K 
to 2.2 x 10-§ cm at 2.0° K, more in agreement with the optical 
method than the weighing method. The value of n was 0.14, which 
is much less than the other two methods give, but there was some 
evidence that the effective value of n was greater at heights less than 
1 cm. However, when the experiment was repeated with a slightly 
different beaker, the film appeared to be about 30 percent thicker, so 
there were obviously some unexplained effects. 


4. Unsaturated Films 


The basic experiment on unsaturated films is the plotting of an 
adsorption isotherm, showing how the mass of gas held on a surface 
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varies with the relative pressure p/p) at constant temperature. This 
has been done by the usual volumetric method of introducing measured. 
volumes of gas into a system containing a powder of large surface 
area, such as carbon 9, jeweller’s rouge 2° 21 22 or rutile . Bowers 
has used the microbalance technique described in the previous 
section, weighing the film formed on a roll of aluminium foil in an 
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Fig. 6. Adsorption isotherms of helium on jeweller’s rouge in em® (S.T.P.)/m* 


as a function of saturation at 4.21° K-lowest curve; 3.02° K, 2.42° K, 2.25° K, 
2.14° K, 2.01° K, 1.80° K and 1.59° K-top curve (after Strauss). 
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atmosphere of helium gas at a pressure p less than the vapour pressure 
Po- The optical method of Jackson has been adapted to the unsaturated 
film by McCrum and Mendelssohn %. A typical set of isotherms 
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obtained by Strauss 7, is shown in Fig. 6. At values of p/p near 0.1 
there is a ‘knee’ in the curve which is usually taken to indicate the 
completion of the first layer. This region of the curve is conventionally 
treated in terms of a theory due to Brunauer, Emmett and Teller 2 
(the BET theory), and although the principles of this theory are now 
being questioned there is some experimental and theoretical evidence 
that its formalism may be applicable at low values of DP 2’. Applica- 
tion of the BET equations to the helium isotherms gives a very high 
density for the first layer, corresponding to an interatomic separation 
of 2 A as compared with 3.7 A in the liquid. The first layer is undoubt- 
edly solid and it may even be that the first two or three layers are 
solid ? 8. The density of the first layer appears to decrease with 
increasing temperature 2”. 

At larger values of p/p , the thickness d of the film can be expressed 24 
in the form 


d= x/(In polp)”. (6) 


Using Eq. (2) to express this as a variation of film thickness with 
height, it is equivalent to 
d = ke| H°-333 (7) 


with values of & similar in order of magnitude to those quoted in 
§ 3, but varying more markedly with temperature. It is interesting 
to note that the thickest film studied in an adsorption experiment 
had about 20 layers, and the corresponding value of p/p) was equiv- 
alent to a height of about 25 cm in a saturated film experiment. 

Brewer and Mendelssohn ”, studying adsorption on glass at high 
relative pressures, observed discontinuities at the A-point. Long and 
Meyer *° have argued that this is thermodynamically impossible. 
Brewer and Mendelssohn ascribe the results to an ‘anomalous surface 
tension effect’ 12 31 producing bulk liquid in their apparatus. Tjerkstra, 
Hooftman, and van den Meydenberg ® have also studied adsorption 
on glass. 

From a set of adsorption isotherms at different temperatures, 
standard thermodynamic arguments can be used to derive the heat 
of adsorption and the differential entropy of the film. The heat of 
adsorption, shown in Fig. 7, is high for the first one or two layers but 
soon falls to a value near the latent heat of vaporisation of the bulk 
liquid. Similarly, the differential entropy of the film, S;, is very close 


116 Koes 


ATKINS 


AH, (cal./mol.) 
Ww wW ~ 
Oo on (on) 


i) 
o1 


2005 O75" 1.0" 125s poe 


V(ce(STP)/m’) 


Fig. 7. Heat of adsorption 4H, of helium adsorbed on jeweller’s rouge in 
cal/mol as a function of the amount adsorbed, at constant temperature (after 
Strauss). 


to the entropy of the bulk liquid, S,, for films more than one or two 
layers thick (Fig. 8). Both these facts suggest that, apart from a few 
fayers near the wall, the liquid in the film is very similar to the bulk 
liquid. It is interesting to note that S,—S, is negative above the 
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Fig. 8. Difference between differential entropy S; of helium adsorbed on 
jeweller’s rouge and the entropy S, of bulk liquid a a function of the amount 
adsorbed for aiforons temperatures (after Strauss). 
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_ A-point and positive below the A-point (but with a suggestion of 


negative values for intermediate coverages). The specific heat of films 
of various thicknesses on jeweller’s rouge has been measured by 
Frederikse 5 33 (Fig. 9). The results suggest that some sort of smeared 
out A-transition occurs at temperatures lower than the bulk A-point. 
Band * has pointed out that the specific heat of the first layer follows 
roughly a 7? law, as for a two dimensional solid with a Debye tem- 
perature of 18°K. There is order of magnitude agreement between the 


specific heat curves and the entropies deduced from the adsorption 
isotherms. 


"075 1.0 % 7° wat 3.0°K 
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Fig. 9. Average specific heat of helium adsorbed on jeweller’s rouge in 

cal/g-deg as a function of temperature for different amounts adsorbed. Number 

of statistical layers estimated as: Ist layer = v,,; 2nd layer = 1/2v,,; 3rd and 

higher layers = liquid density = 1/4v,,. Drawn line specific heat of bulk liquid 
helium (after Frederikse). 


118 K. R. ATKINS 


5. The Flow of the Saturated Film 

The broad outlines of film flow phenomena were presented in the 
Introduction and we shall now discuss the finer details. The flow of the 
film is frequently taken to represent the best available case of pure 
superfluidity in which the flow of the superfluid component is not 
accompanied by viscous flow of the normal component. Several 
experiments have been conducted to demonstrate the absence of any 
frictional forces opposing this flow. The ingenious double beaker 
experiment of Daunt and Mendelssohn * is illustrated in Fig. 10 (a). 
In such an arrangement of two coaxial beakers, it is obvious that the 
level in the inner beaker cannot fall below the level in the annulus 
or there would be film flow from the annulus back into the inner 


(a) ‘(b) 


Fig. 10. Experiments to detect frictional forces opposing the flow of the 
film. (a) The double beaker experiment of Daunt and Mendelssohn. (b) The 
moving plunger experiment of Picus. 


beaker. What happens therefore is that the levels fall at the same 
rate with the film velocity on the wall of the outer beaker assuming 
its critical value but with the film velocity on the wall of the inner 
beaker needing to be only about 90 °%, of the critical value in order 
to keep up. The important question then is whether this subcritical 
velocity is opposed by any frictional forces, so that the inner level 
has to be raised above the annulus level in order to provide the 
pressure head needed to maintain the flow against such dissipative 
forces. In the experiment the two moving levels were observed to 
stay together to within the accuracy of measurement, which was 
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about 10-2 cm, and it was concluded that the frictional forces must 
be extremely small. 

Picus ° has conducted another ingenious experiment bearing on 
the same point (see Fig. 10 (b)). A plunger was slowly lowered into 
a beaker of liquid helium II so that the level inside the beaker rose 
and film flow took place into the surrounding bath. The motion of 
the plunger was slow enough to permit the film to maintain the 
inner and outer levels at the same height while flowing with a sub- 
critical velocity. When the motion was first started, there were 
complicated effects which can probably be explained by using the 
same equations which describe the film oscillations discussed in § 3, 
but eventually the flow settled down with the inner level about 
0.02 mm above the outer level. This suggests that a small pressure 
head is needed to maintain the flow but it is also possible that the 
level difference was a thermomechanical effect, consequent upon a 
small temperature difference of the order of 10-7 °K. 

From a study of the oscillatory effects, Picus concluded that as 
the motion got under way the film became thicker and its shape 
altered. This is in direct conflict with the experiment of Jackson and 
Henshaw ! (see § 3) in which the thickness of a moving film was 
found to be the same as that of a static film. 

An upper limit to the size of the frictional forces can be deduced 
from the damping of the film oscillations 8 (see Fig. 5). This damping 
may have been caused by secondary effects not connected with the 
forces opposing the film flow, but, in any case, the damping was so 
small that it was possible to conclude that, in experiments of the 
type performed by Daunt and Mendelssohn and Picus, the pressure 
head could not have exceeded 2 x 10-4 cm. Another way of expressing 
this is that, as an element of the liquid flows along several cm of film, 
it does not lose more than 0.05 °% of its kinetic energy of flow. 

Although the resistance to flow is negligible at sub-critical velocities 
it is clear that, once the critical velocity is reached, strong dissipative 
processes come into play to prevent the velocity increasing further. 
In this connection it is interesting to note that the transfer rate of 
the film has a tendency to decrease when the level difference falls 
below about 0.5 cm 3’ (see Fig. 11). Eselson and Lasarev * suggest 
that the mechano-caloric effect consequent upon film flow produces 
a temperature excess inside the beaker during emptying and a 
temperature defect during filling. As a consequence of the thermo- 
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mechanical effect, the inner level then reaches an equilibrium position 
displaced slightly from the outer level and subsequently approaches 
the outer level at a rate depending upon inertial effects and the 
rapidity with which the temperature difference can be dissipated. 
They support this with an experiment in which the effect was made 
to disappear by improving the thermal contact between the inside 
and outside of the beaker by means of a copper bottom. However, 
Atkins 8? has pointed out that, even without a copper bottom, the 
possibility of distillation between the inner and outer liquid surfaces 
restricts possible temperature differences to less than 10~° °K, which 
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Fig. 11. Dependence of the rate of flow of the film on the level difference. 
+ empting, J) = 3.78 cm; 0, filling, J) = 0.82 cm. 


would give a negligible thermomechanical effect. The issue may be 
a fundamental one, because, if the level difference is really a measure 
of the frictional forces opposing the flow, there is a suggestion that 
these forces vary with velocity in the region of the critical velocity. 
Fig. 12 shows various possibilities. Curve 1 is the ideal case of zero 
friction below v, and infinite friction above v,. Curve 2 is the case 
where no velocity is truly frictionless, but there is a very marked 
non-linearity. Curve 3 represents a combination of frictionless flow 
and non-linear frictional flow. If this last represents the true situation, 
we must always bear in mind the possibility that the frictional compo- 
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nent has nothing to do with the film but represents, for example, flow 
in cracks. 

The transfer rate varies in a complicated way with the level differ- 
ence and the height of the film & 9758.39, During a filling the transfer 
rate is practically constant (see Fig. 11), except at very small pressure 
heads, but the constant rate thus determined depends markedly upon 
the height of the rim of the beaker above the outer level (see Fig. 13). 
When the beaker is emptying (Fig. 11 again), the transfer rate now 
depends on the level difference, but the various observations can be 


frictional force f(v) 


velocity (v.) 


Fig. 12. Possible forms of the frictional force in film flow. 1, simple critical 
velocity; 2, flow which is never completely frictionless; 3, mixed flow. 


correlated if we assume that the important factor is the height of 
the rim of the beaker above the higher of the two liquid levels. 
Atkins ®’ has pointed out that, since the film thickness varies with 
height and since the transfer rate through a channel is known to 
vary slightly with its width, one might expect the rate of transfer to 
depend upon the thickness of the film at the rim of the beaker. Although 
such an effect may exist, it is also possible that the observed variations 
are largely caused by secondary factors, such as capillary flow in 
cracks *°. 

When the inner and outer levels are at very different heights, it 
is pertinent to ask whether the thickness of the film is determined by 
its height above the inner level, the outer level, or neither. Jackson, 
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Henshaw and Ham 4! used their optical method (Fig. 4) to observe 
the thickness of the film on the outer surface of the stainless steel 
beaker shown in Fig. 14 (a). They found that this thickness was 
uniquely determined by the height above the outer level and was 
quite independent of the position of the inner level. When the inner 
level was in the wide part of the beaker, A, but the outer level was in 
the region of the narrow part, B, the transfer rate was still determined 
by the perimeter of A, but on the outside of B droplets were observed 
to form and run down the wall, carrying away the excess liquid which 
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Fig. 13. Variation of the rate of fillmg with the height of the film. 
Temperature = 1.47° K. 


could not be transferred by the film in this constricted region. How- 
ever, in the apparatus of Fig. 14 (b), although the droplets were again 
observed in the waist region, B, they merged into the film again and 
were not observed on the outside of C where the transfer was again 
supported wholly by the film. Using the complicated beaker shown 
in Fig. 15, Chandrasekhar and Mendelssohn 42 observed that the 
formation of drops occurred in a manner which can be understood 
by studying the figure. From these experiments we may conclude: 
firstly, that the transfer rate is determined by the smallest perimeter 
lying above the higher of the two liquid levels; secondly, that, if 
there is a still smaller perimeter below this level, then drops form 
there to carry away the excess flow; thirdly, that no drops are formed 
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Fig. 14, An experiment to observe the formation of droplets out of the film. 
The tube ¢ communicates with a glass monitoring tube (after Jackson and 
Henshaw). 


Fig. 15. The formation of droplets out of the film (after Chandrasekhar and 
Mendelssohn). 
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below the higher level if the perimeter is sufficient to enable the film 
to carry all the flow. Ham and Jackson ” estimated the size and 
velocity of the drops and found them to be in agreement with a 
theory advanced by Frenkel *. 

When the surface is contaminated by a solid deposit, the transfer 
rate is increased and its dependence on the height of the rim above 
the liquid level is accentuated 789. In such cases, the oscillation 
method 18 (Fig. 5) gives a period linearly proportional to the height 
ly of the film, and, if this is interpreted in terms of Eq. (5), it implies 
an equivalent film thickness of the form 


d=k|/H (8) 


Ss 


with k several times greater than for a clean surface. The detailed 
explanation of this is still obscure, but might well reward further 
study. The transfer rate is also increased when the surface is deliber- 
ately roughened 4 44 45-4647, but again it is not clear whether this 
should be ascribed to an increase in the micro-perimeter or to bulk 
liquid held in grooves. At this stage, one might reasonably ask whether 
all secondary effects, such as the variation of the rate of transfer with 
the height of the rim, are caused by contamination or surface 
irregularities, and the experimental difficulties are such that it is 
not yet possible to give a dogmatic answer. However, these effects 
have always been present in the most carefully conducted experiments 
and Smith and Boorse *° found that the height dependence was just 
as marked for a highly polished metal surface as for an unpolished 
metal surface or a glass surface. Another interesting question is 
whether the transfer rate depends on the chemical nature of the 
surface. Smith and Boorse “8 have made a careful study of this point 
with beakers of aluminium, silver, copper, nickel, nickel-silver, stainless 
steel, Pyrex, quartz and Lucite. They conclude that, even with the 
same surface, the transfer rate is not reproducible from run to run to 
better than 10% and any differences between the various surfaces 
were less than this. 

Kselson and Lasarev ** have complicated still further an already 
complex situation by observing that a beaker which had been filled by 
complete submersion in the bath emptied more rapidly than if it 
had initially been partially immersed in the bath and allowed to fill 
through the film. 


al . . : 
The variation of transfer rate with temperature is shown in Fig. 16. 


Qosere is the velocity of the superfluid component. The eariosion 2 i 


between 1°K and the 4-point is mainly caused by the factor 0/0, 
although the weight of the evidence suggests that the product v,d 
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Fig. 16. Variation of the transfer rate of the saturated film with Aero pOPOnE 
(schematic). 


also varies with temperature. Ambler and Kurti®® have measured 
transfer rates below 1° K and find an increase of about 30 % as the 
temperature is lowered from 1° K to 0.15° K. Experiments of Lesensky 
and Boorse *! and Waring *? support this conclusion. 


In order of magnitude 
h 


v, a oy ce 


(10) 


where m is the mass of the helium atom, but there is no clear evidence 
that vd is constant and it probably varies with both temperature 
and the height of the film. It should be noted, however, that because 
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vd is approximately constant, the transfer rate of the film is a very 
insensitive measure of its thickness and the fact that the transfer 
rate is approximately the same for different substrates, for example, 
does not imply that the film thickness is correspondingly invariant. 
Eq. (10) is obviously of fundamental significance. For a possible 
explanation, see the article by Feynman in Volta 2r: 

Some recent results of Dillinger and his co-workers * suggest that 
the film has a step-like structure, changing its thickness abruptly at 
certain heights. It is perhaps too early to appreciate the full signi- 
ficance of these experiments. 


6. The Flow of Unsaturated Films 

The discovery by Long and Meyer **** of superfluid flow through 
the unsaturated film opened up the possibility of extending our 
knowledge of superfluidity to much narrower channels and also gave 
valuable information about the nature of these very thin films. In 
their excellent review article Long and Meyer *’ state: — “The flow 
measurements and the heat transport experiments show that only 
~ 1/2 statistical layer on top of the densely packed first monolayer 
is sufficient to produce He II phenomena’ (that is, film flow). The 
apparatus used in their initial investigations consisted of an adsorption 
chamber A connected to a measuring chamber B through a superleak, 
which was either a platinum wire sealed into a Pyrex capillary or 
two optically ground stainless steel plates pressed together. They 
adopted two different procedures, which they call Method I and 
Method II, and which gave apparently contradictory results. In 
Method I chamber A contained gas at a pressure p/p, and there was 
therefore a thin unsaturated film on the walls of this chamber and 
on the surface of an adsorbent (Fe,0,) which was sometimes present 
to act as a reservoir of film. Chamber B was initially evacuated, then 
closed off, and the initial rate of rise of pressure in B was taken to 
represent the rate of flow of the unsaturated film through the super- 
leak. The results are shown in Fig. 17, which gives the rate of flow 
as a function of temperature at the constant relative pressure p/Dp 
indicated by the figure adjacent to each curve. The range of values 
of p/p) covered corresponds to film thicknesses from 2 up to 20 atomic 
layers. The striking feature of these results is that superfluidity sets 
in sharply at a temperature well below the normal A-point, and the 
thinner the film the lower the onset temperature. 
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In Method IT the pressure in chamber B was only slightly less than’ 
in chamber A so that the flow took place under a small pressure: 
differential. Under these conditions, for all thicknesses of film, flow 
occurred at all temperatures up to the normal A-point. A type of 
thermo-mechanical effect was also observed. When there was a 
temperature difference between the two chambers, the film flowed 
into the chamber at the higher temperature, even though the pressure 
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Fig. 17. Flow rate of the unsaturated film as a function of temperature for 
different relative pressures (Long and Meyer, Method 1). 


there was higher. The discrepancy between Methods I and II has 
not yet been resolved, but the heat transport experiments described 
below favour the conclusions of Method I. 

The experiment performed by Bowers, Brewer and Mendelssohn *8 
is illustrated in Fig. 18. The lower part of the chamber was in contact 
with a helium II bath and the upper part was thermally isolated. 
The chamber contained helium gas at a relative pressure p/p). Heat 
at a rate Q was supplied to a heater near the top of the chamber and 
a thermometer registered the temperature in the vicinity of the 
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heater. When the heat input was small no temperature rise was 
observed, probably because the heat was dissipated by flow of the 
unsaturated film up the walls of the chamber, evaporation of the 


| Heater | 


Thermometer 


Heat Sink 


Fig. 18. Apparatus to investigate heat transport in the unsaturated film 
(after Bowers, Brewer and. Mendelssohn). 


film near the heater and flow of the gas down to the bottom of the 
chamber where it condensed again. However, at a critical heat input 
Q,, @ large rise in temperature suddenly occurred and Q, was therotone 
taken to be a measure of the critical rate of transfer of ine unsaturated 
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film. The total rate of transfer over the whole perimeter in gm sec! 
must in fact have been Q,/(L,+7'S), where L, is the latent heat of 
the film, which is known to be approximately the same as the latent 
heat of the bulk liquid. When the pressure in the chamber was raised 
to the saturated vapour pressure p,, the saturated film was studied 
and the critical heat input Q, was found to vary with temperature 
in the same way as the transfer rate of the saturated film (Fig. 16). 
The quantity r,/r,=Q,/Q, plotted against p/p, at various temperatures 
in Fig. 19 is therefore the ratio of the critical transfer rates in the 
unsaturated and saturated films. The rate of flow of the unsaturated 
film is seen to be only a small fraction of that of the saturated film. 


60 70 80 90 100% 
Saturation 


Fig. 19. The relative rate of flow of the unsaturated film plotted against 
relative pressure p/p, at constant temperature (after Bowers, Brewer and 
Mendelssohn). 


This is important, because it establishes without any doubt that 
o, must vary with d in this region of film thicknesses. Examination 
of Fig. 19 reveals that, for every relative pressure p/p, there is an 
onset temperature for superfluidity which is well below the normal 
A-point. In fact the onset temperatures deduced in this way agree 
satisfactorily with those found by Method I of Long and Meyer. 

Long and Meyer * have repeated and extended these heat transport 
measurements. They noted, however, that even when the heat input 
was less than the critical value Q,, there was a small temperature 
gradient along the film, varying approximately as the cube of the 


! 
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heat input. Using the adsorption isotherm data of Strauss ‘ they 
were able to express their measurements in terms of the film thickness 
in atomic layers. They conclude that the critical velocity of the 
unsaturated film is approximately independent of its thickness, 
varying from 21 cm/sec at 2.0° K to 48 cm/sec at 1.3° K. Fig. 20 gives 
their data for the variation of onset temperature 7 with film thickness, 
expressed as a number n of atomic layers. They interpet Fig. 20 to 
‘mean that, whatever the thickness of the film at a temperature 7), 
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Fig. 20. The onset temperature of superfluidity as a function of film thickness 
(after Long and Meyer). 


the first n layers near the wall are immobile and the outer layers are 
mobile. Another possible interpretation, of course, is that a film 
layers thick is completely mobile below 7 and completely immobile 
above 7’) (ignoring the solid layers very close to the wall). They point 
out that m varies approximately as o,/0, which would extrapolate to 
give a film 20 layers thick an onset temperature at the bulk A-point, 
2.182° K. Some of their experiments suggest that films thicker than 
20 layers have onset temperatures slightly above the bulk A-point. 


7. Theories of the Formation of the Film 


Schiff °° and Frenkel *! have discussed the formation of the film 
solely in terms of the forces of attraction between the helium atoms 
and the wall. At large distances the force between a helium atom 
and an atom of the wall is of the van der Waals type and varies as 
the inverse seventh power of the distance. Integrating over all the 
atoms of the wall, the force on a helium atom varies as the inverse 
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fourth power of its distance z from the wall, and the potential energy 
of the helium atom therefore varies as the inverse third power of z. 
If the atom is also at a height y above the surface of the bulk liquid, 
its total potential energy may be expressed as 


Ma 


GS NOY mei . (11) 
where m is the mass of the helium atom and « is a constant depending 
on the strength of the interatomic forces. If, in equilibrium, a small 
quantity of fluid is removed from the surface of the bulk liquid and 
placed on the surface of the film, the total change in energy must be 
zero, and so the relationship between film thickness d and height H is 


mgH — oa = 0 
a \1/3 
-G) 03 
k 
~ #7033 


Schiff © has calculated the magnitude of the van der Waals forces 
for several surface materials and the resulting values of k are given 
in Table I. Comparing these theoretical predictions with the some- 
_ what uncertain experimental results described in § 3, it will be seen 
that the order of magnitude of the film thickness is correctly predicted 


TABLE I 
The Constant & in Eq. (12) as calculated by Schiff 
Material of Wall Copper Silver Glass Rocksalt 
ox LOS 4.3 4.7 4 2.2 


but that there is some evidence that the exponent of H is actually 
slightly larger than 0.33. An important prediction of the Schiff- 
Frenkel theory is that the film thickness should be independent of 
temperature and should be the same above the A-point as below, the 
peculiarities of He II being quite irrelevant to the theory. The latest 
experimental results are not inconsistent with this. Hill has made 
a detailed analysis of multilayer physical adsorption and his results 
are essentially in agreement with Eq. (12) for thick films. 

Atkins 28 has extended these ideas by treating the film as a con- 
tinuous fluid distributed over the potential field given by Eq. (11). 
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It is a well known classical result that the hydrostatic pressure of a 
fluid varies from point to point in such a field, and in this particular 
instance the pressure is given approximately by 


p= pote (= —9y). (13) 


The pressure therefore increases as one goes inwards from the surface 
of the film towards the wall, for exactly the same reason that the 
hydrostatic pressure increases as one goes downwards in any fluid 
in the earth’s gravitational field. The analysis is permissible as long 
as the pressure does not change appreciably over a distance equal 
to the interatomic separation, since the assumption of a continuum 
is then a reasonable approximation. The argument therefore breaks 
down near the wall where the atomistic nature of the film must be 
taken into account, but even here the continuum approach might 
be expected to give a qualitative understanding of some of the 
important characteristics of the film. The first important consequence 
of Eq. (13) is that, if we put p equal to the vapor pressure py, we 
obtain Eq. (12) for the contour of the surface of the film. The pressure 
inside the film may then be rewritten as 


P= Po tox (a-z): (14) 
At a distance of about 7 x 10-§ cm from the wall p becomes equal 
to the solidification pressure of 25 atm. As the interatomic distance 
in the solid is about 3.3 A, this suggests that there may be two solid 
layers near the wall. Even outside these solid layers the increasing 
pressure implies that the density of the liquid film increases towards 
the wall. Just below the A-point, there is a point in the film where 
the pressure rises above the j-curve, and the film therefore divides 
up into three regions, an outer region of He II, an intermediate region 
of He I and the solid region near the wall. 

Bil, de Boer and Michels *8 adopted an entirely different approach. 
At the time it was popular to treat helium as an ideal Bose—Kinstein 
gas and they pointed out that for such a model the ground state 
wave function has a node at the wall and at the surface of the film, 
with a wavelength 4=2d. The zero-point energy per atom would 
then be h?/8md and the total energy per cm? of film would be 


h2 
U = nd mgH +nd =, (15) 


~ 
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nm being the number of atoms per cm® of film. Varying the film 
thickness d in order to minimize this energy, one readily obtains 
ate 
n mg —n ——, ta 
Hee es 
= am, (san) : ne) 
1L23d10=8 
~~ Tae” 


This is consistent with the experiments of Bowers 1” but with none 
of the other measurements of film thickness. In this treatment the 
forces of attraction to the wall have been ignored, but this is readily 
seen to be untenable, since the excess energy given by equation 15 
is always positive, so that the film would be metastable. Moreover, 
Mott ® has pointed out that the ground state wave function assumed 
in the theory implies a peculiar variation of density from a maximum 
at the center to zero at the wall and at the surface. 

Actually, it is now well established that the zero point energy of 
liquid helium is not h?/8md? but the much larger quantity h?/8m6? 
where 6 has the order of magnitude of the interatomic distance. 
Atkins 7° has based a theory upon the fact that the properties of 
the film would be seriously influenced if this large zero point energy 
varied with film thickness by only 1 part in 10°. To illustrate this, he 
considers the longitudinal Debye modes which are known to exist 
in liquid helium and shows that the zero point energy of these modes 
for a slab of thickness d has the form 
enone Lane 
spacial guilt | oy 


Z=Zq.|1— 


where Z,, is the zero-point energy of the bulk liquid and A® is the cut- 
off wavelength of these normal modes in the bulk liquid. The next 
step is to write down the total energy of the film, including gravita- 
tional energy, van der Waals energy and zero-point energy, and then 
to minimize this by varying both the density and thickness of the film. 
The mean density is found to be slightly greater than that of the bulk 


liquid. 


e(d)—e() ly po (y 492) 4 8 
Ds aA er ae) 


where K is the compressibility and c is the velocity of first sound. The 
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equilibrium thickness of the film is given_by. 
rage Ces 1 0 dc\2 
gH = £4 (LY [95 20-75 Kemb(it+es) | 9) 


The results of Jackson (§ 3) can be expressed in this form 


= on 10 -): ne aS x 10 *) (20) 
The order of magnitude of the term in 1/d? is correctly predicted by 
Lj (9). 

The increased density suggested by Eq. (18) may be very important 
in the case of unsaturated films. The effect, which varies as 1/d, 
becomes quite large for thin films and is further augmented by the 
large increase in pressure very close to the wall (Eq. 14). It provides 
a ready explanation of the differential entropy (see Fig. 8). For He I 
the entropy of the liquid is known to decrease with increasing density, 
whereas for He IT the entropy increases with increasing density and 
this is mirrored in the behaviour of the differential entropy of the film. 
The increase in density may also explain the low temperatures for 
the onset of superfluidity observed in thin films (see Fig. 20). The 
negative slope of the j-curve means that the /A-point of the bulk liquid 
decreases with increasing density and it is therefore very plausible 
that the A-point of a thin film should be lower if its density is higher. 
One might object that the A-curve meets the solidification curve at 
1.75° K, whereas onset temperatures have been observed down to 
1.3° K, but it is not necessarily permissible to apply the phase diagram 
of the bulk liquid to extremely thin films. A more serious objection 
is that, even for thick films, the increase in density given by Eq. (18) 
seems to be too small by a factor of about ten. This may be because 
the spectrum of normal modes has been oversimplified, or because 
only the zero-point energy has been considered and the thermal 
excitations have been ignored. It is also possible that the 4-transition 
involves long range effects ®> which are modified in a thin film. 
Franchetti ® has advanced a theory based upon the fact that the 
thickness of the film is comparable with the wavelength of the 
excitations, but full details are not yet available. 

McCrum and Eisenstein 1° have drawn attention to the possibility 
that the surface might be contaminated by small quantities of a polar 
substance and that the dipoles might become aligned perpendicular 
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to the surface, particularly in the case of a metal surface. Even a 
small non-uniformity of the dipole density would produce strong 
electric fields near the wall and would thereby play an important 
role in determining the film thickness. Full details of this treatment 
have not yet been published. 

There is obviously much still to be done to straighten out the 
theory of helium films. From what has already been said, it can be 
seen that the following factors should all be given serious consideration: 


(1) 


(2) 


(3) 
(4) 


The basic factor is probably the force between the wall and a 
helium atom in the film. This may be a simple van der Waals type 
of force or something more complicated, as in the theory of 
McCrum and Hisenstein. 

The zero-point energy per gm of the film may vary with its 
thickness. More generally, one should consider, not only the 
zero point energy, but the total free energy. 

It is possible that the density of the film is not the same as that 
of the bulk liquid, even at points remote from the wall. 

The density of the film probably increases towards the wall. This 
also suggests that, under some circumstances, the outer region 
of the film may be superfluid while the region nearer the wall 
is not. In flow phenomena, the fraction of superfluid e,/0 may 
have to be taken to be a function of distance from the wall. 
Looming in the background of any theory of a perfect film is 
the possibility that the properties of an experimentally realizable 
film may be determined primarily by surface imperfections, 
surface roughness, surface contamination, temperature inhomoge- 
neity or flow effects. | 


REFERENCES 


H. Kamerlingh Onnes, Trans. Faraday Soc., 18, No. 53 (1922); Leiden 


Comm. 159. 

N. Kurti, B. V. Rollin and F. Simon, Physica, 3, 269 (1936). 

A. K. Kikoin and B. G. Lasarew, Nature, 141, 912 (1938). 

A. K. Kikoin and B. G. Lasarew, Nature, 142, 289 (1939). 

J. G. Daunt and K. Mendelssohn, Nature, 141, 911 (1938). 

J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc., A, 170, 423, 439 (1930). 
K. R. Atkins, Nature, 161, 925 (1948). 

W. J. de Haas and G.' J. van den Berg, Rev. Mod. Phys., 76, 609 (1949). 
R. Bowers and K. Mendelssohn, Proc. Phys. Soc. A, 63, 1318 (1950). 
N. G. McCrum and J. C. Hisenstein, Phys. Rev., 99, 1326 (1955). 


11 
12 
13 


20 


136 K. BR. ATKINS 


Dyba, Lane and Blakewood, Phys. Rev., 95, 1365 (1954). 

D. F. Brewer and K. Mendelssohn, Phil. Mag., 44, 559 (1953). 

L. Meyer, Conférence de Physique des Basses Temperatures, p. 95, Paris 
(1955). 

E. J. Burge and L. C. Jackson, Proc. Roy. Soc. A, 205, 270 (1951). 

L. C. Jackson and D. G. Henshaw, Phil. Mag., 44, 14 (1953). 

A. C, Ham and L. C. Jackson, Phil Mag., 45, 1084 (1954). 

R. Bowers, Phil. Mag., 44, 1309 (1953). 

K. R. Atkins, Proc. Roy. Soc. A, 203, 119 (1950). 

W. D. Schaeffer, W. R. Smith and C. B. Wendell, J. Chem. Soc., 71, 863 
(1949). 

H. P. R. Frederikse and ©. J. Gorter, Physica, 16, 403 (1950); Leiden 
Comm. 281. 

B. A. Long and L. Meyer, Phys. Rev., 76, 440 (1949). 

A. J. Strauss, Thesis, Chicago University (1952). 

S. V. R. Mastrangelo and J. G. Aston, J. Chem. Phys., 19, 1370 (1951). 
R. Bowers, Phil. Mag., 44, 485 (1953). 

N. G. McCrum and K. Mendelssohn, Phil. Mag., 45, 102 (1954). 
Brunauer, Emmett and Teller, J. Amer. Chem. Soc., 60, 309 (1938). 

W. G. McMillan and E. Teller, J. Chem. Phys., 19, 25 (1951). 

R. Atkins, Canad. J. Phys., 32, 347 (1954). 

F. Brewer and K. Mendelssohn, Phil. Mag., 44, 340 (1953). 

A. Long and L. Meyer, Phil. Mag., 44, 788 (1953). 

F. Brewer and K. Mendelssohn, Phil. Mag., 44, 789 (1953). 

P. R. Frederikse, Physica, 15, 860 (1949); Leiden Comm. 278. 

. P. R. Frederikse and C. J. Gorter, Physica, 16, 403 (1950); Leiden 
Comm. 281. 

W. Band, Phys. Rev., 76, 441 (1949). 

J. G. Daunt and K. Mendelssohn, Nature, 157, 829 (1946). 

G. S. Picus, Phys. Rev., 94, 1459 (1954). 

K. R. Atkins, Proc. Roy Soc., A, 203, 240 (1950). 

B. N. Hselson and B. G. Lazarev, J. Exp. Theor. Phys. (U.S.8.R.), 23, 
552 (1952). 

B. Smith and H. A. Boorse, Phys. Rev., 99, 358 (1955). 

B. 8. Chandrasekhar, Phys. Rev., 86, 414 (1952). 

A. C. Ham and L. ©. Jackson, Phil. Mag., 44, 214 (1953). 

B. 8. Chandrasekhar and K. Mendelssohn, Proceedings of the International 
Conference on Low Temperature Physics, p. 66, Oxford 1951. 

J. Frenkel, J. Exp. Theor. Phys. (U.S.S.R.), 18, 659 (1948). 

en Chandrasekhar and K. Mendelssohn, Proc. Phys. Soc. A, 65, 226 
J. G. Dash and H. A. Boorse, Phys. Rev., 82, 851 (1951). 

K. Mendelssohn and G. K. White, Proc. Phys. Soc. A, 63, 1328 (1950). 
B. Smith and H. A. Boorse, Phys. Rev., 99, 346 (1955). 

B. Smith and H. A. Boorse, Phys. Rev., 99, 328 (1955). 

B. Smith and H. A. Boorse, Phys. Rev., 99, 367 (1955). 

E. Ambler and N. Kurti, Phil. Mag., 43, 260 (1952). 


HELIUM FILMS 137 


L. Lesensky and H. A. Boorse, Phys. Rev., 87, 152 (1952). 


R. K. Waring, Phys. Rev., 99, 1704 (1955). 

R. P. Feynman, Progress in Low Temperature Physics, Vol. I, Ch. IT (1955). 
J. R. Dillinger, Conference de Physique des Basses Temperatures, p. 97, 
Paris (1955). 

. Long and L. Meyer, Phys. Rev., 79, 1031 (1950). 

Long and L. Meyer, Phys. Rev., 85, 1030 (1952). 

. Long and L. Meyer, Phil. Mag., Suppl. 2, 1 (1953). 

Bowers, D. F. Brewer and K. Mendelssohn, Phil. Mag., 42, 1445 (1951). 
Long and L. Meyer, Phys. Rev., 98, 1616 (1955). 

Schiff, Phys. Rev., 59, 838 (1941). 

Frenkel, J. Phys. U.S.S.R., 2, 345 (1940). 

L. Hill, J. Chem. Phys., 17, 580, 668 (1949). 

. Bijl, J. de Boer and A. Michels, Physica, 8, 665 (1941). 

. F. Mott, Phil. Mag., 40, 61 (1949). 

. R. Atkins, Conference de Physique des Basses Temperatures, p. 100, 
Paris (1955). 

S. Franchetti, Il Nuovo Cimento, 10, 1127 (1955). 

Tjerkstra, Hooftman and van den Meijdenberg, Physica, 19, 935 (1953); 
Leiden Comm. 293. 


Az > BD bl ee 


CHAPTER V-_ 


SUPERCONDUCTIVITY IN THE PERIODIC SYSTEM 
BY 


B. T. MATTHIAS 
BELL TELEPHONE LABORATORIES, Inc., Murray Hixu, N.J. 


Conrents: 1. Introduction, 138. — 2. The Elements, 138. — 3. Alloys and Com- 
pounds, 141. — 4. ‘Transition Temperatures, 141. — 5. Compounds, 145. — 
6. The B—W Structure, 148. — 7. Comparison of Different Crystal Struc- 
tures, 150. 


1, Introduction | 


Many attempts have been made to state the necessary and sufficient 
conditions for the occurrence of superconductivity among the elements. 
As yet, however, no efforts have been made to find the corresponding 
conditions for superconducting compounds or alloys. The purpose of 
the present work is to indicate those features which, through the 
discovery and study of a large number of superconducting compounds 
and alloys, have been found to be common to all superconductors, 
elements, compounds and alloys alike. This, however, was done by 
an oversimplification which went so far as to consider only properties 
of the single atom, and to take the averages in the case of composite 
systems. From the available experimental data, a necessary condition 
for the occurrence of superconductivity above 0.1° K appears to be 
that the average number of valence electrons per atom cannot be 
smaller than two or larger than eight. Between these limits the actual 
transition temperature is determined by the number of valence 
electrons per atom!, in a manner that can be traced in the various 


parts of the periodic system as will be shown in the following para- 
graphs. 


2. The Elements 


Fig. 1 gives the periodic system of the elements. The supercon- 
duction transition temperatures are taken from Shoenberg’s book ?. 
Klements in the same column are considered as having the identical 


¥ 
fea 


: 4 - ‘2 em 
Bie A 

-‘woard ore 
Saas: 2) SP 


*xoy = * Xo 
9 Se 
ices eee. Cg ~ 


nd 


Pin « 


‘xoy | uloya 


bs -— sureysAs. atpored ayy UI syUeUMETS Suyonpuooasoedns ory, 


“poyeorput 0 ore somngerodwo4 Pe}Se} JSoMoT oY} ‘szUEWETS [BULIOT ayy IOg 
: somyeroduoy uorysueIy OY, “Suronpuoosedns ore syueULeTo powesz OT, *, YOod s ,SIequeOys U0 


‘qno = o-qnod)—=6‘qno 
GOO )=—OT'0Ss«OOT'0 


“qnio ~~ '-qno *qno 
S00 O10 60°0 


‘qno ‘qno ‘xey 
£00. $40 90°0 


*xoy 80 ‘xey ‘xey ‘xoy 
Pek Sy a iO 6A QT, 


‘T ‘sty 
/ 


AY 


140 B. T. MATTHIAS 


number of valence electrons. Their transition temperatures can be 
roughly represented by 


ris 


TW a (1) 
where r is the radius of the neutral atom and M its mass. The 
proportionality (1) does not hold at all well for those elements with 
two or eight electrons which are at the boundary of the supercon- 
ducting region. The elements Ru-Os and Zn—Cd—Hg do therefore not 
fit (1). The variation of transition temperature due to the change in 
the number of valence electrons can be accounted for by a function 


TRANSITION CLOSED d- SHELL 
PERIOD PERIOD 
7 . ~ 


NO SUPER- 
CONDUCTIVITY, 


NOT METALLIC 


ro) 2 4 6 8 ‘On = = 4 6 8 
VALENCE ELECTRONS PER ATOM 


Fig. 2. Qualitative behavior of. superconducting transition temperatures 
throughout the periodic system. 


of purely qualitative nature as shown in Fig. 2 which shows its 
variation throughout the periodic system. One can therefore represent 
the transition temperatures of the elements, except those mentioned 
above, by the following equation 

Too? T(n) 4<x2<5 (2) 
where c varies between 20 and 30 % for the different crystal systems. 
V is the atomic volume. 

The linear variation with the atomic mass is probably best 
demonstrated by the two pairs Zr-Hf and Nb—Ta which are iso- 
morphous respectively and have the same atomic volume. The major 
difference between the two members of every pair is an increase of 
the atomic mass by a factor 2. 
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Eq. (2), as well as it may represent the connection among most of 
the elements, does not give correctly the pressure variation of the 
transition temperature * for a single element, being the variation of 
one element in itself, nor does it explain the differences in transition 
temperatures between isotopes *. In these cases the volume exponent 
is close to 7 and the mass dependence 1/|/M. The explanation of this 
discrepancy is not entirely clear although general suggestive possibili- 
ties exist. Throughout the periodic system, among comparable 
elements however, no volume dependence of more than the 5th 
power can be found. 


3. Alloys and Compounds 


Tf one turns from the superconducting elements to superconducting 
compounds, a much larger variation of erystal structures and lattice 
sizes is available. The occurrence of superconductivity here again 
follows the rule outlined above. The valence electron per atom con- 
centration, favorable to superconductivity, again varies between two 
and eight for all alloys. Transition temperatures also follow qualita- 
tively the electron concentration in the manner outlined for the 
elements in Fig. 2. There are slight shifts of the peaks for different 
crystal symmetries. While here volume exponents between five and 
ten can be found, seven is the dominant one. As far as the variation 
with mass is concerned, not too many comparative data are available 
but results in the 6—W crystal structure indicate that a value inter- 
mediate between the reduced mass of the components and the 
geometric mean of the two seems in Eq. (2) to be most likely to lead 
to more or less consistent results. Average mass values do not give 
- any agreement at all. 


4. Transition Temperatures 

For a systematic treatment of all superconductors known today, 
they shall be divided into first the elements and alloys and then the 
compounds. 

As outlined above those elements which have fewer than two or 
more than eight valence electrons per atom are not superconducting 
above the temperatures available. Elements with two valence electrons 
are the borderline cases. Those among them which crystallize in a 
close packed arrangement are normal down to between 1° and 0.1° K, 
as not all of these elements have been measured to 0.1° K. If the 
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crystallographic symmetry begins to deviate from a close or b.c.c. 
packing, elements with two electrons become superconducting. Zn and 
Cd achieve this by a c/a ratio of 1.84 which deviates considerably 
from the 1.633 required by a hexagonal close packed structure. 
Hg crystallizes in an even less simple hexagonal system. For these 
three elements as well as for Ru and Os, which have eight electrons 
and are on the other end of our boundary the relation (1) fails com- 
pletely from a quantitative viewpoint. 

Elements for which no superconductivity has as yet been reported 
but which should however become superconducting above 0.1° K 
are Sc, Y and Pa. Y was measured by Goodman ? to 0.1° K and was 

found to be normal. This we think can be blamed easily on the 
insufficient purity of this sample. Ferromagnetic and antiferromagnetic 
elements do not appear to become superconductors and therefore, less 
than 0.1 % of a paramagnetic or ferromagnetic element as impurity, 
such as a rare earth or iron, might easily inhibit superconductivity. 

Among the closed d-shell metals, As, Sb and Bi do not become 
superconducting in their semimetallic rhombohedral crystal form, but 
Bi can be transformed into a superconducting modification which 
most likely is cubic. This can be done either by high pressure * or 
condensation at low temperatures ®. Higher symmetric polymorphs 
of Sb and As would be expected to do the same. 

The closed d-shell elements unfortunately do not form alloys as 
easily as do the transition elements. For the latter it is possible to 
complement our information by the consideration of some of their 
alloys. As mentioned above the antiferromagnetism and _ ferro- 
magnetism of Cr, Mn, Fe, Co and Ni, as well as that of the rare earth, 
renders them rather unlikely of ever becoming superconducting. - 
While thus the first long row of the periodic system is not favorable 
for the study of its alloys, those of Mo and W proved to be quite in- 
formative. Mo as well as W are at the bottom of the center gap in 
Fig. 2. This of course indicates that any configuration of six valence 
electrons is unfavorable to superconductivity. But the gap is a very 
narrow one and therefore most alloys and compounds with Mo and, 
to a minor extent with W, which cause a deviation in the number of 
electrons will therefore introduce superconductivity. The compounds 
of Mo and W will be discussed later, but their alloys can help us now 
to understand better the elements, as they cover more or less continu- 
ously some parts of the periodic system. Alloys of Mo and W with 
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the noble metals of the VITIth column were first reported by Raub ’. 
He found that nearly all combinations of Mo and W with the noble 
elements such as Ru, Os, Rh, Ir, and Pt include the formation of a 
hexagonal close packed phase with a very large homogeneity range. 
For a valence electron concentration between 6.5 and 7.5 these alloys 
do have lattice constants as well as superconducting transition 
temperatures closely resembling those of the corresponding hexagonal: 
elements: Tc 8, Re, Ru and Os. The virtue of the averaging over the 
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Fig. 3. Superconductivity in Mo and W systems. 


periodic system here is self evident. In Fig. 3 the variation of the 
transition temperature with electron concentration of some of t hese 
alloys is shown. At the same time the lowering of the transition 
temperature with increasing mass (by going from Mo to W alloys) 
can be verified. Though neither Mo nor W have ever been found to 
be superconductors by themselves one may conclude that if they 
would do so at extremely low temperatures, the transition of W 
would be half that of Mo, which is about the same ratio as among 
their alloys — or for that reason like that between Zr and Hf or 
Nb and Ta. 
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The minimum transition temperatures for four valence electrons 
per atom can be shown in a rather picturesque way by alloying any 
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Fig. 4a. Superconductivity of zirconium alloys. 


element of the [Vth column in the long period, i.e., Ti, Zr or Th (we 
did not have enough Hf) with small percentages of the VIIIth column 
elements. Any one of the latter will dissolve somewhat in the IVth 
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Fig. 4b. Superconductivity of titanium alloys. 


column element, thus raising the average number of its valence 
electrons per atom and with it the transition temperature. The most 
spectacular effect is obtained with Rh which raises the superconducting 
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_ transition temperature of Zr by more than an order of magnitude 

(Fig. 4). 

From these alloys and the elements the course of the transition 
temperature had become rather apparent. It is a periodic function 
in the long period with maxima near three, five and seven valence 
electrons per atom and minima in between and seeming to vanish at. 
two and above eight electrons. The picture in the short period or 
closed d-shell subgroup is that of a gradual rise from two to a maximum 


between four and five (Fig. 2). A similar picture is obtained by 
Daunt’s specific heat considerations °. 


5. Compounds 


The average electron concentration of all superconducting com- 
pounds, as was pointed out earlier, varies between two and eight, 
electrons per atom, though it is usually not possible to decide whether 
they fall in the transition element or closed d-shell subgroup. Their 
maximum transition temperatures are nevertheless again in the 
neighborhood of five and seven electrons per atom. Nearly all com- 
pounds crystallize in crystal classes which usually do not contain 
any elements. A few of these crystal systems and elements are 
considerably more favorable to form superconducting compounds. 
We want to outline here only some of those of the two which have 
a rather preferred tendency to become superconductors. 

«) Bismuth Compounds: Probably the first superconducting com- 
pound to be discovered was Au,Bi 1°. Meissner 11 came perhaps closest 
to the correct explanation of this compound’s superconductivity by 
postulating that there might be a superconducting metallic modi- 
fication of Bi responsible for it. The connection is not quite obvious 
however. Though this new modification has since been found, as 
pointed out earlier, and many more superconducting compounds of 
non-superconducting metals with bismuth have been discovered, all 
these compounds have complicated structures as compared to those 
of the metallic elements. They include compounds of Bi with ? 


TABLE I 
LiBi 2.5 CaBi, 2.0 Ni-Bi 3.6—4.2 
NaBi 2.2 SrBi, 5.5 Rh-Bi 2.1—3.4 Pd-Bi 2-3.5 
KBi, 3.6 BaBi, 6 PtBi 1.21 
Rb-Bi 4.25 Au,Bi 1.7 


Cs—-Bi 4.75 
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The one with ie undoubtedly exists, but experimentally the difficulties 
have been too great to prove it. The highest transition temperature 
occurs for BaBi, at 6° K ¥. 

B) Molybdenum Compounds : Compounds of molybdenum form 
the next most varied arrangement '* 4 


TABLE II 
Mo,B 4.74 Mo,C 2.78 MoC 9.76 
Mo,N 5.0 MoN 12.0 Mo,P 7 Mo,Si 1.3 
Mo,Ge 1.43 MoGa, 9.5 Mo3Sb, 2.1 


The highest transition temperature is here found for MoN at 
12.0° K 18. Apart from these compounds there are the superconducting 
alloys with Ru, Os, Rh and Ir. Some of these elements form super- 
conductors with W as well but due to generally lower temperatures, 
they are not quite as informative. 

vy) Rhodium Compounds: Though Rh metal is just outside the 
boundary within which the superconducting elements are found, the 
formation of compounds can push Rh easily into the superconducting 
region. Here then are the superconducting Rh-compounds Rh,Sg, 
Rh&Se,,;, RhTe,, Rh;P, and Rh,Ge, »%. 

6) CoSi,: This is the only superconductor among the inter- 
metallic compounds of the (CaF) system. RhSi,, due to the larger 
radius of Rh is not isomorphous. However (Co, Rh) Si, solid solutions 
still crystallize in the fluorite structure and due to the increase in 
volume the transition temperature can be raised from 1.4° K for pure 
CoSi, ® to near 3.6° for mixed crystals with Rh. 

é) The NiAs Structure: The superconductivity of CuS was 
discovered by Meissner 1’. No even remotely similar compound was 
found for the next twenty years and the opinion prevailed that CuS 
was an isolated case. The crystal structure of CuS is a very com- 
plicated distortion of NiAs. NiAs itself does not show any transition 
above 1° K. We have now demonstrated 1 that the NiAs structure is 
really quite favorable to the occurrence of superconductivity by 


detecting the phenomenon in a number of more or less isomorphous 
compounds: 


NiBi (Ni,Pd)As 
PdSb PdBi PdTe 
IrGe PtSb PtBi 
Many other compounds in this system unfortunately are either 
ferromagnetic or antiferromagnetic. The question of NiAs which 
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itself does not seem to be superconducting above 1°K could be 
solved in a way by widening the crystal lattice through the partial 
replacement of nickel by palladium and thus obtaining a mixed 
crystal which was superconducting. The maximum transition tem- 
perature of 1.6°K corresponds to Nig1.Pdg ges. (PdAs does not exist.) 

Apparently superconductivity is not linked to a perfect NiAs 
lattice but instead is favored by a deviation from either the proper 
stoichiometry or symmetry. So is the highest transition temperature 
in PdTe obtained for a compound of the composition PdTe,.,;. It is 
well known that the NiAs structure is distinguished by just this 
continuous transition in composition and therefore of a simultaneous 
change in metallic properties. In this light the superconducting CuS 
does not any longer appear as a lonely compound. An orthorhombic 
deviation of the NiAs structure is the (MnP) system, in which the 
compound IrGe was found to be superconducting. 

Those systems in which superconductors possessing the highest 
transition temperatures have been found, however, usually show cubic 
symmetries. The first one to be discovered was the NaCl structure. 

f) The NaCl Structure: Many of the interstitial carbides and 
nitrides have been found to become superconducting. The highest 
among them is NbN: 15° K. Even Mo,N crystallizing with 25 % 
vacancies in this class becomes superconducting. There is no point in 
repeating the superconducting behavior of this class as it is so well 
described in the paper by Hardy and Hulm ®. All that we would like 
to show here is that this symmetry is more favorable than a hexagonal 
one. MoC, which becomes superconducting at 9.26° K 18 is hexagonal 
with a c/a ratio quite close to unity. Kieffer e¢ al. have shown by 
studying extended series of mixed crystals that there may be also 
a not too stable cubic modification of MoC, and they find that this 
cubic modification can however be stabilized by as little as 10 % (at) 
of some of the cubic carbides. One is thus able to explore the influence 
of the crystal structure on the transition temperature. Until now 
lanthanum had been the only case of a superconductor having two 
different crystal modixcations, both of which were superconductors. 
According to Spedding ®° the hexagonal modification had a transition 
point about 1/2° above that of the cubic phase. As both forms are 
nearly closed packed one would not have expected a very big change. 

It has now been possible to dissolve up to about 80 % (at) MoC 
in TiC, ZrC, VC and NbC. Of these four carbides only NbC is a super- 
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conductor. In every instant there is an _asymptotic approach to 
10.4° K, the apparent transition temperature of cubic MoC (Fig. 5). 

It is easy to obtain mixed crystals in this system of cubic interstitial 
compounds and a few do sometimes show higher transition tem- 
peratures than either of the two constituent compounds. (NbC)po.35 
(MoC) eg is superconducting near 12.5° K and (NBN) o.s5(NbC)o.15 
exceeds 17°K. Strain and small imperfections in this structure 
usually are advantageous as can be seen by a rise in temperature 
after quenching or a decline following prolonged annealing. It is the 
opposite to what is found in the following cubic structure, which 
exhibits even higher transition temperatures, the 6—W structure. 


TEMPERATURE IN DEGREES K 


Fig. 5. Superconductivity of cubic solid solutions between MoC and cubic 
carbides. 


6. The B—W Structure 


The 6—W structure received its name from the low temperature 
modification of what was thought to be Wolfram. Only recently 
It has been ?! shown that this was not the pure metal but W,0 instead. 
Several A,B compounds isomorphous to W,0 (or B—W) have been 
known for some time and four among them have been found by 
Hardy and Hulm ™ to be superconductors. The outstanding one of 
these is V,Si with a transition temperature of 17° K, thus indicating 
the possibilities of this structure. We subsequently discovered about 
20 more representatives of this symmetry class, some of them shown — 
in Fig. 6, and reached a new maximum transition temperature of 
18° K with Nb,Sn. The transitions cover the temperature range from 
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perature with the electron concentration within a strictly isomorphous 


; from 4 to 6.75. It is in this structure that it ha 
ible to obtain the maximum variation of transition tem- 
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Fig. 6. Superconductivity in the B-W structure. V,P is distorted. 


group of compounds. The peaks have been shifted from those for the 
elements by about half an electron per atom to lower values, but the 
same qualitative pattern remains. In order to compare all B—W 
compounds one would have to account not only for the change in 
mass but for the one in volume as well, because otherwise points for 
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a given electron concentration will scatter. By plotting, however, 
only the transition temperatures without taking into consideration 
any variation of lattice constant or valence, one nevertheless gets a 
qualitative picture of the variation of transition temperature with 
electron concentration (Fig. 6). 


7. Comparison of Different Crystal Structures 


It has become apparent that the simple cubic and hexagonal 
system as well as the 6—W structure all are favorable for super- 
conductivity. The latter, however, shows one remarkable difference 
as compared to the comparative simple structures: The formation 
of any mixed crystals as well as the introduction of any imperfections 
or strain causes a lowering of the transition temperature. This is a 
behavior opposite from that found for the simple structures. In it 
the B - W system resembles closely CuS, in which equally any impurity 
will lower the transition temperature 22. From our strictly empirical 
viewpoint, this sensitivity to all disturbances of the crystal lattice is 
observed only in those structures which have a rather large unit cell. 
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Contents: 1. Introduction, 151. — 2. The Bloch theory, 152. — 3. The matrix 
element for electron-phonon scattering, 164. — 4. The steady state of the 
lattice, 169. — 5. Special topics, 177. 


1. Introduction 


The most striking characteristic of a metal is its high electrical 
conductivity, and from the earliest days of the theory of metals one 
of its chief aims has been to explain the electrical and the associated 
thermal conduction phenomena. Within a few years of the discovery 
of quantum mechanics it had become possible to give what seemed 
to be a satisfactory account, at least in qualitative terms, of the 
main feature of metallic conduction behaviour, with the exception 
of the phenomenon of superconductivity. This account was based 
on the theory originated by Sommerfeld and Bloch, discussed in § 2. 
At that time, however, only meagre experimental data were available 
for the region of very low temperatures, where the phenomena are 
particularly interesting and varied in view of the importance of 
quantum effects and of effects arising from the combined influence 
of lattice vibrations and of static lattice defects of various types. In 
recent years much more extensive experimental data have become 
available; these, together with a more complete evaluation of the 
predictions of the Bloch theory, have made it possible to subject the 
theory to a much more searching test, and it has become clear that 
it can be regarded only as a rough first approximation. Many of the 
assumptions underlying this theory have, in fact, long been recognized 
as obvious oversimplifications, and it seems likely that many of the 
discrepancies with experiment will disappear when a more realistic 
theory has been developed. Some of the necessary refinements, such as 
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the extension of the theory to deal with general forms of energy spectrum 
for electrons and lattice vibrations, are in’ principle simple to intro- 
duce; others, such as the influence of electron exchange and correlation 
effects, and the role played by the emission and absorption of virtual 
phonons (which may be the key to the explanation of supercon- 
ductivity), are more difficult to take into account, and at present only 
some preliminary studies have been made of these questions, which 
present great mathematical difficulties. In spite of all its short- 
comings, however, the theory in its present form has been sufficiently 
successful in explaining the properties of normal metals that its main 
features are unlikely to be lost entirely in the more general theory 
-of the future. 

In this review it is, of course, impossible to give a complete account 
of the subject, which forms a major and complex branch of present- 
day physics. I have therefore confined myself to an outline of the 
central predictions of the Bloch theory, followed by a discussion of 
some of the more interesting discrepancies with experiment, together 
with some account of the progress that has been made so far in bringing 
the conduction theory more closely into line with reality. The emphasis 
throughout is on the low-temperature behaviour, and I have tried 
to select those aspects which seem to be most important from the 
point of view of the future development of the subject. 


2. The Bloch Theory 


The basic theory of the transport phenomena in metals is described 
in full detail by Wilson !; this book will be referred to as T.M., and 
the theory given there as the standard theory. The standard theory 
is essentially an elaboration of that first given by Bloch 2 and, in spite 
of its many oversimplifications, it is likely to remain for a long time 
to come the basis of all detailed theoretical attempts to understand 
the conduction properties of normal metals. 

The calculation of the standard theoretical formulae for the con- 
duction magnitudes proceeds in three stages which, together with 
the approximations made at each stage, can be briefly summarized 
as follows (see also Ziman 8): 

(a) It is assumed that the state of a metal can be described by 
one-electron wave functions, so that any electron can be regarded as 
moving in the field produced by the lattice ions and the self-consistent 
field of all the other electrons; in calculating the self-consistent field, 


ELECTRON TRANSPORT PHENOMENA IN METALS 153 


correlations in electronic positions due to Coulomb interaction and 
exchange effects are neglected. In a perfectly periodic, static crystal 
lattice an electron can move freely without resistance; finite resistance 
to the transport of electricity and heat by electrons is due to two 
causes, the thermal vibrations of the lattice ions and the presence of 
static lattice imperfections (impurity atoms, strains, dislocations etc.), 
which destroy the regularity of the lattice and thus lead to electron 
scattering. In a commercially pure metal (but not necessarily in an 
alloy) the scattering by lattice waves predominates at all except very 
low temperatures and leads to a strongly temperature-dependent 
resistance. An electron in a state described by the wave vector k, 
interacting with a quantized lattice wave (phonon) of wave vector q, 
can make a transition to a state of wave vector k+ q; the probabi- 
lities of transition are calculated by quantum-mechanical second- 
order perturbation theory, various simplifying assumptions being 
made in choosing the form of the perturbation potential and in 
performing the integrations to evaluate the matrix element of the 
perturbation. The result is that the transition probability is zero 
unless the lattice wave is longitudinally polarized, and in this case 
it is proportional (amongst other factors) to the square of a quantity C 
whose value is not known exactly, but which is of the order of magni- 
tude of the Fermi energy ¢ in the metal; C is assumed to be independent 
of k and k+ q. The elastic scattering by static lattice imperfections 
is most simply taken into account by introducing a temperature- 
independent mean free path which, for the case of scattering by 
randomly distributed impurity atoms for example, will be of the 
order of the mean distance between the impurities. 

(b) Statistical mechanics is now applied to the problem: the 
integral which gives the rate of change of the electron velocity 
distribution function due to collisions is evaluated, taking into account 
the restrictions imposed by the Pauli exclusion principle on the number 
of electrons in each state. In the reduction of the (triple) collision 
integral to a single integral it is assumed that the energy spectrum 
of the lattice vibrations is that given by the simple Debye theory, 
and also that the energy spectrum of the electrons is that of quasi-free 
electrons, i.e., of the same form as that of perfectly free electrons 
except that an effective mass replaces the mass of a free electron. 
It is also supposed that the distribution function of the lattice 
vibrations may be replaced by its value for thermal equilibrium of 
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the lattice, i.e. that any possible non-equilibrium of the lattice may 
be ignored in deriving the non-equilibrium électron distribution (but 
see § 4). 

The Boltzmann transport equation can now be set up. This integral 
equation expresses the condition that the electron distribution function 
be stationary under the combined influences of the collision mechanisms 
and of the externally applied forces (electric field and temperature 
gradient). It is sufficient to suppose here that the stationary distribu- 
tion differs by terms linear in the applied forces from the equilibrium 
Fermi distribution. 

(c) The final problem is the pure mathematical one of solving 
the integral equation to obtain the stationary electron distribution 
function. The associated electric and heat currents can then be 
calculated, and from them all the transport quantities of interest. 
In the absence of magnetic fields there are three independent transport 
magnitudes to be determined by the theory: the electrical conductivity 
o, the (electronic) thermal conductivity x, and the absolute thermo- 
electric force per degree (or thermoelectric power) Q. The other thermo- 
electric quantities, such as the Peltier and Thomson coefficients, may 
be derived from Q by applying the Kelvin thermodynamic relations, 
which are a consequence of a symmetry property (a special case of 
the so-called Onsager reciprocal relations) associated with the relations 
connecting the electric and heat currents with the applied electric field 
and temperature gradient. This symmetry provides a useful check 
on the consistency of the approximations adopted in the electron 
theory, but, since it must be maintained in all versions of the theory, 
it is of course not relevant to the discussion of the merits or otherwise 
of any particular version. 

A powerful and convenient method of solving the transport equation 
is to reformulate the condition for a stationary state of the electron 
distribution as a variational principle, which can be shown to be a 
special case of the general theorem of maximum entropy production 
in irreversible thermodynamics (Ziman, unpublished). A convergent 
sequence of solutions can then be constructed by expanding the 
distribution function in terms of some suitable complete set of 
functions; it should be noted, however, that this method determines 
only the transport magnitudes and does not pretend to give the 
distribution function itself to any high degree of accuracy. In metals 
the electron gas is highly degenerate, and it is generally sufficient to 
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evaluate the results by retaining only terms of the lowest non- vanishing 
order in the degeneracy parameter kT'/£. Even with this approximation 
the complete solutions are very complicated, but fortunately the 
first-order variational solution is in general already close to the 
exact solution. 

The first-order results of the Bloch theory may be expressed as 
follows. The electrical resistivity 9=1/o is the sum of a residual 
resistivity e,, due to scattering by static lattice defects, and an ideal 
resistivity 9; due to scattering by the lattice vibrations; thus 


1 
@=5=Or+&, (1) 


where g@, is independent of 7’ and varies from specimen to specimen, 
while 9; is characteristic of the ideally pure metal, and is given by 


Oy ~=44 (5) Fs (2) 


Here A is a constant proportional to the square of the electron-lattice 
interaction constant C, 0 is the Debye temperature and Y, belongs 
to the class of functions of 9/7 defined by 

O/T 


zn dz 
£ (O/T) = coe ears (3) 


The corresponding result for the thermal resistivity 1/x is 

1 1 1 
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where the residual thermal resistivity 1/x, is related to 0, by the 
Wiedemann-—Franz law, i.e. 


Lr. ix 
Gq Teh? ) 
L,,=}(zk/e)? being the Lorenz number. The ideal resistivity may be 
expressed in the form 

1 44 /T\5 3 ye =i 1 i 
aT (6) [tea a) |4s-ee Fy} 

where ¢/D is a numerical parameter given by 
¢/D = 219 N28, (7) 


N,, being the number of conduction electrons per atom. 
a 
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The expression for the thermoelectric power, finally, may be written 
in various practically equivalent forms, one of which’ is 


OV\v2 
1 __ auntie rth GB 
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It should be noted that the formulae (1), (4) and (8), although in 
general not exact solutions of the Bloch transport equation, can be 
shown to pass over into the exact solutions both at sufficiently high 
and at sufficiently low temperatures, and they therefore have the 
status of interpolation formulae valid at least approximately over 
the whole temperature range. 

We now discuss the principal features of the behaviour predicted 
by these interpolation formulae, with particular emphasis on the 
behaviour at low temperatures, and point out some of the principal 
discrepancies between theory and experiment. The general conclusion 
to be drawn from the experimental data, which are much too extensive 
to be considered in full detail within the scope of this article, is that 
the actual behaviour of metals is much more varied than is envisaged 
by the standard theory, so that the theory is only a rough first 
approximation and cannot account in detail for the variations in 
behaviour from one individual metal to another. Indeed, the approx- 
imations made in the theory (in particular, the assumption that the 
electronic energy spectrum is that of quasi-free electrons) are such 
that quantitative agreement between theory and experiment can be 
expected, if at all, in the case of monovalent metals only, and amongst 
these in particular for sodium, which appears to provide the closest 
approximation to an ideal free-electron metal. The first aim of the 
theory must be, therefore, to provide a satisfactory interpretation of 
the conduction properties of this metal; these properties, which have 
only recently been investigated in detail at low temperatures, are 
thus of particular interest and importance. (These are indications, 
however, that sodium undergoes a partial phase transition below 
36° K **, and this casts some doubt on the precise interpretation of 
results obtained below that temperature.) 


(8) 


(a) THE ELECTRICAL CONDUCTIVITY 


The integrals ¥,(0/7) required for the evaluation of the theoretical 
formulae are discussed and tabulated in T.M. For present purposes it 
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is sufficient to note that Y, tends to a constant limiting value as 
T +0, and that, when 7 SO) 
n—-1 

Ao~ a(n) 9) 
@; should therefore be proportional to 7’ at high temperatures 
(T-> @) and to T* at low temperatures (7’ << @); further, the additivity 
of o, and oe, (Matthiessen’s rule) implies that the resistance curves of 
different specimens should all be parallel to each other and to the 
resistance curve of an ideally pure metal. Since the numerical value 
of the constant A in (2) is left undetermined in the Bloch theory, 
comparison between theory and experiment must be made by choosing 
A and 9g, so as to fit the observed resistivity @ at some arbitrary high 
temperature (when @ ~ A7'/@) and in the limit 7’ + 0 (when o=o,); 
the theoretical shape of the @/7' curve over the whole range of tem- 
perature can then be compared with the experimental form. 

It has been known for a long time * that a formula of the type (1) 
gives a good representation of the general trend of the resistance- 
temperature curves of many metals; but recent detailed meas- 
urements *”? in the temperature range between about 0.4 0, where 
deviations from the linear high-temperature law begin to be appreci- 
able, and very low temperatures where @ is independent of 7’ have 
shown that there are many divergences from the theoretical law in 
the detailed behaviour of individual metals. For sodium, however, 
it is found® that the ideal resistivity is in close agreement with 
formula (2) over a wide temperature range if O is taken as 202° K. 
This value of 9 is appreciably higher than the Debye temperature 
160° K obtained from specific heat data; but, as has been emphasized 
by Blackman °, there is no reason to expect that all the different 
phenomena which depend upon the lattice vibration spectrum should 
necessarily lead to identical values of ©, since in general different 
averages of the lattice frequencies are involved. In the standard theory 
of the transport phenomena, in particular, O should be a ‘Debye’ 
temperature associated with the longitudinal lattice modes only; 
according to Blackman, this would be expected to be about 280° K 
for sodium, a value considerably larger than the value of @ derived 
from either the specific heat or the electrical resistivity data. In 
view of all the uncertainties in the theory, particularly as regards 
the true frequency spectrum of the lattice vibrations in any given 
metal, it seems that O must at present be regarded as a parameter 
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whose value cannot be predicted a priori except as regards orders of 
magnitude (but see also § 3). It might be hoped, however, that a 
single value of @ should suffice to account for all the electron transport 
phenomena in a given metal; but even this seems in general to be an 
overoptimistic expectation. 

For metals other than sodium, in fact, the observed resistivities 
cannot be fitted to an expression of the form of (2) with any single 
value of 9 *7. The data may be analyzed, in a manner similar to that 
often used in the discussion of specific heat data, by treating O as a 
function of 7’ and by choosing its value at any particular temperature 
so as to obtain agreement with (2); but, if wide variations of © are 
obtained in this way, it is simply an indication that a formula of the 
type of (2) cannot be applied at all. Moreover, various different 
methods can be used in practice to deduce @ from the observed 
resistance data, and these do not in general lead to identical results 8. 

For the alkali metals other than sodium it is found, in general, 
that the temperature variation of 0; approaches the 7° law, if at all, 
only at temperatures much lower than expected on the basis of the 
behaviour at higher temperatures, which means that the apparent 
value of O decreases markedly with decreasing temperature. In 
caesium, however, 0; does not seem to vary faster than 73 even below 
4° K. (Very recently it has been reported ® that 9; for sodium varies 
as 7° below 8° K). Similar anomalies are observed in the behaviour 
of the alkaline earth metals 7. 

The behaviour of the transition-element metals is also at variance 
with the predictions of the standard theory, the ideal resistivity of 
platinum being proportional to 7? and that of palladium varying 
approximately as 7 at sufficiently low temperatures! In these 
metals the conduction electrons occupy two incompletely filled, 
overlapping energy bands, the s- and d-bands, and the theory of the 
electron-lattice collisions must take into account the possibility of 
electron transitions from one band into the other. The most detailed 
theory of this effect has been given by Wilson ™, who finds that the 
resistivity arising from s—d transitions should, at low temperatures, 
be proportional either to exp (— 0’/T’) or to T3, depending on whether 
or not there is a non-zero lower limit £0’ to the energy of the lattice 
waves which can induce s—d transitions. The choice between the 
two theoretical possibilities depends upon the detailed configuration 
of the electronic energy surfaces; for spherical surfaces, in particular, 
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the exponential law is expected to hold, in disagreement with experi- 
ment. To settle the question the theory must be extended to take into 
account the detailed band structure of the transition metals more 
fully than has been done hitherto. 

The experimental results indicate, finally, that Matthiessen’s rule 
concerning the separability of the resistance of metals into the sum 
of independent ideal and residual parts is only valid as a first approx- 
imation, and deviations from the rule are observed to occur partic- 
ularly in the temperature range where the ideal and residual resistances 
are of the same order of magnitude. And indeed, although it is 
assumed in the theory that the collision integral in the transport 
equation can be written as the sum of separate terms referring to 
the ideal metal and to the impurities respectively, and although 
Matthiessen’s rule holds in the approximation represented by equation 
(1), there is no reason why the additivity of the collision integrals 
should necessarily lead to additive resistivities unless special conditions 
are satisfied. In fact Matthiessen’s rule is no longer strictly valid 
when the higher order terms in the standard theory are taken into 
account, although the deviations are found to be very small 4. More 
generally, it can be shown from arguments based upon the variation 
principle 1*, or by considering specific models more general than 
that of quasi-free electrons 1%, that the deviation 4 =e -—(0,-+,) from 
Matthiessen’s rule should be positive and of the form 


a XQ4 +Ber’ ( ) 


where 9; is the resistivity of the ideally pure metal, 9, is the resistivity 
due to static lattice defects, and « and # are quantities of the order 
of unity. A should therefore be zero when 7’=0, should increase as 
T increases, and finally (when @; > @,) it should approach a constant 
value proportional to 0,. These predictions have been confirmed in 
recent careful measurements !* of the resistance of tungsten wires, 
in various states of cold-work, as a function of temperature and of @,. 

Some other aspects of the resistive behaviour of metals, which 
seem to fall entirely outside the theoretical scheme considered here, 
are discussed briefly in § 5.1 below. 


(b) THE THERMAL CONDUCTIVITY 
According to equations (2) and (6), x, at high temperatures is 
independent of 7' and is related to o, by the Wiedemann—Franz law, 


160 £. H. SONDHEIMER 


in agreement with observation. As 7’ decreases, x, decreases at first, ‘ 
but at very low temperatures x, is proportional to 7, whereas ~, is’ 
proportional to 7’. The qualitative behaviour of the thermal con- 
ductivity of a pure metal is therefore predicted to be as follows. 
As T' decreases below O, x decreases initially from its constant high- 
temperature value, passes through a minimum (which occurs near 
T'—@/4), and then it increases rapidly until, at temperatures when 
the impurity scattering begins to predominate, x passes through a 
maximum and finally decreases linearly towards zero. A typical 
curve is shown in Fig. 1 (curve 2). (These results refer only to the 
conductivity associated with heat transport by the conduction 
electrons. The lattice vibrations in metals must also be responsible 
for some heat transfer, but in good metals—though not in general 
in poor conductors and in alloys—the lattice thermal conductivity 
is so small compared with the electronic conductivity that it can 
nearly always be neglected. The heat transfer by the lattice is con- 
sidered further in § 4 below.) 

Much experimental work has recently been carried out on the 
thermal conductivity of metals at low temperatures »; we refer, in 
particular, to the extensive investigation by Rosenberg *. The 
observations are in general qualitative agreement with the theoretical 
formula for x; thus the graph of 7'/x against T? is usually a straight 
line at sufficiently low temperatures, in agreement with the law 


i 
1 oP?4 5 (11) 
predicted by the theory, and in most cases x passes through a 
maximum. On the other hand, the predicted minimum in x at higher 
temperatures is not observed to occur. Further, the theoretical values 
of « and f in (11) are 
N28 
a = 95.3 ——,, B= 0,/L,; (12) 


#00 


where x, is the limiting value of x at high temperatures; and in 
most cases it is found that, whereas the calculated and observed 
values of 6 are in good agreement, the theoretical values of « (even 
allowing for uncertainties in the values of NV , and @) are much too 
large. 

It is of particular interest that this type of departure from the 
theoretical behaviour is shown even by the free-electron metal sodium, 
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the results for which are worth considering further as a typical 
example. In Fig. 1 we show the observed thermal conductivity of a 
pure sample of sodium (Berman and MacDonald’), and also the 
curve predicted by the standard theory. The adjustable constants 
A and @, in the theoretical formulae (4) to (6) have been chosen to 
give agreement with experiment at high temperatures and in the 
residual resistance region; further, since N,=1 for a monovalent 
metal, we have ¢/D= 2", and @ has been assumed to have the value 
202° K obtained from the electrical resistance measurements. The 
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Fig. 1. The thermal conductivity of a sample of sodium at low temperatures. 
1, experimental curve (after Berman and MacDonald "); 2, theoretical curve 
(standard theory). 


discrepancy between theory and experiment at intermediate tempera- 
tures is seen to be considerable. Further, the theoretical value of « is 
18 x 10-4, while the observed value is 3.8 x 10~+ (x being measured 
in watts/em—deg) and, even if it is supposed that NV, and 0 may have 
values somewhat different from those adopted here, the values 
required to give agreement with experiment are too highly anomalous 
to be acceptable. The standard theory therefore over-estimates the. 
effect on the thermal conductivity of the interaction between the 
conduction electrons and the lattice vibrations at low temperatures. 


(c) THE THERMOELECTRIC POWER 


Kq. (8) is equivalent to the formula 


Q = —xn* k®T/(eC), (13) 
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where x is a numerical factor which has the value 4 at very low 
temperatures (independently of the degree of purity of the metal), 
and which increases monotonically to the value 1 at high temperatures. 
The experimental data on the thermoelectric effects in metals, however, 
are highly complex, particularly at low temperatures, and show a 
much greater variety of behaviour than is predicted by the simple 


expression (13). It is known, in fact, that the thermoelectric phenomena 


depend much more sensitively on the details of the electronic energy 
levels in metals than do the electrical and thermal conductivities, and 
there is therefore even less reason to expect the theory to apply to 
any but the monovalent metals; but even these do not behave in the 
‘expected manner. At ordinary temperatures , indeed, @ varies 
approximately linearly with 7’ for monovalent metals, as predicted, 
and the observed value of Q for the alkali metals (except lithium) is 
in fair agreement with the value given by (13); but in lithium, copper, 
silver and gold the observed value of Q has a positive sign. Detailed 
measurements on monovalent metals at low temperatures have 
recently been carried out by Pullan ® for silver and by MacDonald 
and Pearson 7° for the alkali metals and copper. The thermoelectric 
powers of Li, Cs, Cu, Ag all have the anomalous positive sign at low 
temperatures, while Rb shows a change of sign at about 30° K. For 
sodium and potassium, however, Q@ is negative; in sodium Q is 
approximately linear in 7’ over the lower part of the temperature 
range investigated (4 to 80° K), but with a trend towards a higher 
power law below 15° K, while pure potassium seems to follow a 
square law below about 30° K. Again choosing sodium for quantitative 
comparison between theory and experiment, we show in Fig. 2 
MacDonald and Pearson’s experimental results (curve 1) for the 
absolute thermoelectric force (defined by H=f7 Q dT) of pure sodium, 
and also the result (curve 2) obtained from the standard theory, 
taking @=202°K, €=3.2eV (T.M., p. 270), and (to sufficient 
accuracy) 9,=0. It is seen that the observed values of H are greater 
by a factor of the order of three than those predicted by the theory. 

The simple theory also fails to account for the observed effects of 
impurities and strains on the thermoelectric power 1% 20, According 
to (13) @ should, to a first approximation, be entirely independent 
of the residual resistance 0, at low temperatures; observations on 
dilute alloys show, on the other hand, that @ in general varies 
markedly, and sometimes in a most striking manner (see Fig. 6), 
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with the amount and nature of the impurities, even when the con- 
centration of foreign atoms is very small. Anomalous impurity aang 
are considered further in § 5.1. 

0 20 40 


60 80 


Fig. 2. The absolute thermoelectric force of sodium at low temperatures. 
1, experimental curve (after MacDonald and Pearson ?°); 2, standard theory; 
3, theoretical curve, taking into account non-equilibrium of lattice (see § 4). 


Higher approximations. As has already been mentioned, the 
theoretical formulae discussed above are only approximate solutions 
of the integral equation of the standard theory. The calculation of 
more accurate expressions, either by including higher-order terms in 
the variational solution 4 or by direct numerical solution of the 
integral equation **, shows that the correction terms are in general 
small and do not materially affect the comparison between theory 
and experiment. The main results of the more accurate calculations 
are that (i) the residual and ideal electrical and thermal resistivities 
are in general no longer strictly additive (as already remarked), 
(ii) the ideal electrical conductivity exceeds the value given by (2) 
by up to 10 % at intermediate temperatures, and (iii) the factor 95.3 
in the expression for the ideal thermal conductivity at low tempera- 
tures (see Eqs. (11) and (12)) is to be replaced by a factor of the 
order of 60. (The higher-order terms in the thermoelectric power, 
which have not so far been evaluated numerically, would also be of 
interest.) There are some features of the experimental data, such as 
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certain departures from linearity of the graph of T/x against T°? at 
low temperatures 16 *, and the fact that the value of « in (11) appears 


to vary with impurity content *, which are in qualitative agreement. 


with these theoretical results; however, serious quantitative discre- 
pancies remain, even for sodium, between the observed and calculated 
values of the thermal conductivity, and presumably also of the 
thermoelectric power. It must therefore be concluded that the 
problem of removing the discrepancies between theory and experiment 
is, essentially, not the mathematical one of improving the accuracy 
of the first-order solutions of the transport equation in the standard 
theory, but the physical one of examining the nature of the simplifying 
assumptions underlying the derivation of the transport equation 
itself, and of finding a more realistic form of the equation and hence 
of its solutions. 


3. The Matrix Element for Electron-Phonon Scattering 


The various generalizations required to bring the conduction 
theory more into line with reality can be classified, broadly speaking, 
under the following three main headings: 

(a) It is necessary to refine the calculation of the perturbing 
potential which determines the scattering of electrons by lattice 
waves, and to obtain more accurate expressions for the transition 
probabilities. 

(b) It is necessary to free the theory from the over-restrictive 
assumptions that the energy spectrum of the conduction electrons 
is that of quasi-free electrons, and that the energy spectrum of the 
lattice waves is that given by the Debye theory. 

(c) The validity of the assumption that the lattice is always in 
thermal equilibrium must be investigated. 

These questions are, in fact, not independent of each other; for 
example, the form of the matrix element for electron-phonon scattering 
must depend on the wave functions and energy levels of the con- 
duction electrons. The development of a completely rigorous theory 
which takes all the relevant factors into account simultaneously is, 
however, a task of such forbidding magnitude that we are, in practice, 
forced to develop the detailed theory on the basis of simplified models, 
amongst which the model underlying the standard theory is only a 
specially simple example, and which can, at best, take the various 


* But not the behaviour shown in Fig. 7 below! 
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factors mentioned above only partially into account. But it must be 
remembered that the features of a given model often correspond to 
reality much more closely for certain metals than for others; further- 
more, it seems that some, at least, of the discrepancies between 
experiment and the standard theory can be ascribed specifically to 
one or other of the shortcomings of that theory, so that there is some 


justification for studying the effect of the various generalizations 


separately. In the present section we briefly review some of the 
attempts that have been made to deal with the topics (a) and (b) 
mentioned above, leaving (c) for separate discussion in § 4. 

In the standard theory it is assumed that the conduction electrons 


‘move, to the first order, independently of the lattice ions; the coupling 


between electrons and lattice is caused by the alteration in the 
potential energy due to the displacement of the lattice, and the ions 
are supposed to be displaced without being deformed. It is evident 
that this picture must be over-simplified, since account must be taken 
of the way in which the self-consistent field of the electrons is affected 
by the displacement of the lattice. An exact treatment of this problem 
is necessarily very complicated, but approximate methods have been 
developed by several authors, and in particular detail by Bardeen *4. 
The main result of the calculations is that the matrix element 
which corresponds to a transition between two electron states of 
wave vectors k and k’ must contain, instead of the interaction constant 
C of the standard theory, a function C(k, k’) which decreases rapidly 
with increasing values of |k—k’|, i.e., with the angle through which 
the electron is scattered. Further >, it is necessary to extend the 
theory to include, in addition to the normal collisions for which 
k’=k-+q, the so-called Umklapp collisions for which 


k’=k-+ q + .22¢,, (14) 


where q is the wave vector of the phonon absorbed or emitted, and 
g, is an arbitrary non-zero vector of the reciprocal lattice. Such 
collisions can be regarded as two-stage processes, involving a collision 
with the lattice and a reflection at a zone boundary, and, in view of 
the large change in momentum involved, these collisions have a 
considerable effect on the electrical and thermal resistivities at high 
temperatures. At low temperatures, however, only the longest lattice 
vibrations are excited, so that both |q| and the phonon energy are 
small; it is then impossible to conserve energy in a transition of the 
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type (14) unless the surface of the Fermi distribution intersects a 
zone boundary. For monovalent metals, then, in which there is much 
evidence to show that the Fermi surface is approximately spherical 
and therefore well inside the first Brillouin zone, the part of the 
resistance which arises from Umklapp collisions will be frozen out at 
low temperatures, decreasing to zero according to an exponential law. 

The influence of these modifications in the theory on the electrical 
and thermal conductivities of metals has recently been examined in 
detail by Ziman ? for the case of sodium. He finds that, if the function 
C(k, k’) is assumed to have the form given by Bardeen, the electrical 
and thermal: resistivities at high temperatures due to Umklapp 
processes are nearly three times as large as the normal resistivities; 
and the absolute values of the total resistivities, which can be related 
to numerical calculations of the energy levels and wave functions of 
the conduction electrons in sodium, are in fair agreement with the 
observed values. Further, it is found that the theoretical thermal 
conductivity is now in much better agreement with experiment over 
the whole temperature range. It appears, at first sight, that any 
improvement in the theory which removes the discrepancies between 
theory and experiment in the case of the thermal conductivity must 
also modify the expression for the electrical conductivity in such a 
way as to disturb the excellent agreement with the standard theory 
found for the electrical conductivity of sodiam by MacDonald and 
Mendelssohn °. In fact, however, over most of the temperature range 
the new expression for the ideal electrical conductivity approximates 
closely to an expression of the form «o,(87'/@), where o; is the function 
(2) and where « and f are constants, with 6>1. The shape of the 
resistance-temperature curve is therefore the same as in the standard 
theory, but with an apparent Debye temperature @/8 smaller than 
the true characteristic temperature @; thus the agreement with 
experiment in the case of o; is unaffected, and, in addition, the new 
formula is in the right direction to explain the discrepancies between 
the various values of @ obtained for sodium (see § 2 above). 

The scattering function C(k, k’) calculated by Bardeen is shown 
in Fig. 3 (which actually shows the dimensionless quantity C?/C*), as 
a function of the scattering parameter 


u= $|k’ —k|/|k| =sin 44, 


where ¢ is the angle of scattering. (In an ideal monovalent metal the 
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collisions are of the normal or Umklapp type, according as w is less 
_or greater than 2-**.) Although the use of Bardeen’s function in the 
theory of the transport phenomena leads to much better agreement 
with experiment, various small discrepancies remain; but, according 
to Ziman, complete agreement with experiment may be obtained 
for the electrical and thermal conductivities of sodium by using a 
somewhat modified scattering function in which the forward peak 
is even stronger but narrower, and in which the backward scattering 
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Fig. 3. The Bardeen scattering function. 


is rather larger, than in the function shown in Fig. 3. It should be 
noted, however, that at the very lowest temperatures the predictions 
of the theory are essentially independent of the form of the scattering 
function: as 7’ > 0, the resistivities due to Umklapp collisions tend 
to zero as exp (—aQ/T), where a is a constant whose value is 
determined by the lattice structure, and the ideal electrical and 
thermal conductivities, which are now determined by normal collisions 
only, satisfy the simple relation (true also in the standard theory) 
Hi 250? 9 
5,78 = 3 Ln (D/C) Oe. (15) 
which may be contrasted with the Wiedemann—Franz law (5) relating 
the high-temperature ideal and also the residual conductivities. 
Ziman’s work shows that the formula for the cross-section for 
scattering of electrons by phonons plays an important role in the 
conduction theory, and suggests that it should be possible to use the 
experimental data on the transport phenomena to provide valuable 
information on the basic interaction processes in metals. A general 
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and systematic investigation of the dependence of the temperature 
variation of the transport coefficients on ‘the form of the function 
C(k, k’) would be of considerable interest. 

Particularly important amongst other investigations of the electron- 
lattice interaction problem are the attempts that have been made to 
deal with various fundamental difficulties in the theory, which throw 
doubt on the validity of the usual semi-classical formulation of the 
conduction problem in terms of a distribution function in phase space 
which satisfies a Boltzmann equation. There is, first, the question of 
the justification of the usual independent-particle model, in which 
the electrostatic interactions between electrons are treated in a 
highly over-simplified way. A more exact theory, which takes the 
correlations in electronic positions due to electrostatic interactions 
properly into account, is necessarily very difficult, since it involves 
the solution of a complex many-body problem; recent discussions of 
the problem % appear to show that electron correlation effects do 
not, in fact, affect the transport phenomena in normal metals in any 
significant way, but the question is by no means finally settled. 
Another question is that of the applicability of ordinary second-order 
time-dependent perturbation theory to the electron-lattice interaction ; 
this is not easy to justify directly, since we are usually dealing with 
processes which occur so frequently that the initial and final states 
are not well defined. Arguments have been given 2’ to show that 
the usual approach does, in fact, give correct results in the ordinary 
theory of conduction; but it is probable that a fully satisfactory 
treatment of the electron-lattice interaction, which will in all likelihood 
include also an explanation of the phenomenon of superconductivity 8, 
must await the development of more powerful and general methods 
of dealing with the interaction problem. Questions such as these, 
which are basic to the further development of the subject, cannot be 
discussed further here, and we remark only that they will probably 
find their eventual solution within the framework of a future theory, 
of which only rudimentary forms exist so far 2°, in which attention 
is focussed from the start on the dynamical properties of electrons 
and lattice treated as a single quantum-mechanical system. 

On the other hand, it may well be that the extension of the usual 
conduction theory to deal with more general forms of energy spectrum 
for both conduction electrons and lattice vibrations, which is quite 
straightforward in principle although few detailed calculations have 
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been made as yet, will be able to account to a large extent for the 
detailed variations in behaviour from one metal to another. This 
type of generalization is required to show how, and to what extent, 
the conduction properties of any given metal depend upon its crystal 
structure, and it is, of course, essential for the study of anisotropy 
effects in single crystals. Approximate solutions of the transport 
equation for a general anisotropic medium can be constructed by 
means of the variational principle (T.M., § 10.6), but much numerical 
work is required, making use of the considerable amount of informa- 
tion *° that has become available recently on the form of the actual 
lattice frequency spectrum (see Ch. XIII) and the actual electronic 
energy levels in real metals, in order to decide to what extent the 
peculiarities of individual metals can be understood within the limits 
of the present theoretical scheme. Preliminary investigations indicate, 
for example, that some of the anomalies in the resistive behaviour 
of the alkali metals may arise from anomalies in the lattice frequency 
spectrum #1, and that, in the noble metals, departures from the model 
of quasi-free electrons may have a significant influence on the con- 
duction phenomena #2 and may, in particular, account for the 
anomalous sign of the thermoelectric power °°. Up to the present, 
however, the subject remains largely unexplored, particularly as 
regards the behaviour of multivalent and transition metals, and a 
much more extensive and systematic treatment is required. 


4, The Steady State of the Lattice 


The theory of the electronic conduction phenomena given so far 
rests upon the assumption that the lattice vibrations may be treated 
as being in thermal equilibrium. Since the lattice is itself capable 
of conducting heat, the lattice distribution must, in any case, depart 
from equilibrium when a temperature gradient is present; but the 
effect of this on the electronic distribution is usually ignored, and 
the heat transport by the lattice is taken into account ** by setting 
up a separate Boltzmann equation for the phonon distribution, 
calculating, in this case, the collision integral for scattering of phonons 
by electrons on the supposition that the conduction electrons have 
their equilibrium distribution. The solution of the phonon Boltzmann 
equation then gives the lattice thermal conductivity, and this is added 
to the electronic conductivity to give the total thermal conductivity 
of the metal. The electrical conductivity and thermoelectric power 
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are of course unaffected by these considerations, since the phonons 
do not carry any electric charge. . 

It has been realised for a long time, however, that ae procedure 
of calculating the steady-state electron and phonon distributions 


separately in this way cannot be strictly correct, since the collision © 


integrals which give the rate of change either of the electron distribution 
function or of the phonon distribution function, due to electron- 
phonon collisions, themselves depend upon the actual (non-equili- 
brium) values of both the distribution functions, and neither of these 
are known until the steady-state equations have been solved. It is 
therefore necessary to determine the two distribution functions 
- simultaneously as the solutions of two coupled linear integral 
equations. In setting up these equations, care must be taken to treat 
the electron-lattice interaction symmetrically, in such a way that the 
non-equilibrium phonon distribution function enters into the electron 
Boltzmann equation in the same way that the non-equilibrium electron 
distribution function enters into the phonon Boltzmann equation; 
this symmetry requirement, to which insufficient attention has 
sometimes been paid in the past °* %>, is needed, for example, in order 
to ensure the validity of the Kelvin relations among the thermo- 
electric effects °°. (A useful alternative statement of the problem 
(Ziman, unpublished) is to formulate the condition for a stationary 
state of the electron-lattice system in terms of a single variational 
principle, in which the symmetry properties are immediately evident.) 
It should be noted, also, that, although the total heat current carried 
by a metal is always the sum of separate electronic and lattice heat 
currents, it does not necessarily always follow that the conduction 
magnitudes should be separable, uniquely, into the sum of terms 
associated with the conduction electrons only and with the lattice 
only, and in general they will represent the resultant transport 
properties of electrons and lattice together. 

A number of authors have considered different aspects of the 
theory at various times, but it will be sufficient to discuss here the 
results of a recent detailed treatment ®? in which the symmetry 
considerations mentioned above have been taken into account and 
in which all the (non-magnetic) conduction phenomena have been 
treated together from a unified point of view. For simplicity all the 
assumptions of the standard theory have been retained (except, of 
course, that the lattice is not supposed to be in equilibrium), with 


ELECTRON TRANSPORT PHENOMENA IN METALS 171 


the slight but important generalization that both transverse and 
longitudinal lattice waves are assumed to interact with the conduction 
electrons. The simplest way to take this generalization into account 
(see T.M., § 9.81) is to introduce free paths 1; for the scattering of a 
conduction electron by lattice waves of polarization j (j=1 for longi- 
tudinal and j=2,3 for transverse waves); such free paths may be 
defined at high temperatures (7’>@; see T.M., p. 264), and are 
assumed to be of the same form as the single free path J of the standard 
theory, but involving different interaction constants C; for the three 
different directions of polarization of the lattice waves. It is convenient 
to write 1;=1/«;, where / is the resultant electron free path at high 
temperatures for scattering by all types of lattice waves; then, since 
[-1— >,[;*, we must have ¥,«;=1. We must also introduce the various 
free paths which characterize the various mechanisms whereby lattice 
vibrations may be scattered. The scattering by conduction electrons 
is, of course, described by the same transition probabilities as occur 
in the standard theory; to describe the scattering by all causes other 
than conduction electrons we introduce an effective free path L(z, T), 
which in general will be an explicit function both of 7 and of z=hy/kT, 
where » is the frequency of the lattice wave. 

With these assumptions it is possible to obtain relatively simple 
solutions of the simultaneous transport equations for the electron 
and phonon distribution functions. The resulting expressions for the 
transport magnitudes, like the first-order results of the standard 
theory, are exact at sufficiently high and sufficiently low temperatures, 
and have the status of approximate interpolation formulae at inter- 
mediate temperatures. The expressions which replace (1), (4) and 
(8) of §2 are found to be as follows: 


a Siskel Wes x= 2x1+x, Fo, Q@=Q%+Q%, (16) 


oo) of 

where o®. x® and Q® are the expressions for o, x and @ when the 
lattice is in equilibrium, o; and x, are the ideal conductivities given 
by Eqs. (2) and (6), and where 


Py= $i 30} Lie (17) 
Fea=a(z) (6) [P+aea (a) |fs-me A] Ew 09) 
(EEG: 3 (2) (5) » OX; A; 5. (19) 
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The notation here is the same as in § 2, with 


at 1 /D\2 7 1 = a dz 
Hin=f(ueta(=) trem) wana =O) 
0 


1 is the electron free path at some temperature T)>@, and is such 
that /7’) is independent of 7p. 

The behaviour of the new terms in the conduction magnitudes is 
determined by the integrals “,,,, which, in turn, depend upon the 
free path L(z,7'). The various factors which determine the form of 
L(z, 7’) in different ranges of temperature have been considered in 
detail by Makinson #4, At high temperatures L(z, 7’) is the effective 
free path for phonon-phonon scattering, which arises from the 
anharmonic terms in the equations of motion of the lattice vibrations ; 
this free path, however, increases exponentially with decreasing 
temperature at temperatures below 9, and in the low temperature 
region L(z, 7’) is determined by scattering of phonons by static lattice 
defects of various types. A complete discussion of all possible cases 
of interest is out of the question here, and we shall confine ourselves 
to pointing out some of the features of particular interest in the low 
temperature region. We first consider the thermoelectric power, for 
which the results are particularly striking. 

Qualitative discussions of the term Q™” in Q which arises from the 
non-equilibrium of the lattice have been given by Gurevich, MacDonald 
and Klemens **. If phonons are supposed to be scattered by electrons 
only, we have #,,,=a; £1; in this case, therefore, Q varies as T? 
when 7’ < @, and increases with increasing temperature to a limiting 
value of the order of —k/e. Further, in this case Q® is very much 
greater than Q® for all except extremely low temperatures, and, 
although the low-temperature experimental value of Q for sodium 
(see § 2) is also greater than Q, the values of Q™ are far in excess 
of the required corrections. It therefore seems clear that scattering 
of phonons by causes other than conduction electrons must be taken 
into account. In general, the most important of these causes at low 
temperatures will be the elastic scattering by impurities and other 
irregularities of atomic. dimensions; this type of scattering varies as 
the fourth power of the frequency (Rayleigh’s law), so that the 
corresponding free path may be written 


L2,T) = {24 (T/O)3, (21) 


—_ = -  — 
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where % is a constant. (A detailed discussion of the scattering of 
lattice waves by static imperfections, including dislocations and grain 
boundaries, has recently been given by Klemens *°; it should be noted, 
in particular, that at sufficiently low temperatures L will be limited 
by grain boundaries and the external boundaries of single crystal 
specimens, and will then be independent of frequency and temperature. 
We assume here that the temperature is high’ enough for boundary 
scattering to be negligible). 

To fix the values of the «,’s in Eqs. (17) to (20) we may assume, 
as in the standard theory, that the transverse lattice waves do not 
scatter conduction electrons at all, so that «,=1, a,=«3;=0; or we 
may assume, with Makinson *, that all types of waves scatter equally, 
so that «,=a0,=a;=4. In view of the oversimplified nature of the 
model, the choice between the various possible assumptions is to a 
large extent arbitrary (in a more exact theory the quantities cor- 
responding to the «;s would be functions of the temperature); as a 
rough compromise we shall here adopt the arithmetic means of the 
values quoted above, i.e. we take 


==, Bg = he = a: (22) 


From (20) we obtain, when L(z, 7’) is given by (21), 


O/T 
Kien = (bie a ea ee 3) 
0 
where 
Ok es 


with the «,s given by (22), the theory thus contains only the para- 
meter p additional to those appearing in the standard theory. The 
appropriate value of p in any given case is difficult to estimate a 
priori, and we therefore adjust it to fit the experimental data. Q™ has 
been evaluated for sodium from Eqs. (19), (22) and (23), taking p= 70; 
the total thermoelectric force [7 (Q® + Q™)d7 obtained in this way is 
shown as curve 3 in Fig. 2, and is seen to be in good agreement with 
MacDonald and Pearson’s experimental curve *° for the low tempera- 
ture region. The value of p required to obtain agreement with exper- 
iment corresponds to a free path (21) of the same order of magnitude 
as the free path required to account for the thermal resistance of 
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alkali halide crystals in the liquid hydrogen. region, where scattering 
of phonons by lattice defects is also the predominant scattering 
mechanism 4°. 

It would, of course, be wrong to attach much importance to the 
quantitative agreement with experiment obtained here, but it seems 
clear that the non-equilibrium of the lattice plays an important 
part in determining the thermoelectric effects in metals *. Further, 
the behaviour of the new terms arising from this cause depends 
sensitively on the interaction mechanism whereby lattice vibrations 
are scattered, and is likely to be much more varied and complicated 
than the behaviour predicted by the standard theory, which is relatively 
insensitive to the nature of the electron scattering mechanisms; it 
seems, therefore, that we have here at least a partial clue towards 
the understanding of the complicated thermoelectric behaviour of 
real metals. It should be noted, however, that the expression obtained 
here for the new term in Q has always the same sign as the standard 
term, and it cannot therefore be invoked to explain the anomalous 
sign of Q in the noble metals. 

Turning to the electrical conductivity, we find from (17) and (20) 
that, if phonons are supposed to be scattered by electrons only, 
F,=1, so that o=o, and the ideal electrical resistivity is identically 
zero. This remarkable result, which has been known for a long time *!, 
arises from the fact that collisions between electrons and phonons 
which satisfy the condition k’=k- q cannot affect the total sum of 
the wave vectors of electrons and lattice, so that the total wave 
vector must increase continually in the presence of an electric field, 
and no stationary state is possible. It is therefore clear that there 
must be other scattering processes which prevent the phonon distribu- 
tion from departing too far from thermal equilibrium. At high 
temperatures we can invoke both the Umklapp processes and the 
anharmonic phonon-phonon scattering, but at low temperatures the 
most important process is probably the scattering of phonons by 
lattice defects. Evaluation of F, for sodium by means of (17) and 
(23), using the same values of the parameters as in the calculation 
of Q™ above, gives F,=0.03 when T/O=0.25, and F,=0.09 when 
T/@O=0.1; these small values suggest, if the picture adopted here is 


* For the corresponding effect in semi-conductors, where QM appears to 
be of even greater importance for the thermoelectric behaviour at low temper- 
atures, see Ch. VII. 
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correct, that the correction to the electrical conductivity due to the 
non-equilibrium of the lattice is likely to remain small down to 
temperatures where the ideal electrical resistance is in any case, in» 
practice, very small compared with the residual resistance. However, 
a more detailed examination of the conditions under which significant 
deviations from the usual formula are to be expected might well 
prove of interest (see also § 5.1 below). The electrical conductivity 
of metals has been discussed from a similar point of view by 
Klemens *. 

In the case of the thermal conductivity, finally, it turns out that 
the term x,Ff, in x which arises from the non-equilibrium of the 
lattice is identical with the expression for the lattice thermal con- 
ductivity of a metal (usually denoted by x,) calculated by Makinson #4 
on the assumption that the electron distribution is in equilibrium 
(see “also T.M., § 9.81, and Klemens *). To the approximation con- 
sidered here, therefore, the thermal conductivity is the same as that 
obtained by supposing that the lattice non-equilibrium has no 
influence at all on the electron distribution, and that the electron 
non-equilibrium has no influence on the lattice distribution. The 
lattice thermal conductivity is generally considered to be negligibly 
small in good metallic conductors, and this is confirmed (for low 
temperatures) by the present calculations; with the values of the 
parameters used above in discussing Y and o, we find that, for 
sodium, F,=0.032 when 7/0=0.25, and F,=0.013 when 7/0=0.1, 
so that in pure specimens, where x wx, at the temperatures 
considered, the lattice conductivity x,F,.is very small compared 
with the electronic conductivity x". Since the standard formula 
for x disagrees with the observed thermal conductivity of pure 
sodium (§ 2), we must therefore conclude that some generalization of 
the theory outlined here, probably along lines similar to those con- 
sidered by Ziman 3, is required to give a completely satisfactory 
account of the thermal conduction phenomena in monovalent metals. 

In alloys and impure metallic elements, and in poor conductors 
(such as bismuth) with a small free-electron density, the lattice 
thermal conductivity may form an appreciable fraction of the 
observed thermal conductivity. As an example we consider the 
results, shown in Fig. 4, obtained by White and Woods * for a specimen 
of copper containing 0.056 % iron. At sufficiently low temperatures 
we have x =x, and x=x,+;,F,, where x, is proportional to 7 and 
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x, i’, varies as Some power of 7' higher than the first (the precise form 
depending upon the dominant phonon scattering mechanism). Extra- 
polation to 7’'=0 of the graph of x/T' against 7' therefore gives He 
and the total electronic conductivity x at higher temperatures 1s 
given by (%, 1+, *)“1, the values of ~, being taken from measurements 
on pure copper. This gives curve 2 in Fig. 4; the lattice conductivity 
x,F, can now be obtained as the difference x—x, and is shown as 
curve 3 in Fig. 4. Below 15° K x,F, follows the T? law to be expected 
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Fig. 4. The thermal conductivity of a dilute copper-iron alloy at low temper- 
atures (after White and Woods **), (Logarithmic scale.) 1, measured conductivity ; 
2, electronic conductivity; 3, lattice conductivity. 


if the lattice waves are scattered predominantly by conduction 
electrons; the general behaviour of x,/, is in accordance with the 
qualitative predictions of Makinson *+. In the 7? region the ratio F, 
of the lattice to the ideal electronic thermal conductivity is propor- 
tional to },0;*, and its value can thus be used to derive information 
on the extent to which the conduction electrons interact with the 
transverse lattice waves **; considerable uncertainty arises, however, 
from possible variations in the effective value of O to be used for 
different coupling schemes. On the whole the evidence indicates that 
the interaction of conduction electrons with transverse lattice waves 
is comparable in magnitude with the interaction with longitudinal 
waves. 

Results similar to those of White and Woods 42 have been obtained 
for silver-palladium and silver-cadmium alloys 44, indium-thallium 
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alloys 4 and for beryllium “; in bismuth 4, however, the lattice 
conductivity is found to be size-dependent and proportional to 7? at 
very low temperatures, thus showing the behaviour characteristic of 
boundary scattering of lattice waves. For references to earlier work 
on the lattice thermal conductivity in metals we refer to the review 
article by Olsen and Rosenberg ™. 


5. Special Topics 

We finally consider briefly some aspects of the subject which fall 
outside the theoretical framework outlined above, either because 
no satisfactory theory exists or because the effects concerned are of 
a more specialized kind. 


5.1. ANOMALOUS IMPURITY SCATTERING 


It was found by de Haas, de Boer and van den Berg *’ in 1934 
that the electrical resistance of some pure specimens of gold passed 
through a minimum at liquid helium temperatures. A similar effect 
has been observed in other metals, among them copper, silver “8 and 
magnesium 7, and the phenomenon has been investigated intensively 
in recent years (see, in particular, the detailed study by MacDonald 
and collaborators *® of copper and dilute copper alloys; references 
to earlier work may be found in these papers). It seems to be well 
established that the occurrence of the resistance minimum is always 
associated with the presence of impurities, the minimum moving to 
higher temperatures as the impurity content is increased. The factors 
which determine the details of the behaviour are, however, complicated 
and involve the specific nature of the impurity atoms as well as their 
concentration (for example, the effect of small amounts of manganese 
as an impurity in specimens of the noble metals is to produce a maxi- 
mum as well as a minimum in the resistance-temperature curve °°); 
and there is some evidence *! that structural lattice defects such as 
grain boundaries must also be taken into account. The anomalies in 
electrical resistance are often associated with anomalies in other 
conduction properties; thus Fig. 5 shows the electrical resistance and 
Fig. 6 the absolute thermoelectric force of dilute copper-tin alloys at 
low temperatures 2°, the latter figure showing dramatically how 
profound may be the effect of very small quantities of impurity on 
the more complicated conduction properties. In magnesium there is 
a clearly marked abnormality in the thermal conductivity accom- 
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panying the electrical resistance minimum '%; the effect is best shown 
up by plotting 7/« against 7° (Fig. 7), and the curve so obtained is 
interesting since it suggests that the effect is to be ascribed to a 
decrease of the electrical and thermal resistivities below their normal 
values in the neighbourhood of the resistance minimum, rather than 
to an abnormally enhanced resistivity at temperatures below the 
minimum. 
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Fig. 5. Relative electrical resistance of copper and copper-tin alloys at low 

temperatures (after MacDonald and Pearson 7°). 1, pure copper; 2, Cu-++0.0009 

atomic % Sn; 3, Cu+0.0026 atomic % Sn; 4, Cu+ 0.0054 atomic % Sn; 
5, Cu+ 0.026 atomic % Sn. 


Various tentative suggestions have been put forward 2 to explain 
the resistance minimum, and a detailed theory has been developed 
(Korringa and Gerritsen *’) which pictures the effect in terms of 
resonance scattering processes arising from impurity levels at the 
Fermi surface. None of these ideas has, however, found general 
acceptance so far, and it cannot be pretended that we have as yet 
any real understanding of the phenomenon. It is perhaps worth 
pointing out that the theory of §4 may, in certain circumstances, 
lead to an anomalous temperature variation of the effective ideal 
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‘Fig. 6. The absolute thermoelectric Foe of copper and copper-tin at at 
low temperatures (after MacDonald and Pearson *°), Legend as for Fig. Ob: 
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Fig. 7. The graph of 7/x against 7? for a magnesium specimen at low 
temperatures (after Rosenberg a3 


180 hae E. H. SONDHEIMER > 


resistivity at low temperatures, and it might perhaps be possible to — 
choose the parameters in the general expression (Eqs. (17) and (20)) 
for F, so as to lead to a resistivity which decreases with increasing 
temperature over some temperature range. However, while this 
suggests a possible physical mechanism for the effect (in terms of the 
depression of the ideal resistance arising from the non-equilibrium of =~ 
the lattice), the suggestion is a highly tentative one and much further . 
work is required in order to decide whether this possibility or any 
of the other ideas that have been proposed can really provide an 
adequate explanation. In any case, the effects discussed here form only 
one (particularly striking) part of the evidence which indicates that 
~ a much more detailed theory of the effect of specific types of lattice 
imperfection on the electron transport phenomena in metals is 
required. 


5.2. MAGNETIC EFFECTS 

When a magnetic field is present as well as electric and thermal 
currents the conduction phenomena in metal are highly variegated and 
complex; for a classification of the effects and reviews of the subject 
we refer to T.M. and to MacDonald and Sarginson *4. In order to 
obtain appreciable magneto-resistance effects the magnetic field must 
be large enough to make the radius of curvature of the path of a 
conduction electron comparable with the mean free path at the 
temperature in question; for a given magnetic field, therefore, the 
largest effects are obtained in experiments on very pure specimens 
at very low temperatures, and in fact it is often under these conditions 
only that the effects become large enough to be readily observable. 

The magnetic effects depend essentially upon the finer details of 
the energy-level structure of the conduction electrons, and the usual 
model of quasi-free electrons is quite inadequate for even a qualitatively 
correct theoretical account. The more general model in which there is 
a number of overlapping energy bands, each of which has spherical 
symmetry, is somewhat more realistic in giving the right order of 
magnitude both for the Hall effect and for the transverse magneto- 
resistance effect, and in showing that the sign of the Hall effect may 
be either positive or negative ®; but there are some magnetic effects, 
such as the change in resistance in a longitudinal magnetic field, 
which cannot be understood at all except on the basis of models which 
take the anisotropy of the energy surfaces explicitly into account. 
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It is, however, possible to show 6 without explicitly solving the 
Boltzmann equation that, for a given metal, whatever the form of 
the energy surfaces, the relative change of resistance produced by a 
magnetic field H is of the functional form 


Agle = {e(H) —0()}/o(0) = F{H/e(0)}, (25) 


where, for small «, F(x)= Bx?, with B a positive number which 
depends only upon the orientation of H relative to the electric current 
(in general B is larger for transverse than for longitudinal fields). 
This rule, and an analogous rule for the thermal conductivity 7, are 
useful in correlating experimental results for specimens at different 
temperatures and in different states of purity, and are found to be 
reasonably well obeyed in practice. For strong fields the theory 
predicts that, in general, 4e/o should tend to a constant limiting 
value, although in special cases Jo/o may continue to increase as 
H? for all values of H; there is experimental evidence for both types 
of behaviour, although Ag/oe (and also the relative change in thermal 
conductivity) are often almost linear in H over a wide range of values 
of H — too wide, it seems, to be ascribable simply to the transition 
from an H? law to a saturation region. It seems probable, however, 
that with better knowledge of the electronic energy levels it will be 
possible to account for such discrepancies on the basis of the existing 
fundamental theoretical scheme, and also to explain the complex 
influence on the magnetic effects of the anisotropy of the crystalline 
field in metals; but the detailed calculations required are certain to 
be highly complicated. 

There are some anomalies in the magnetic effects at low tem- 
peratures which seem to be of a more fundamental kind. For example, 
the quantization of the electron orbits in a magnetic field, which is 
responsible for the oscillatory diamagnetic behaviour of metals at 
low temperatures (see Ch. VIII), leads to an analogous, though 
usually less strongly marked, oscillatory dependence of the electronic 
transport phenomena upon magnetic field which has attracted much 
attention recently (see, e.g., Alers ®*, where references to earlier work 
may be found). Amongst other anomalies, of more uncertain origin, 
we may note that the resistance of some of the dilute alloys discussed 
in § 5.1 is found to decrease at very low temperatures when a magnetic 
field is applied **. Finally, the electrical resistance of a single crystal 
of antimony has been found ® to vary with a longitudinally applied 
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magnetic field in the curious manner shown in Fig. 8, which has been 
tentatively ascribed to the influence at low temperatures of a surface 
scattering effect of the type discussed in § 5.3. 
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Fig. 8. Change of resistance of an antimony single crystal in a longitudinal 
magnetic field (after Steele °°). 


5.3. MEAN-FREE-PATH EFFECTS 


Interesting surface effects occur in metals under conditions where 
the free path of the conduction electrons is large compared with a 
linear dimension of the specimen (conduction in thin films or wires), 
or, at high frequencies, when the free path is large compared with the 
depth of penetration of an electromagnetic field into the metal (the 
anomalous skin effect). Under these conditions, the realization of 
which in general requires measurements extending to very low 
temperatures, the resistance depends explicitly upon the ratio of 
the free path to the other characteristic length concerned, and 
measurements of the resistance can thus. be used to obtain a direct 
estimate of the magnitude of the free path. For reviews of the subject 
we refer to articles by Sondheimer * and Pippard ® (see also Mac- 
Donald and Sarginson * for a discussion of the effect of a magnetic field). 

The chief interest of these effects in the study of metals arises from 
the fact that they make it possible, at least in principle, to use 
measurements on single crystals in order to obtain detailed information 
on the shape of the electronic energy surfaces. Ordinarily, the electrical 
conductivity of an anisotropic metal crystal is represented by a 
symmetric second-order tensor, and the form of its anisotropy is 


oe 
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determined completely by the crystal symmetry. When surface effects 
are dominant, however, the conduction process is more complicated, 
and may be visualized most readily by supposing that the electric 
current is carried entirely by electrons whose paths are nearly parallel 
to the surface of the specimen ®: 61; it follows that, when the direction 
of the crystal axes relative to the surface is varied, different groups 
of electrons corresponding to different portions of the Fermi surface 
become dominant in determining the resistance, and in this way the 
anisotropy of the resistance reflects the local geometry of the Fermi 
surface. 

Detailed calculations have been carried out for models in which the 
Fermi surface is represented by a superposition of ellipsoids, both for 
the high-frequency effects ®* and for d.c. conduction in thin films ®; 
and Pippard® has used more general, but less rigorous, methods 
to show that, subject to certain limitations, the actual shape of the 
Fermi surface may be deduced from the observed anisotropy of the 
surface resistance at high frequencies when the skin effect is highly 
anomalous. The experimental aspects of the problem present obvious 
practical difficulties, and little work has been done so far; the most 
detailed measurements available, on the anomalous skin effect in 
plane single crystals of tin ®’, have not so far proved easy to interpret, 
but there is every hope that future experimental and theoretical work 
on these effects will do much to further our knowledge of the electronic 
structure of metals. 


My best thanks are due to Dr. R. G. Chambers for reading the article in 
typescript and for suggesting a number of improvements. 
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1. Introduction 


Measurements made in the liquid hydrogen and liquid helium tem- 
perature ranges are useful in obtaining information about the basic 
nature of semiconductors. The investigations to be considered are 
resonance phenomena, electrical properties, including resistivity, 
magnetoresistance, Hall coefficient, and thermoelectric power, thermal 
properties such as specific heat and thermal conductivity, and optical 
properties such as absorption and photoconductivity. 

The basic properties of a semiconductor may be understood from 
the band structure, that is, by consideration of the arrangement of 
allowed and forbidden bands of electron energies1~*. In a semi- 
conductor or insulator there is a forbidden gap between the highest 
band of completely occupied electronic energy levels (the valence 
band) and the empty band of allowed energy levels above (the con- 
duction band). 

The main distinction between semiconductors and insulators arises 
from the forbidden gap in semiconductors being smaller than in 
insulators. In most semiconductors additional energy levels are 
present in the forbidden gap arising from the presence of impurities 
or crystal imperfections. Fig..1 gives a schematic energy diagram 
of a typical semiconductor. Electrons may readily be excited from 
impurity donor levels to the conduction band and from the valence 
band to the impurity acceptor levels at normal temperatures. On the 
basis of this simple model at least a few milli-electronvolts of thermal 
energy are required to raise an electron from a donor level to the 


* Work supported in part by contract with U.S. Signal Corps. 
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conduction band (or to raise an electron from the valence band to 
an acceptor level and thus create a hole in the valence band). From 


Conduction Band 


tien ee ae a Donor Levels 
percm3 


2 Se eS Se SS Se Na, Acceptor Levels 
per cm3 


Valence Band 
Fig. 1. Simplified representation of the energy band structure of a semi- 
conductor. 


this idealized picture one expects the resistance of a semiconducting 
sample to become infinite as the temperature approaches 0° K. 

There are a number of semiconductors with constant numbers of 
carriers, as deduced from the constancy of the Hall coefficient over a 
large range of temperatures down to very low temperatures, while 
the resistivity decreases with temperature as in a metal (metallic 
type of semiconductor); lead sulfide with excess lead is such a semi- 
conductor * >. There also are semiconductors with constant carrier 
concentrations and constant conductivity down to 1° K as observed 
(3, 1 and 2) in germanium and silicon at high carrier concentrations. 
These observations prompted the extension of semiconductor theory 
and measurements to low temperatures. 

The behavior of a semiconductor depends not only upon the charge 
carrier density, but also upon the mechanism of the scattering 
encountered by the carriers. In an ideal semiconductor one would 
expect the scattering due to collisions between the carriers and the 
lattice phonons to vanish and the mobility thus to become very large 


ae : : aes 3 
as 0° K is approached. Lattice scattering does become negligible in 

* Insome samples of lead sulfide even super-conductivity has been suspected 
to occur ®. Present evidence seems to indicate that the transition curves are 
different from the ones of true superconductors and may be due to bridges 
between superconducting islands in the semiconductor. 
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the low temperature range, but it is usually replaced by scattering 
of the carriers by ‘ionized and neutral impurities. Information about 
these processes is found from plots of the mobility as a function of 
temperature as obtained from measurement of the conductivity, Hall 
effect, and magnetoresistive ratio as functions of temperature. 

In the simplest case one assumes that the energy relative to a 
band edge can be written as 


hi? K* 


E=—, : (1) 


where effective mass m* is a scalar quantity and K the electronic 
wave number. ; 

Theoretical considerations, extended by cyclotron resonance 
investigations, show that the band structure may be more compli- 
cated. The surfaces of constant energy in K-space are not spherical 
in the several cases investigated in detail so far. The lack of sphericity 
in the energy surfaces implies that the effective mass is not scalar 
but is a tensor quantity. Resonance experiments determine the 
principal mass values of the mass tensor. These principal mass values 
lead to predictions for the “‘conductivity’’ mass, which appears in the 
mobility, and the “‘density-of-states’’ mass, which appears in the 
electron distribution function. The density-of-states mass can be 
determined from measurements of thermoelectric power and the 
electronic contribution to the specific heat. 

Optical measurements of absorption coefficient and photocon- 
ductivity give direct information about various activation energies. 
These in turn may be employed to obtain information about the band 
structure. 


2. Resonance Phenomena 
1. CYCLOTRON RESONANCE 

The diamagnetic or cyclotron resonance measurement in semi- 
conductors is the experiment which directly measures the effective 
mass of the charge carriers. The concept of cyclotron resonance as 
applied to solids is relatively recent” ®*. It was suggested® that 
conditions in germanium at low temperatures are favorable for the 
observation of the effect. 

A microwave electric field, of frequency in the range 8000-48000 
Meps, is applied to a semiconducting sample in a direction perpendic- 
ular to an external magnetic field H. A sufficiently strong magnetic 


190 Vv. A. JOHNSON AND K. LARK—HOROVITZ 


field causes the charge carriers to move in circles 10,11, Tf the angular 
frequency of the carriers in their orbits is equal to the frequency of 
the microwave field, resonance occurs and the carriers absorb energy 
from the electric field. This occurs at an angular frequency 


eH 
O= Ee! (2) 


where m, is the “cyclotron” effective mass and + indicates that the 
holes and electrons rotate in opposite directions. The resonance 
condition is observed by measuring the absorption of microwave 
power in a cavity containing the sample as H is allowed to vary. 

The two essential requirements for the existence of cyclotron 
resonance are (a) a sufficiently large number of free charge carriers 
so that a detectable signal is produced, and (b) the collision time t of 
the charge carriers must be long enough that the carriers make at 
least one revolution between collisions. It has been estimated / that 
at least 10° to 10’ free carriers are required *, depending on the 
frequency used and the sensitivity of the measuring devices. The 
collision time requirement, wt>1, demands that high purity material 
be used so as to reduce collisions between carriers and neutral or 
ionized impurities. The carrier-phonon collisions are reduced by 
making the measurements at very low temperatures. E.g., in ger- 
manium of high purity, wt slightly exceeds unity at 4.2° K for w of 
the order 10*Mcps. More favorable wt values may be obtained by 
further reduction of temperature. All of the measurements to be 
discussed in this section were made in the liquid helium temperature 
range. At such temperatures, the equilibrium number of free carriers 
is too small to give a detectable resonance. This difficulty is overcome 
by using microwave or infrared radiation to excite electrons and holes 
into the conduction band. 

The first measurements 1° were made at 4° K with a microwave 
frequency of 9050 Meps and with the [100] axis of the crystal parallel 
to the magnetic field. In an n-type germanium sample having a room 
temperature resistivity of 38 ohm-cm, a cyclotron effective mass of 
0.11 m, where mp is the free electron mass, was observed. A p-type 
germanium sample of similar purity yielded hole cyclotron masses 
of about 0.04 m) and 0.3 mp. 


N-type germanium? The samples investigated 12:13 were rods 


* Too high a carrier concentration produces depolarization. 


SEMICONDUCTORS AT LOW TEMPERATURES 191 


mounted with their axes parallel to the microwave electric field. The 
axis of each rod was cut along a [110] direction; hence the rotation 
of the sample orients the magnetic field successively along all the 
directions in the (110) plane, including a [100], a [111], and a [110] 
direction. The resonance curves obtained show a marked dependence 
on sample orientation. In this way, cyclotron effective mass values 
are obtained as a function of the angle between the magnetic field 
and the [100] direction. A theoretical dependence ® of cyclotron mass 
upon orientation can be computed for any chosen model of the 
Brillouin energy surfaces. In n-type germanium, there are four or 
eight ellipsoids of revolution lying along [111] axes with a longitudinal 
mass m, and a transverse mass m,. This leads to the equation, for a 
single ellipsoid, 

my ee 


Se ee 
eae Veen toni leaoe) 


(3) 


where « is the direction cosine of the magnetic field with respect to 
the major axis of the ellipsoid. From the resonance peaks in the 
[110] direction m, and m, have been calculated: 


m,=(1.600 + 0.008) m,, m,=(0.0813 + 0.002) my. (ref. 15) 


P-type germanium 3-6, When p-type germanium rods are mounted 
and rotated so as to produce variation in the angle between the 
magnetic field and the crystal axes, only slight anisotropy is detected. 
Two resonances occur, corresponding to cyclotron masses m, = 0.042 mp, 
and m,=0.290 mp, with H along the [001] direction. The two res- 
onances are interpreted on the basis of a warped sphere model 1° 1% 18 
for the top of the valence band in germanium. According to this model, 
the energy F is related to the components of the wave vector K by 
pa=—e® _ = (ok? + [b8K*—c?(K2K3+ K7K2+K?K2)""}. (4) 


2m* 27% 


The value of m, changes only by about 2.5 % as 0, the angle between 
H and the [001] axis, varies from 0° to 90°. In summary, the top of 
the valence band consists of two sets of constant energy surfaces in 
the Brillouin zone; these are centered at K=0. The surfaces are 
almost spherical for the holes of lower effective mass, but are warped 
spheres for the holes of higher effective mass with eight maxima along 
the [111] directions and six minima along the [100] directions ”. 
* Additional eyclotron resonance lines associated with the valence band 
of germanium have been observed ® upon cooling the samples to temperatures 


192 Vis CAR ‘JOHNSON AND K. LARK—HOROVITZ 


N-type silicon '*?2, The experiments. v were carried out on single 
crystal silicon samples at temperatures in the liquid helium range. 
Optical excitation was necessary to provide sufficient carriers. The 
fact that two resonance peaks are observed when # is in the [001] and 
[110] directions and only one for H in the [111] direction suggests 
that the constant energy surfaces for the conduction band in silicon 
are ellipsoids of revolution along the cubic axes in the Brillouin zone. 
In a manner analogous to that described for n-type germanium, the 
cyclotron effective mass can be expressed in terms of a longitudinal 
mass, a transverse mass, and the orientation of H relative to the 
ellipsoid major axes. Thus the measured values of effective mass lead 
to the principal values: 


P-type silicon ** 3. Cyclotron resonance experiments have also 
been carried out on p-type silicon. Two resonance peaks were observed. 
From this it is deduced that there are light and heavy holes with 
masses m, and m,, where m, is near 0.16 m and m,.around 0.5 mp. 
These cyclotron masses m, and m, vary only slightly with the orienta- 
tion H relative to the crystal axes. Measurements have also been 
made on germanium-silicon alloys 2+. 

Indium antimonide**, Investigations have been initiated in the 
case of indium antimonide, and preliminary results have been 
obtained. Measurements have been made at temperatures down to 
2.2° K. One resonance line, associated with conduction electrons, 
corresponds to a cyclotron effective mass of (0.013 + 0.001) my. Thus 
resonance appears to be isotropic under rotation in a (100) plane, 
within the experimental error limits. Preliminary work indicates two 
resonance lines corresponding to light and heavy holes. There is some 
indication of anisotropy. These resonances are rather poorly resolved, 
but from them one obtains the effective mass values 


Mm, 0.18 mM, My > 1.2 Mp. 


as low as 1.3° K (wt ~ 80 for electrons at this temperature). A quantum mechan- 
ical treatment 1. 2°, 21 of cyclotron resonance, for holes, predicts a non-uniform 
spacing between the lower energy levels. Thus, new resonances are expected 
if these energy levels can be preferentially populated at sufficiently reduced 
temperatures. These additional resonances are clearly seen ® in p- type ger- 
manium upon comparing heavy-hole resonance plots, for the [100], [111], 
and [110] directions of H, taken at 4.2°K and 1.3° K, respectively. 


SEMICONDUCTORS AT LOW TEMPERATURES 193 


It should be noted that, because of the high conductivity of indium 
antimonide the skin depth in this material is of the order of, or smaller 
than, practical sample dimensions. Under such conditions, dimensional 
effects diminish or mask the resonances 28, 
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Fg. 2. Schematic diagrams of the energy band structure of silicon, germanium, 

and gray tin (taken from F. Herman, ref. 31). The spin-orbit splitting is not 

shown. The symmetry classification of the various band states is indicated in 

the notation of refs. 27, 28, and 29. The superscripts to the symmetry symbols 

denote the spatial degeneracy of the corresponding band states. Discrepancies 

exist between the details of these calculated curves and the actual band 
structure determined by experimental means. 
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2. Enerey Banp STRUCTURE s 

The simple diagram of Figure 1 gives no information about the 
detailed band structure of an actual semiconductor such as germanium 
or silicon. A more complete diagram should indicate the behavior of 
the band edge energy as a function of wave vector K. | 

Theoretical calculations 2” 2% 29 gave a picture of the conduction 
band edge in germanium. In particular, the computations indicated 
that the conduction band edge in diamond-type crystals does not lie 
at the K=(0, 0, 0,) point, but at a number of equivalent points away 
from the zone center. In the discussion of cyclotron resonance, it 
has been seen that the experimental results can best be explained in 
n-type germanium by taking the constant energy surfaces to be 
ellipsoids lying along the [111] axes and in n-type silicon by taking 
the corresponding surfaces to be ellipsoids along the [100] axes. Such 
an arrangement is consistent with the calculations mentioned above. 

The valence band edge in germanium and silicon, on the basis of 
calculations reinforced by cyclotron resonance measurements, lies at 
the K=(0, 0,0) point and is defined by two bands which touch at 
this central point. Fig. 2 shows a schematic arrangement of the energy 
band structure * for silicon, germanium, and gray tin without showing 
the fine structure due to spin-orbit splitting °°, (The structure for 
gray tin is based upon calculation alone.) 


3. PARAMAGNETIC RESONANCE AND ImpuRITY STATES 


In the diamagnetic or cyclotron resonance, transition probabilities 
are due to interaction with an electric microwave field and are 
proportional to the square of the electric dipole moment. In paramag- 
netic or electron spin resonance, one observes transitions produced 
by a magnetic microwave field which are proportional to the square 


of the magnetic moment. In the constant magnetic field the spins 


can be oriented parallel or antiparallel to the field 14. The resonance 
relation is 
hyg = J Up ’ (5) 
* Theoretical schemes for the energy band structures have been roughly 
calculated ** for some of the ITI-V compounds (aluminum phosphide, gallium 
arsenide, and indium antimonide) on the basis of their respective resemblances 
to silicon, germanium, and gray tin. So far, experimental evidence, such as 
cyclotron resonance mass values, has not become available for the III-V 
compounds other than the preliminary data available for indium antimonide. 


* : 
«2 
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where v9 is the resonance frequency, g the spectroscopic splitting 
factor, and yz, the Bohr magneton. The g shift, 


Ag = Joya — 2.0023, — (6) 


measures the spin-orbit interaction. According to Kittel 32, Ag is 
positive for holes and negative for electrons °°. 

The semiconducting sample, silicon in experiments carried out to 
date, either in the form of a single crystal or fine powder from a 
crushed single crystal, is mounted on the wall of a resonant cavity 
in a rectangular wave guide and maintained at a low temperature, 
usually 4.2° K. Microwave power in the frequency range 9000-24000 
Meps is directed down the guide and coupled into the cavity containing 
the specimen. 

The paramagnetic resonance investigations in semiconductors 34-39 
have involved the study of silicon samples containing donor impurities 
from group V of the periodic table (phosphorus, arsenic and anti- 
mony) *. In most cases more than one resonance line is observed due 
to the hyperfine structure. 

Paramagnetic resonance observations, at 4.2° K, of arsenic-doped 
silicon *° showed four fairly sharp absorption lines (see Fig. 3). Plastic 
deformation of the sample by compression at 1000° C enhances the 
resonance lines. The same four resonance lines are found in silicon 
crystals in which the arsenic donors are compensated by boron 
acceptors as long as one uses parts of the crystal in which the arsenic 
concentration exceeds the boron concentration. No lines are found 
in silicon doped with boron or aluminum. 

The fact that four lines are associated with arsenic suggests that 
these lines represent a hyperfine structure due to interaction of the 
electrons with the As” nucleus which has spin 3/2. Therefore, in 
phosphorus with the single isotope P*' and a nuclear spin of 1/2, one 
expects the hyperfine splitting to give two lines. A silicon sample 
doped with 4 x 10!” phosphorus atoms per cm* was compressed and 
measured. Two strong resonance lines of equal amplitude were 
observed, in support of the hypothesis of a hyperfine splitting into 
21 +1 lines, where I is the nuclear spin. It has been shown ** that in 
silicon doped with phosphorus, arsenic, or antimony the hyperfine 


* The problem of an absolute determination of 1) is avoided by calibrating 
against a sample of diphenyl picryl hydrazyl, a paramagnetic organic compound 
for which the g-factor is known *%41 to be g = 2.0036 + 0.0002. 
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splitting disappears when the donor concentration rises to a value 
greater than about 1 x 10% atoms per em, and is replaced by a single 


narrow line 34. * 
A recent application of paramgnetic resonance has been the study 
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Fig. 3. A schematic representation of the paramagnetic resonance absorption 
lines observed in silicon doped with various amounts of phosphorus, arsenic, 
and antimony (taken from Fletcher e¢ al., ref. 36). 


of the effect of neutron irradiation upon boron-doped silicon *. 
Three pure samples were cut from an ingot of p-type silicon with a 
room temperature resistivity of about 50 ohm-cm. No paramagnetic 
resonance was found before irradiation. The samples were exposed 
to neutron fluxes of 2 x 10!’, 7 x 10!”, and 20 x 10”. In each sample 
the room temperature resistivity rose to 10° ohm-cm with correspond- 
ingly extremely high resistivities at 4.22 K. The two more heavily 
bombarded samples showed resonance. From the amplitudes the 
densities of paramagnetic centers were estimated and found to be 
proportional to the incident fluxes **, This type of investigation may 

* For details see references 36, 38, 42. 

** More recent observations 44 on high conductivity n- and p-type samples 


before and after bombardment seem to indicate that not all centers introduced 
by bombardment become effective in spin resonance. 
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well help in attaining an understanding of the nature of the centers 
introduced by irradiation. 


3. Electrical Measurements 
1. Hau CoEFFicrent, CONDUCTIVITY, AND DEGENERACY 


At the low temperatures being considered, extrinsic, or impurity 
conduction takes place with charge carriers strongly predominant in 
one sign, either negative (n-type) or positive (p-type). Then the carrier 
density » is found from 


r : 


where F# is the Hall coefficient (usually given in cm3/coulomb), ¢ is 
the magnitude of the electronic charge, and r is a factor, usually 
between 1 and 2, which depends on the statistics of the electron gas 
and the energy dependence of the carrier relaxation time. 
For electrons released from donors with a definite activation 

energy H,, n, is given by a dissociation equation of the type 

Ne (Ne +N #H 

MynN ng gp 3? (— Ft): (8) 
where N,, is the donor level density, N, the acceptor level density, 
E, the energy required to lift electrons from donor levels to the 
conduction band, and g, is the degeneracy of the ground state. For 
classical statistics, 


f, = 2 (20m, kT h~*)*”, (9) 


and g, is taken as 2; a corresponding expression applies to the hole 
distribution. 

The effective mass which enters into Eq. (9) as well as other 
expressions derived from the distribution function is the “density of 
states’? mass. In the case of n-type material that is characterized 
by the equivalent ellipsoids in reduced momentum space (see Ch. IT. 1), 
the density-of-states mass * is given by 


(m.)a = NZ? (mi m,)", (10) 


where N,, is the number of equivalent ellipsoids. If there are four 
equivalent ellipsoids in germanium (m,)g=0.57 m, on the basis of 
the cyclotron resonance values of m, and m,. The assumption of six 
equivalent ellipsoids in silicon yields (m,)g=1.08 mp. p-type material 
is not characterized by ellipsoidal energy surfaces, but appropriate 
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weighting must be given to the light and heavy holes. The density- 
of-states masses for holes in germanium and silicon “ are, respectively, 
(m,)g= 0.37 my and 0.59 mp. 

When the activation energy is below 0.01 eV, the sample must be 
lowered well into the liquid hydrogen range before log (n7'-**) becomes 
proportional to 1/7’ and the activation energy may be determined 
from the slope. The activation energy of a given impurity in a semi- 

‘conductor is found to be dependent upon the nature of the impurity 
and only slightly dependent upon the impurity concentration for 
concentrations less than about 101° per em’. * The observed decrease 
of ionization energy as the charge carrier density becomes high can 
be at least partially accounted for on theoretical grounds *. 

Since the conductivity o in a sample containing only one kind of 
carrier is given by 


o=nep, (11) 


where w is the ‘“‘conductivity”’ mobility of the carrier, a combination 
of this equation with Eq. (7) yields an expression for the mobility 


w= |Rlo/r. (12) 


A related quantity frequently encountered in the literature is the 
“Hall” mobility, defined by 


fig = Ela. (13) 


The ratio r then is equal to u,/u. From the equation of motion of a 
conduction electron, it follows that 


[= et/Me, (14) 


where t is the relaxation time, which depends on the mechanism of 
the scattermg encountered by the carrier. The effective mass m, is 


* Typical values for activation energies: Hp (for arsenic in germanium %”) 


= 0.010—0.012 eV for Np<10%cem-3, Hy, (for boron in germanium 4%) 
= 0.0104 eV. For other low temperature determinations see refs. 49, 50, 51. 
Recent work on indium antimonide ®2 yields H ‘4a © 0.008 eV for a p-type 
impurity in relatively pure material, while another study °? on this material 
yields an estimated H, of about 0.005 eV. On the other hand, p-type gallium 
antimonide with unknown impurity appears to have two acceptor levels 54 
with activation energies of 0.024 eV and 0.037 eV. Cadmium sulfide, pure 
and doped with either chlorine or gallium, is an n-type conductor. At low 


carrier concentration, the donor activation energy is found ® to fall in the 
0.01 —0.02 eV range. 


ae 


is a 
a 
’ 
~~ f 
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called the ‘“‘conductivity’’ mass, which is derived from the charac- 
teristic masses determined by cyclotron resonance. For n-type 
germanium and silicon, the conductivity mass is given “ by 


_ 38mm 
2am,’ 


6 (15) 
an expression which yields 0.12 my) for germanium and 0.26 m, for 
silicon. In p-type material the conductivity mass is found by a 
weighting of the light and heavy hole masses and comes out “ to be 
0.25 m, for germanium and 0.38 m, for silicon. ; 

Generally speaking, the temperature dependence of + depends 
upon the nature of the scattering processes and thus determination 
of t by measurement of R and o indicates the dominant scattering 
process and even the details of the mixing of two or more pro- 
cesses ©” 9859. For classical statistics, the lattice mobility is propor- 
tional to 7°”. While such mobility behavior is often observed near 
room temperature, frequently the mobility differs very widely from 
a T-%? Jaw as temperature is lowered. The conductivity behavior 
indicates that an additional source of scattering is present, an effect 
attributed to the scattering of conduction electrons by ionized 
impurity ions. The mean free path associated with ionized impurity 
scattering was estimated °°, on the basis of Rutherford scattering, to be 


oH? 


= in tBB’ 


(16) 
where subscript J denotes impurity scattering, and « and f are factors 
determined by temperature, impurity ion concentration, and dielectric 
constant *. Detailed studies of this type of scattering have been 
made for n-type germanium * and silicon *!. In order to fit Eq. (16) 
to observed low temperature resistivities in germanium, it is necessary 
to take the effective mass to be m,/4 or smaller % *. 

At relatively high temperatures, the impurity ion concentration 
N, can be taken as equal to the carrier density, which is found from 
the Hall coefficient. Such agreement is usually not found when one 
analyzes resistivity curves in the 15° K-50° K range. Here N, usually 
appears to be substantially greater than the carrier density. This 


* A quantum mechanical consideration of scattering by impurity ions 
with screening taken into account, leads to a form %.§! somewhat different 
from Eq. (16). 
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result is interpreted ® as evidence for the ‘simultaneous existence of 
donor and acceptor levels * 2 

For samples having carrier concentrations greater than about 
1018 per cm3, the Hall coefficient is observed to be constant or almost 
constant from the intrinsic range down to temperatures in the liquid 
helium range, even as low as 1° K. Also the mobilities are practically 
independent of temperature. The flat Hall curves imply activation © 
energies of zero or less, i.e. impurity levels lying at the boundary of 
or within the conduction or valence band. Such behavior has been 
observed in n- and p-type germanium 47 6 64, 65,66 »- and p-type 
silicon 1, indium antimonide 7° ,cadmium sulfide ®, and cadmium 
oxide ®, Formally this behavior of the conductivity and mobility can 
be understood as arising from the degeneracy of the electron gas 77. 
A simple criterion for the onset of degeneracy is found” by setting 
the Fermi energy equal to k7',, where 7’, is the degeneracy tempera- 


ture. Then 
h? (3n\2/8 
Cla ar ak | oD 


This is almost identical with letting the Fermi space level ¢ coincide with 
the bottom of the conduction band in n-type material or top of the 
valence band in p-type material. If m*=m,, then 7',=42° K for 
n=10'8 cm-3 and 4.2° K for 3 x 10% em-3. From Eq. (17) it may be 
seen that if m is known and 7’, is determined experimentally, then the 
effective mass m* may be calculated. The effective mass determined 
in this manner is the density-of-states mass. 

At temperatures below 7, Fermi—Dirac statistics must be applied 
For example, the Fermi level is s found from the conduction electron 
density by use of 


4x (2m* kD)R? 5 
n, = ee anll*); (18) 


where ¢*=¢€/kT' (¢ measured negative downward and positive upward 
from the bottom of the conduction band) and J,).(¢*) is one of the 
Fermi—Dirac integrals. 


* For Np>Ny4, at 0° K N, electrons from the donor level fill the N A 
acceptor iSeels and so N; = 2N, while the carrier density n = 0. As tem- 
perature rises, n electrons are preian from donor levels into the conduction 
band and N; =n + 2N,4. The separate valves of Ny and N 4 may be found 
since Ny — Ny is given by the exhaustion range Hall coefficient and N a by 
the low temperature resistivity. 
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At temperatures low enough to be in the degeneracy range, one 
can assume that scattering arises almost entirely from the impurity 
ions. Then the resistivity or mobility is calculated by using Fermi- 
Dirac statistics in the derivation of J, and thus finding an expression 
to replace Eq. (16). This leads to a mobility having a small tem- 
perature dependence at intermediate temperatures 7? and a constant 
value at very low temperatures 71. 

Ehrenberg * and, independently, Schottky * have shown some- 
time ago that any semiconductor model based upon Eq. (8) with 
E,>0 can not give degeneracy at very high or very low temperatures; 
therefore, depending upon the number of impurity centers and 
their activation energy, at a certain low temperature the material 
must become non-degenerate again. The analysis of the Fermi 
level in semiconductors by Hutner e¢ al.” leads to the same 
conclusion. 

In a detailed analysis of this problem Schottky * came to the 
conclusion that the experimental observations down to 1° K, with 
the number of carriers independent of temperature, cannot be 
explained by any theory which assumes ionization of impurities with 
a finite activation energy. 


2. Impurtry BAND PHENOMENA 


In non-degenerate samples of germanium, as temperatures approach 
or enter the liquid helium range, the Hall coefficient deviates from 
exponential behavior, passes through a maximum, and drops by 
orders of magnitude as temperature is lowered further. At a tem- 
perature corresponding to the Hall maximum, the resistivity slope 
sharply changes to a much smaller value **; the resistivity continues 
to increase at this small constant rate as temperature is decreased 
further ® 64, Systematic observations followed, with the anomalies 
being observed not only in germanium * © 6:76, but also in silicon °°, 
indium antimonide 52: 53: 67:77, and cadmium sulfide °. These anomalies 
are illustrated for gallium-doped germanium in Fig. 4. 

For germanium samples having less than about 2.5 x 10° carriers 


* Private communication. 
** The sharp break in the resistivity curve was first observed in 1949 during 
the course of an investigation 4 of the resistivity of a germanium rod; the 


break occurred near 5° K. 
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: 7 
per cm? the maximum occurs in the neighborhood of 5° to 6° K. The 
maximum shifts toward higher temperatures as the carrier concentra- 
tions increase. This shift is particularly noticeable in germanium 
samples having concentrations above 10” per cm3, Qualitatively, the 
behavior of the Hall curves in silicon, indium antimonide, cadmium 
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Fig. 4. Comparison of the temperature behaviors of the Hall coefficient, 
resistivity, and magnetoresistive ratio for a P-type (gallium-doped) germanium 
sample (taken from H. Fritzsche and K. Lark—Horovitz, ref. 65). 


sulfide, and silicon carbide is the same, except that the maxima occur 
at higher temperatures than in germanium. 


The conductivity of germanium in the low temperature range may 
be represented empirically by an equation of the type ®: 


o= GC: eo WiT +O, e Akt + C, e7 Esl/kP | (19) 
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with subscript 1 referring to the exponential section at high tempera- 
tures, 2 to the middle portion (observed only for samples having 
concentrations between 2.5 x 10!6 cm-* and 1.2 x 10” cm-3), and 3 
to the lowest temperature portion. H, is practically constant for all 
germanium samples having the same kind of impurity but changes 
somewhat with the nature of the impurity. C, depends on the amount 
of impurity present. C, is practically constant from sample to sample, 
but H, decreases strongly with increasing impurity concentration. 
E,*, corresponding to the slope at the lowest temperatures, is 
practically independent of concentration and is very much smaller 
than H,. Cs increases markedly with increasing impurity content. 
In order to explain the low temperature anomalies in germanium. 
Hung *® used the concept of conduction in an impurity band. Con- 
duction is supposed to occur in parallel in the conduction (or valence) 
band and a band formed by the overlapping states of the impurity 
centers. As temperature approaches very low values, the carrier 
density in the conduction band drops markedly and thus the impurity 
band conduction dominates. Although several authors 7 8° 83:88 have 
considered impurity band conduction, the theory of this type of 
conduction is not well developed. The Hung model is based upon the 
assumptions that (1) the conductivity may be represented by 


O= No Co tNpeLp, (20) 


where suscript C refers to the conduction (or valence) band and D to 
the donor (or acceptor) band, and (2) the Hall coefficient may be 
written 


Vee 


1 To% Ko +T Dy ED 2] 
Fy eRe > (21) 
e€ (neue +Np ED) 
where it is expected that rz and r, do not differ widely from unity. 
If rg ~ rp, it may be seen that the maximum in the Hall curve occurs 
when 

Ne ho = Up lp: (22) 


At higher temperatures vw) < wg and nz is comparable with or greater 
than n,, so that 
TCO 


0 = Neo; art (23) 


* According to the latest experiments H, is, within the experimental error, 
the same for gallium- and antimony-doped germanium samples of comparable 
impurity concentrations. 
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However, at temperatures lower than that at which the Hall maximum 
occurs, My <n, becuase there is not sufficient thermal energy 
available to excite an appreciable number of electrons into the 
conduction band. Below the Hall maximum n,eug<npemy and at 
exceedingly low temperatures 
is 5 

GF = Mp eups Bias. (24) 
Since n, at 7’ > 0° K equals n, in the exhaustion range, one expects 
R near 0° K to be close in value to the exhaustion range value of 
R 3.64, Estimates of «4, from the very low temperature conductivity 
indicate that jw, increases with increasing impurity concentration. 
In all experiments in germanium and indium antimonide the sign 
of the Hall coefficient is preserved *. 

The impurity band model is not the only possible way of explaining 
the observed phenomena. Models based upon surface levels, dislocation 
levels, or crystal inhomogeneities have been briefly discussed ® °°. 
In 1935 Gudden and Schottky ®’ pointed out that there is a finite 
probability of carriers tunneling from a full level to an empty level 
without being excited into the conduction band. The transition 
probability increases with the concentration of levels. At high carrier 
concentrations this process can be linked to the overlapping of wave 
functions and the forming of an impurity band 78°. At low impurity 
concentrations the overlap of the wave functions is so small that band 
formation is not conceivable. One could still calculate an exchange 
term giving the frequency with which carriers are exchanged between 
impurity atoms. However, exchange of carriers does not transport 
charge. The transfer of charge requires a probability that the electrons 
can jump from occupied to unoccupied impurity centers. Thus the 
probability of jumping depends both on. the separation and con- 
centration of unoccupied centers. It is reasonable to take this con- 
centration as equal to the concentration of compensated minority 
impurities (i.e. NV, in an n-type sample). Schottky ® pointed out that, 
since the polarization of the lattice in the neighborhood of an occupied 
impurity center differs from that in the neighborhood of an un- 


occupied center, one of the centers must be excited by an amount 

* The thermoelectric power of a silicon sample reverses sign at a tempera- 
ture for which impurity band conduction is suspected 84. However, in compen- 
sated samples such a reversal was not observed. 
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equal to the difference in polarization energies before a carrier jump 
is possible. Tentatively he identifies the three activation energies 
[Eq. (19)] as: H, with ionization into the conduction band, H, with 
excitation to excited states, and #, with the lattice activation energy 
(also ref. 90). 

In this range the transverse magnetoresistive ratio shows an 
unusual behavior. Since the mobility becomes quite low in the 
impurity band conduction range and the transverse magnetoresistive 
ratio is, in first approximation, proportional to the square of the 
mobility, the magneto-resistivity of germanium and indium anti- 
monide was investigated in the neighborhood of the Hall maxima. 
Fig. 4 shows a typical result for germanium © ©; the magnetoresistive 
ratio passes through a maximum at about the temperature of the 
Hall maximum and resistivity break and then decreases as tempera- 
ture decreases still further. The behavior in indium antimonide = 
(Fig. 5) is still more peculiar: the magnetoresistive ratio passes through 
a maximum at a temperature a little higher than that of the Hall 
maximum and then, with lowered temperature, not only decreases 
but reverses sign to become negative. However, applying higher 
electric fields (EH ~ 40V/cm) and producing breakdown in this 
region ® leads to positive magnetoresistance in p-type indium anti- 
monide. This is understandable if one assumes that free carriers 
(holes) are excited into the valence band by a multiplication process. 
The ratio of longitudinal to transverse magnetoresistances varies with 
temperature: at 78° K, when the carriers are all free, the longitudinal 
effect is only 9 % of the transverse effect. At 4.2° K the longitudinal 
effect is almost equal to the transverse effect and both are negative * 
In n-type indium antimonide the longitudinal and transverse mag- 
netoresistance are also of the same order of a magnitude at 4.2° K, 
but they are positive ** 


* An attempt to understand the negative magnetoresistance by assuming 
a change in population of levels *!:®? in the magnetic field is hardly applicable 
to the observed case, since it deals with carriers in the conduction band, not 
in the impurity band. 

** Entirely different magnetoresistive anomalies not in the impurity band 
have been observed in very pure germanium at low temperature and high 
magnetic field %.%, At 20000 gauss a magnetoresistive ratio of 1200 % was 
observed. Even oscillations of magnetoresistance were observed at 10° K, 
equidistant if plotted against 1/H. On the other hand, magnetic susceptibility 
measurements on pure samples give a constant susceptibility in this temperature 


89 
range ™. 
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Fig. 5. Comparison of the temperature behaviors of the Hall coefficient, 
resistivity, and magnetoresistive ratio for a p-type sample of indium anti- 
monide. The sign of the magnetoresistive ratio reverses in the same temperature 


range in which the Hall coefficient and resistivity deviate from their normal 
behaviors. (Curves taken from H. Fritzsche and K. Lark—Horovitz, ref. 52). 


3. Microwave ABSORPTION 


The experimental arrangement % can be briefly described as follows: 
Germanium single crystal samples of suitable thickness (1 mm to 
1 cm) are prepared to closely fit the cross section of a rectangular 
wave guide. Power attentuation in the sample can be found by 
adjusting a calibrated attentuator to give the same detected power 
with and without the sample in the guide. A bridge circuit is used 
to measure the phase shift. From the measured phase shift and 


—" 


————————— 
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attentuation it is possible to calculate % the dielectric constant and 
conductivity at the microwave frequency. 

It should be mentioned that various investigators % 10101 have 
studied microwave transmission in germanium at the higher tempera- 
tures (200°-300° K), but to date only the measurements of D’Altroy 
and Fan % 1, 103 have been extended to temperatures as low as 4.2° K. 
The dielectric constant of high purity germanium is found to be 
é)= 16.2 + 0.3. For a p-type sample of 3 ohm-cm resistivity, the 
conductivity ratio o(0)/o(@), ie. the ratio of de conductivity to 
conductivity at the microwave frequency @, is unity at 200°K 
and 300° K, rises to 1.2 at 77° K, and to values up to 2.0 at 20° K. 
The free carrier contribution to the dielectrie constant is negligible 
at 300° K, small at 200° K, but as large as —40 at 20°K. In 
order to make effective mass estimates, mobility values for the 
various samples were determined by making conductivity and Hall 
coefficient measurements. For the p-type samples the weighted 
effective mass obtained at each temperature (300°, 200°, 77°, 20° K) 
is about 0.33 mp). The corresponding theoretical value is computed % 
from conductivity masses and density-of-states masses, for the two 
kinds of holes, which in turn are estimated from cyclotron resonance 
mass values. The result is 0.13 m,, a value some 2.5 times smaller 
than the observed value. 

The microwave effective mass value for n-type germanium is 
0.16 my, at 20° K. This value compares well with 0.15 mp , the computed 
value based on the 4.2° K cyclotron resonance mass values. 

Microwave measurements in samples with high impurity content 
were made near 4.2° K in order to observe the effect of carriers in 
impurity states. Both n-type and p-type germanium samples were 
studied 163, Values of dielectric constant have been obtained which are 
much higher than in pure crystals. The effect is attributed to the 
polarization of neutral impurity atoms and gives an estimate of the 
impurity ionization energy. The values obtained for the ionization 
energies in gallium- and antimony-doped samples are in fair agreement 
with the known ionization energies. The ratio of de and microwave 
conductivities gives an estimate of the relaxation time for conduction. 
From ‘the relaxation time and de conductivity, the values of the 
effective mass in the impurity band were found to be of the order of 
1000 my, a result consistent with the marked decrease in mobility 
observed as the conduction process shifts from the conduction to the 


impurity range. 
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4. THERMOELECTRIC POWER 

The thermoelectric power of a semiconductor may be calculated 
from the position of the Fermi level ¢ and is determined by the kind 
of statistics applicable and the energy dependence of the mean free 
path 1° 195, Tf classical statistics are applicable and the mean free 
path independent of energy (lattice scattering), one obtains for an 
n-type semiconductor 


Seige (24) 


where Q represents the thermoelectric power and ¢ the Fermi level, 
measured negative downard from the bottom of the conduction 
band. If impurity scattering dominates so that the mean-free-path 
may be taken as proportional to the square of the carrier kinetic 
energy, Eq. (24) is replaced by 


¢ 
Oe nt (25) 


However, as was pointed out first by Gurevich 1%, there exists an 
additional contribution to the thermoelectric power, a term due to the 
“drag’’ of electrons by the phonon current created by the temperature 
gradient, a phenomenon frequently referred to as the Gurevich effect. 
This effect is due to the asymmetrical scattering of the electron current 
by the lattice vibrations as perturbed by the temperature gradient, 
so that the electrons are preferentially pushed toward the cold end. 
The direction of the thermoelectric field caused by the Gurevich 
effect is such as to increase the magnitude of the thermoelectric power. 
Thus the thermoelectric power at low temperatures may be written as 

Q= 2.4935, (26) 
where Q, is the electronic contribution of the type given in Eq. (24) 
and (25) and Q, is the contribution arising from the phonon drag. 
Gurevich derived an expression ‘for metals, not for semiconductors. 
An early estimate 1°” of the importance of the Gurevich effect for 
semiconductors leads to 

Qe _ 3lgukT 

Qe eae] ’ 
where /; is the phonon mean free path ag a result of the interaction 
of phonons with each other, J, is the electron mean free path, u the 
sound velocity and 6 the average electron velocity. This result is 
difficult to apply because of the uncertainty in the ratio Ls[U¢. 

Recent measurements 54 1%. 109.110 of the thermoelectric power of 


(27) 


1am 
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germanium and silicon samples between 300° K and 10° K show that 
below about 200° K the magnitude of the thermoelectric power is _ 
much greater than the Q, value predicted by Eq. (25), and thus one 
is led to the belief that the Q, term is important in semiconductors 
and even dominant at the lower temperatures. 

Theoretical discussions 1 111,112 give results. for Q,/Q, that are 
more complicated than Eq. (27) but still depend on 1,/1, as the 
quantity determining the relative importance of Q,. Herring 3 has 
made an extensive study of phonon-phonon collisions, from which he 
is able to ascertain the temperature and momentum dependences of 
I,. The temperature dependence of Q, is estimated as proportional to 
T—?, This is in good agreement with the experiments of Geballe and 
Hull 1°, who find that Q, is practically negligible and Q=Q, increases 
in proportion to 7°” as temperature drops from about 100° K ina 
group of high purity p-type germanium samples *. 

At very low temperatures, the relaxation time associated with the 
scattering of phonons at the boundaries of the sample becomes shorter 
than the relaxation time for phonon-phonon scattering. Estimates 11 
of the effect of boundary scattering yield a sharp decrease in Q, at 
low temperatures with the asymptotic expression for Q, approximately 
proportional to 77. Thus Q approaches zero as temperature approaches 
aK. 

Experiments §* 108: 109,110 show that the thermoelectric power has 
a maximum, usually in the 30° to 50° K range, and then decreases 
sharply as the temperature drops further. The theory of thermo- 
electric power in the region of electron drag by phonons has to be 
formulated 44 so that the phonon current is introduced so as to 
obey the Onsager reciprocal relations 1, 


4, Thermal Properties 
1. Sprorric Heat 


Germanium. Early measurements 1” showed a peak in the specific 
heat curve of germanium in the neighborhood of 80° K. Later specific 


* In a discussion of the role of low frequency phonons in thermoelectricity 
and thermal conduction, C. Herring (International Semiconductor Conference, 
Garmisch, 1956) pointed out that the deviation of the experimentally observed 
T dependence from the ideal theoretical value 785 is due mainly to the fact 
that the temperature is not sufficiently small compared with the Debye 
temperature. 
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4 ©. 
heat measurements "8 were made in the range from 4° K up to 170° K 
for two samples of high purity germanium, one consisting of granules 


and the other of a polycrystalline ingot. The results coincided with 


each other over the temperature range investigated and failed to 
disclose any peak. It was found that 0, the Debye temperature, shows 
a rather large temperature variation. The behavior is similar to that 
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Fig. 6. @©/0, vs T/@, for elements having the diamond lattice (The theoretical 

curve for diamond is from H. M. J. Smith, ref. 130, and the theoretical curves 

for germanium and silicon from Y. C. Hsieh, ref. 131. The experimental curves 
are as given by P. H. Keesom and N. Pearlman, ref. 123.) 


observed in diamond *, silicon, and gray tin and is thought to be a 
characteristic of the diamond lattice. Figure 6 shows a plot of 
0/0, vs. T/@, for various elements having the diamond structure. 

Specific heat was measured !° from 20° K to 200° K for each of 
three germanium samples having, respectively, high, intermediate, 
and low purity. The results are identical except in the temperature 
range 60°-120° K, where a very small difference, just outside the 
experimental accuracy, was found. 

Keesom and Pearlman 12% 121 extended the specific heat measure- 
ments on germanium down to 1.42° K. Their results show that the 


-* The minimum @ for diamond is only about 10 % less than @,, the value 
approached as 7’ + 0° K, whereas the minimum @ for silicon, germanium, and 
gray tin is about 30 % less than @). 
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true 73 region extends up to 4° K, a value in agreement with Black- 
man’s prediction 1? that the upper limit of the true 7° region is at 
least @,/100. The measurements on the ingots are in substantial 
agreement with one another *. oc 

Keesom and Pearlman analyzed their data on the basis that the 
observed specific heat C, is the sum of a lattice specific heat propor- 
tional to 7° and an electronic specific heat proportional to 7’: 


Cal Eyl: (28) 


The method of least squares was applied to the data for each sample 
to calculate the values of « and y. The average value of « cor- 
responds #3 to @,= (366 + 5)° K, a value in rather good agreement 
with the O value of 374° K which is calculated from the elastic 
constants 12% 125 of germanium. The values of y are obtained from the 
intercepts of C,/T’ vs T? plots. (Fig. 7 shows such a plot for a silicon 


SPECIFIC HEAT OF SILICON 


5 10 15 20 


77 in (°K)? 
Fig. 7. C,/T versus T? for a typical silicon sample. The straight line obtained 


indicates the validity of Eq. (28). (Plot from unpublished data of P. H. Keesom 
and G. M. Seidel.) 


* Above 3° K there is no difference between the data for the ingots and 
that for the crushed germanium, but below 3° K the specific heat values for 
the crushed material are higher than for the ingots, a difference which is ascribed. 
to the desorption of exchange gas from the small bits of germanium during 


the heating periods. 
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sample.) In the case of germanium these values do not differ signi- 
ficantly from zero and thus, even in a sdmiple with a carrier con- 
centration of about 1018 per cm’, the electronic specific heat is negligible 
compared with the lattice specific heat. 

Silicon. The lattice specific heat of silicon * shows a sbehaniee 
very similar to that of germanium. Measurements made at tempera- 
tures down to 1.5° K show that the true 7° region extends upward 
to about 5° K. The best current value 12” of @, for silicon is (630+ 5)°K. 
This value is somewhat lower than the formerly published values °. 
Part of the discrepancy is explained on the basis of the temperature 
scale used in the measurements *. A value 09=648° K is calculated 
from the elastic constants of silicon 12% 1°, 

The least squares fit of the data for a particular silicon sample 
yields a y value 12’ of about 6 x 10-® joule/mole-deg”. Since y is a 
measure of the electronic contribution to the specific heat, it should 
increase with increasing carrier density. The theoretical expression 
for y, found by treating the carriers as a degenerate electron gas, is 


y = 1.6x10-? N28 VY, n8 uu Joule/mole-deg?, (29) 


where is the number of carriers per cm’, NV, the number of absolute 
minima (or maxima) of the energy band having a multiple ellipsoid 
structure, V,, the molar volume in cm® and w~=(m%m,)"?/m,. For 
p-type silicon N,=1, and, although the values of y and n are not 
known sufficiently well to make an accurate determination of m* 
from Eq. (29), the result is consistent with the density-of-states mass 
given in III, 1. In the case of n-type silicon, Eq. (29) offers an 
opportunity for determining whether the constant energy surface is 
composed of three or six ellipsoids. Substitution of the best available 
values of y and n, and taking “=0.33 indicate that NV, is more likely 
to be 6 than 3. 


The temperature dependence ** of @ for silicon is indicated in Fig. 6. 

* Clement 8 pointed out that deviations of the adopted temperature scale 
of 1948 from the true thermodynamic scale may cause significant anomalies 
in calorimetric results. Consideration of the deviations led to the adoption 
of a 1955 temperature scale having an improved agreement with the true 
thermodynamic scale. The older data, reconsidered on the basis of the 1955 
temperature scale, show that the originally indicated Debye temperature of 
658° K should be lowered to about 630° K. 

** Theoretical explanations of the temperature dependence of © have been 
attempted for elements having the diamond lattice, including diamond 1°°, 
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Gray Tin. The specific heat of gray tin has been measured !'8 from 
4.2° K to 110° K, and its value of 0, has been found 1°? to be 212° K. 
As may be seen from Fig. 6, the 0/0, vs. 7/0, curve for gray tin 
is very similar to the curves for germanium and silicon * 

Graphite. Graphite crystallizes in a layer lattice, and this athanges 
ment produces considerable anisotropy in the interatomic forces 
responsible for binding in the crystal. The effect of this anisotropy 
upon the specific heat behavior has been the subject of a number of 
theoretical investigations 133-14. The general result of these computa- 
tions is that the anisotropy should produce a specific heat that is 
directly proportional to the square of the temperature over a tem- 
perature range the predicted limits of which vary from one computa- 
tion to another. At sufficiently low temperatures the specific heat 
should become proportional to the cube of the temperatures, but 
there is not agreement among calculated values of the upper limit of 
the T° region. 

A number of experimental investigations 143-148 have been made in 
attempts to clarify the specific heat behavior of graphite. One set of 
data 148, when plotted as log C, against log 7, yields a line of slope 2 
between temperatures of 13° K and 55° K. However, another set of 
data 14° plotted in the same manner shows that slope changes from 
about 1.8 at 90° K to 2.4 at 4° K. This changing slope is also observed 
by Keesom and Pearlman 147148, who also show that below 2° K the 
data can be represented by an equation of the form of (28), hence 
presumably a lattice term proportional to 7? and a linear term 
representing an electronic specific heat. 

Rutile (T10,). The specific heat of rutile has been measured }8 
down into the liquid helium region and found to be proportional to 


germanium and silicon }*1. The method involves calculation of the vibrational 
frequency spectra from the elastic constants of the elements, taking into account 
the interaction between each atom and its nearest neighbors and, in some 
cases, the central-force interaction between each atom and its second neighbors. 
Then the specific heat and characteristic temperature may be computed as 
functions of temperature from the frequency spectrum. Fig. 6 includes the 
calculated @/@, plots for diamond, germanium and silicon. 

* The @, value of gray tin, 212° K, is close to that of indium antimonide, 
which is 200° K [ref. 123]. This result is accounted for by the fact that indium 
antimonide has the diamond crystal structure with a lattice constant almost 
identical with that of gray tin, and the atomic masses of indium and antimony 
are both close to that of tin. 
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T® at the very low temperatures. When the, rutile is slightly reduced, 
the specific heat in the liquid helium range is increased by a large 
constant term. A possible explanation of this behavior is that the 
conduction electrons behave as a classical gas and supply a heat 
capacity of 3k/2 per electron. On this basis one can estimate a lower 
limit of 300 for the m*/m, ratio of the conduction electrons in rutile. 


2. THERMAL CONDUCTIVITY 

In semiconductors heat is conducted by the lattice rather than by 
the conduction electrons. Thus one expects to correlate the thermal 
conductivity of a semiconductor with its lattice properties, in particular 
with phonon-phonon scattering, and with the limitation of mean- 
free-path by the size of the sample. Electronic effects are super- 
imposed upon the lattice phenomena. 

Generally speaking, as a semiconducting sample is cooled, the 
thermal conductivity increases with decreasing temperature until a 
maximum is reached at a temperature of the order of one-thirtieth of 
the Debye temperature; at still lower temperatures, the thermal 
conductivity drops sharply with falling temperatures, and appears 
to approach zero as the temperature approaches 0° K. Briefly, thermal 
resistance 149-153 arises from phonon-phonon processes and from bound- 
ary scattering, with the former dominating at high temperatures, the 
latter at low temperatures; and the two contributions are comparable 
in the neighborhood of the thermal conductivity maximum. In a 
crystal, for 77 >0, x is proportional 14% 40 154 to 1/7. At very low 
temperatures, x is proportional to a7 if one assumes that C, is 
proportional to 7° and takes a, the mean radius of the sample, as 
determining the mean free path >. In between these extremes a more 
complex behavior is expected. It has also been pointed out that 
elastic anisotropy has a major effect in limiting the thermal con- 
ductivity of a hypothetical perfect crystal of very large size 13, 
Experimental studies of the thermal conductivity of quartz, diamond, 
and other dielectrics confirm the major aspects of the theory 153: 156. 157, 

The measurements of Rosenberg ®* made on one sample each 
of pure germanium and silicon produced curves of the type described 
in the preceding paragraph. At very low temperatures x is pro- 
portional to 7?* for germanium * and 72° for silicon. The mag- 


* K. Mendelssohn pointed out to us that, for pure germanium between 


0.2 and 0.7° K, the JT? law is fulfilled. 


= / 
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nitude agreed sufficiently well with the prediction of Casimir 137 that 
x depend on a7 so that no appreciable electronic contribution is 
indicated. The Purdue group ¥ found that x of a low purity n-type 
germanium sample is proportional to 74 from 1.5° K to 4.2° K. Such 
a steep slope has also been found recently by Rosenberg 11. It now 
appears that the most effective way of detecting electronic contribu- 
tions to the thermal conductivity is to make measurements on several 
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Fig. 8. The thermal conductivity of n- and p-type germanium samples of 

varying impurity concentrations, shown as a function of temperature. The 

curves of samples 2, 3, and 7 are from H. M. Rosenberg, ref. 161 and the curve 

for sample 30 from unpublished data of N. Pearlman and J. Goff, Purdue 
University. 


samples of single crystal germanium or silicon, cut to the same 
dimensions and doped with varying amounts of the same impurity. 
Preliminary results 16 161 show that both the heights of the maxima 
and the low temperature slopes are dependent on the impurity contents 
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(Fig. 8). It appears that, with increasing impurity content, the height 
of the maximum decreases and the low temperature slope steepens. 


5. Optical Properties 


1. IntTRODUCTION 


Low temperatures are employed in the study of optical properties 
primarily for the determination of energy level separations and for 
increased sensitivity in photoconductivity studies. The electrons which 
are optically excited to conduction states give a photocurrent that is 
large in comparison with the dark current. For example, it has been 
found 162 that, in indium antimonide, the photoconductive response 
‘at 5° K is about eight times the response at 85° K. 

Almost all the low temperature optical investigations are concerned. 
with the determination of the forbidden gap H, or of the activation 
energy of impurity levels (ground state or excited levels). Hither 
absorption or photoconductivity measurements may be made. 


2. FoRBIDDEN Banp WIDTH 


The thermal activation energy, H,, which is measured from the 
temperature dependence of the intrinsic electrical conductivity, is the 
energy difference between the highest point of the valence band 
profile and the lowest point of the conduction band profile. Since 
these two points (Fig. 2) do not in general occur at the same momentum 
value, an electron must change its momentum in order to make such 
a transition. This is referred to as an indirect or non-vertical transition 
and occurs in the thermal activation case because of the transfer of 
momentum from or to phonons. When optical excitation involves an 
electron and a photon only, conservation of momentum requires that 
the K value remain unchanged and the transition be vertical 16. 
Reference to Fig. 2 shows that the energies required for such vertical 
transitions are greater than H, and the maximum wavelength of the 
illumination which can produce a vertical transition is correspondingly 
less than the wavelength corresponding to Z,. However, if a phonon 
is emitted or absorbed in the optical excitation process, the transition 
need not be vertical 16 164, 

It is known from the temperature dependence of the fundamental 
absorption edge, associated with the excitation of a valence electron 
to the conduction band, at elevated temperatures, that EH, is an 
approximately linear function of temperature 1 16167, Tt has been 
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found that, in the range 90° K to 600° K, the energy gap can be 
expressed * by . 
H,=H,+ 67, ; (30) 


where H,=0.77, 1.19 eV and B= —4.4 x 10-4, —4.0 x 10-4eV/deg 
for germanium and silicon, respectively. The energy gap varies 
quadratically with 7 at low temperatures as actually observed in 
silicon *”* and germanium 1; also, in indium antimonide and gallium 
antimonide, dH#,/d7’, which is approximately linear between 290° K 
and 100° K, falls off considerably, just as in germanium and silicon, 
at very low temperatures 1°, Measurement of H, in the liquid hydrogen 
or liquid helium range permits extrapolation to the H, value if many 
observations at various low temperatures are available. 

Indium Antimonide. One investigation 1 found the fundamental 
absorption edge at 5° K corresponding to about 0.25 eV, and the 
comparison of absorption edge positions over the range 5° K to 
520° K yielded B= —2.8 x 10-4eV/°K. Another group?” found 
H,=0.23eV at 15°K and B= —2.5 x 10+eV/°K over the range 
15° K to 307° K. Measurements down to 9.2° K show at no tempera- 
ture a difference between very high purity n- and p-type indium 
antimonide. 

Gallium antimonide. Measurement ! of the absorption spectrum 
at 300° K, 80°K, and 10°K yielded 6 = —3.5 x 10-+eV/°K and 
E, ~ 0.77 eV. Measurements to 4.2° K yields 0.787 eV for pure and 
0.798 eV for impure material; however, experimental errors make 
further experiments necessary before definite conclusions can be 
reached. 

Aluminium antimonide. Absorption measurements 1” at. 300° K, 
85° K, and 14° K indicated that H)=1.6 eV and B= —3.5 x 10-*eV/°K. 

Magnesium stannide. Infrared absorption 1” at 5° K, 85° K and 
300° K gave H,=0.33 eV for two samples and 0.30 eV for a third. 
The shift of the absorption edge with temperature indicated that 
p= —3.5 x 10-4eV/°K. An E, value of 0.30 eV corresponds, in all three 
samples, to the wavelength at which the photoresponse has fallen to 
one-half of its maximum value. 

Silicon and germanium. Recent measurements ! of the infrared 
absorption of fairly high purity silicon in the neighborhood of the 


* In most cases f is negative, but in the lead compounds and tellurium it 


is positive. 
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fundamental absorption edge at seven temperatures between 20° K 
and 333° K yields a plot of Z, vs. 7 which extrapolates to Hy)=1.14eV. 
Similar absorption measurements 1% were made on germanium at 
seven temperatures from 4.2° K to 291° K and give an E, value of 
about 0.73eV. In both cases d#,/d7 drops sharply at low tem- 
peratures. 

In both germanium and silicon radiation has been obtaine 
by carrier injection. Since the radiation at room temperature is 
sharply peaked at a wavelength which corresponds to estimates of 
the H, value, it is assumed that this radiation is due to the direct 
recombination of excess electrons and holes. In the case of germanium!” 
the recombination radiation has been observed at temperatures down 
into the liquid hydrogen range. This data yields H,=0.72eV and 
an average f of the order of —10-*eV/°K. 


d 17, 178 


3. ACTIVATION ENERGIES ASSOCIATED WITH ImpuRITY LEVELS 


Tf optical excitation of carriers to conducting states from impurity 
levels is to exist, the sample must be at a temperature low enough so 
that carriers are bound to impurity levels in the absence of radiation. 
This may well require cooling to temperatures in the liquid hydrogen 
or helium ranges if the impurity ionization energies are very small. 

One group 1” has studied photoconductivity, arising from photo- 
ionization of bound charge carriers, at liquid helium temperature in 
germanium doped with antimony, copper, indium, and zine. The 
wavelength used did not exceed 38 micron and so the results were 
limited to detection of impurity activation energies greater than 
0.033 eV. On the basis of electrical measurements of H, or Hy, one 
expects the long-wavelength-limit of photoconductive response to 
occur near 120 micron for germanium doped with group III or V 
impurity elements (HZ, or H, ~ 0.01 eV), near 40 micron for zinc- 
doped germanium (H#, ~ 0.031 eV), and near 31 micron for copper- 
doped germanium. In the case of the copper-doped material, the 
photoresponse extends only to 29 microns, corresponding to 
EL, ~ 0.043 eV, a value in good argument with the electrical value 18°. 
Another group 18! studied the absorption as well as the photocon- 
ductivity in copper-doped germanium at liquid helium temperature, 
both of which gave a long wave-length threshold corresponding to 
the value of #, determined electrically. Photoconductivity in gold- 
doped p-type germanium was also studied in the liquid helium range, 


Bias foes 
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showing a threshold attributable to an energy level 0.15 eV above 
the valence band as found by Dunlap ® and the Purdue group 11, 
Dunlap also found an energy level 0.2 eV below the conduction band. 
The 0.15 eV ionization energy has also been detected as the cut-off 
in a photoconductivity curve measured 18? at 22° K. 

Resistivity-temperature measurements 183 have shown that gold 
acts as a donor or hole trap in silicon and produees a level at 0.33 eV 
above the filled band. The photoconductivity of gold-doped silicon 
has been studied 184 at 195° K, 77° K and 20° K. The form of the 
curves at both 77° K and 20° K suggests a simple photoionization 
process with an optical activation energy of 0.32-0.33 eV. Resistivity- 
temperature measurements 1 yield ionization energies near 0.05 eV 
for all IIT and V impurities in silicon except for indium, which 
produces an acceptor level 0.16eV above the valence band. The 
absorption spectrum of an indium-doped silicon sample 18° at 21° K 
shows an impurity level at about 0.16 eV above the valence band. 

Optical absorption by neutral impurities may produce transitions 
from the ground state of the impurity center to higher energy states, 
corresponding to optical excitations of the bound charge carriers in 
addition to transitions from the ground state to the conduction 
band, which correspond to photoionization of bound charge carriers”. 
The detection of these excited states is most readily accomplished 
through low temperature optical investigations. On the basis of the 
hydrogen-like model, one predicts the existence of discrete excited 
levels. Such levels are indicated by the presence of relatively sharp 
absorption lines in the spectra of doped materials at low temperatures. 
Newman 18° found two such lines in indium-doped silicon at 0.147 eV 
and 0.152 eV. These lines are scarcely resolvable at 74° K but quite 
sharp at 22° K. The broadening, with rising temperature, of lines 
associated with optical transitions between bound states of trapped 
holes or electrons that are approximately hydrogenic in character 
has been discussed at length 1%’. 

Kaiser and Fan 1®° introduce the excitation of electrons or holes to 
such excited states as a possible mechanism for the explanation of 
the transmission vs wave number curves observed at long wavelengths 
in both n- and p-type indium antimonide. 

Exciton absorption, which appears as a series of lines near the 
main optical absorption edge occurring in the red end of the visible 
region, has been observed 18° '®° in cuprous oxide crystals at tempera- 
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tures from 2° K to 77° K. The observed lines may be fitted empirically 
to a hydrogen-like series formula with high accuracy 15°, * 

Another phenomenon is the appearance of structure in the absorp- 
tion curve for p-type germanium due to transitions between the 
degenerate bands composing the valence band (c.f. Fig. 2). Such transi- 
tions are used by Kahn ™ to explain the absorption vs wavelength 
plots of Kaiser, Collins, and Fan ™, especially the curve measured 
near 5° K. The theory of this effect, as well as of other absorption 
phenomena, is discussed at length by Fan '. 


The authors are indebted to the members of the Solid State group 
at Purdue University for discussion and criticism of the manuscript 
and for making available unpublished results. 
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THE DE HAAS-VAN ALPHEN EFFECT 
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Contents: 1. Introduction, 226. — 2. Theory, 230, — 3. Comparison of theory 
with experiment, 238. — 4. Experimental methods, 245. — 5. Survey of 
the results for individual metals, 256. 


1. Introduction 


In 1930, in the course of measurements on the magnetic suscep- 
tibility of bismuth single crystals at low temperatures, de Haas and 
van Alphen! found that the susceptibility (defined as the ratio of 
magnetization to field) was not constant, as is usual for feebly 
magnetic materials, but varied in an oscillatory manner with the 
field (Fig. 1). The amplitude of the oscillations diminishes as the 
temperature is raised and the effect disappears altogether above 
about 30 or 40° K. Quite soon afterwards Peierls ? laid the basis of 
the theory of the effect by showing that the magnetization of a free 
electron gas should oscillate as the field was varied because of the 
quantization of the free electron orbits in a magnetic field. To account 
for the observed oscillations quantitatively it was necessary to 
suppose that the effect in bismuth was caused by very few electrons — 
about 10-> per atom —and that the effective electron mass was much 
smaller than the true mass. 

Peierls’ theory and an extension of it by Blackman ? to take account 
of anisotropy were in implicit form, which complicates comparison 
with experimental data; an important advance was made by Landau 4, 
who was able to obtain an explicit formula for the magnetization as 
a function of the field. A new study® of bismuth by means of an 
experimental technique more suited to the problem (measurement 
of torque in a uniform field rather than force in a non-uniform field), 
showed that Landau’s formula could explain many of the observed 
features in remarkable detail. The comparison of the data with the 
formula confirmed Peierls’ rough estimates of the parameters char- 
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_acterizing the electrons in bismuth which produce the effect, and 


yielded more precise values. The fact that the number of electrons 
was much smaller than one per atom could be interpreted as meaning 
that just a very few electrons overflowed from a nearly full Brillouin 
zone into the next zone, and in these circumstances anomalous 
effective masses are to be expected. 


© H. Bin axis, 
4 Hn Binaxis. 
T = 14.2%. 


c, 2) 
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~20x40 
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Fig. 1. The de Haas—van Alphen effect in bismuth +. The field H is perpen- 
dicular to the trigonal axis. x is the ratio of magnetization per gram to H. 


Such small pieces of Fermi surface of high curvature containing 
small numbers of electrons (or holes) should occur in any multivalent 
metal and-a systematic investigation of the magnetic behaviour of 
other metals ®!°, did indeed show that the de Haas—van Alphen effect 
occurred in nearly every multivalent metal examined, and was not, 
as seemed at one time possible, an effect characteristic only of bismuth. 
Some of the rich variety of features found in the various metals is 
illustrated in Fig. 2; leaving aside for the moment any detailed 
discussion of the curves, the important point to be made here is that 
the number of electrons concerned is always small—at most 10-3 
per atom —and the effective mass is always low. In fact it follows 
from Landau’s formula that if the number of electrons is much 
higher than 10-* per atom, the period of the oscillations at fields of 
say 20 kG would become so small that resolution would be very 
difficult, and also that if the effective electron mass was as great as 
the true electron mass, the amplitude at 20 kG would be much 
reduced, even at 1° K, thus making observations very difficult. Thus 
it is clear that measurements of de Haas—van Alphen effect at 
ordinary fields—say up to 20 kG—can give information only about 
small overlap regions of the Fermi surface—what might loosely be 
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Fig. 2. Typical de Haas—van Alphen curves *”. The abscissae are 10* x 1/H 
(G-) and the ordinates are as explained below, where C is the couple per gram. 
(reproduced by courtesy of the Royal Society). The figures on each graph 
indicate the values of w and 7. 


(a) Graphite: ordinates 10° x C/H? sin ycos y (y from hexagonal axis). 
(b) and (e) Gallium, ac-plane; ordinates 10’ x C/H? sin ycosy (wy from 
a-axis). 


(c) Tin; ordinates 10° x C/H? sin ycosy (y from tetragonal axis). The 
poits shown are the maxima and minima of the individual oscillations; the 


cusp shaped envelope indicates the presence of a subsidiary period close to 
half of the dominant one. 


(d) Zinc; ordinates 10° x C/H? (py from hexagonal axis). 


(f) Aluminium; ordinates 108 x C/H? (pw from a tetrad axis.) The short 
period oscillations are usually more complex than those illustrated here. 


—— 
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called the ‘fine structure’ of the Fermi surface. In order to get informa- 
tion about the larger number of electrons in monovalent metals, or 
contained within larger pieces of the Fermi surface in some of the 
multivalent metals, much larger fields are required, and special 
oscillographic techniques have recently been developed to observe 
the de Haas—van Alphen effect in high fields (up to 100 kG) produced 
by discharging a large condenser through a coil. So far this method 
has been successful in detecting oscillations in lead, tin and cadmium 
of much shorter period than usual—corresponding to nearly 10-4 
electrons per atom—but for reasons not yet completely understood 
no effect has yet been found in monovalent metals. 

Landau’s formula is based on the assumption that the energy 
surfaces in momentum space are ellipsoidal in shape. This is an 
assumption commonly made in the theory of metals; mathematically 
it is the simplest to make and it is indeed physically plausible 
that the energy should vary quadratically with momentum in 
the immediate neighbourhood of a zone boundary, but there is 
no reason why it should continue to vary in such a simple way 
further from the boundary and the de Haas—van Alphen effect 
offers plenty of evidence to show that the Fermi surface is not usually 
ellipsoidal at all. This evidence comes from the variation of the 
characteristic features of the oscillations— particularly the period — 
with the direction of the field relative to the crystal axes. If a 
particular form of ellipsoid (or ellipsoids) consistent with the symmetry 
of the crystal is assumed to represent the Fermi surface, Landau’s 
formula makes detailed predictions as to how the period should vary 
with the orientation of the field. For bismuth these predictions are 
fulfilled remarkably closely, but for other metals considerable 
deviations occur and for some metals it is clear that no reasonable 
scheme of ellipsoids can account for the observed variations. 

Recently Onsager © opened up an important new theoretical 
approach by examining what could be predicted about the magnetic 
behaviour of a metal with energy surfaces of arbitrary shape. He was 
able to show by rather general arguments that the period of the 
de Haas—van Alphen oscillations is inversely proportional to the 
extreme area of cross-section of the Fermi surface by planes normal 
to the field. Lifshitz and Kosevich ® using mathematical techniques 
similar to those of Landau, but replacing Landau’s ellipsoidal assumpt- 
ion by Onsager’s more general formulation, have given an explicit 
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formula in which the effective masses which enter into Landau’s 
formula are replaced by various geometrical features of the Fermi 
surface. In fact, however, the most important part of their formula 
is that already given by Onsager, namely the formula for the period. 
In principle, a knowledge of all the extreme cross-sectional areas of a 
surface serves to specify the surface completely (under certain simpli- 
fying assumptions) and an explicit method of calculating the radii of 
a centro-symmetric surface from its central cross-sectional areas 
has been recently given by Lifshitz and Pogorelov 1’. Since Onsager’s 
theory enables the areas to be found from measurements of the 
period as a function of field direction, we see that the de Haas—van 
Alphen effect, from being somewhat of a scientific curiosity is thereby 
raised to the status of a potentially powerful tool for studying the 
electronic structure of metals. The first step in the application of this 
tool has been made by Gunnersen 18, who has worked out the shape 
and size of the small parts of the Fermi surface in aluminium which 
give rise to some of the oscillations observed in moderate fields, but 
much remains to be done, particularly in the domain of high field 
measurements, which should yield valuable information about much 
larger pieces of the Fermi surface. 

We shall now give a rather more detailed, though still largely 
descriptive, account of the theory, drawing largely on Pippard’s 
excellent exposition 1° of Onsager’s idea, and indicating how it leads 
to the detailed general result of Lifshitz and Kosevich. Landau’s 
formula will finally appear as a special case of the general result. 
This will be followed by a general account of the nature of the 
agreement between the theory and experiment, and of the experimen- 
tal methods. Finally we shall review the results on the various 
individual metals from the point of view of the information they 
yield on the individual electronic structures. We shall not give any 
account of various galvano- and thermo-magnetic properties of metals, 
which also show an oscillatory behaviour similar to the de Haas—van 
Alphen effect (a recent paper by Steele 2° gives full references); the 
interpretation *! of these effects is intrinsically much more complicated 
than that of the oscillations in magnetization. 


2. Theory 


The origin of the de Haas—van Alphen effect can be appreciated 
most simply by considering the energy levels of a two-dimensional 
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metal in a magnetic field applied normal to the plane of the metal. 
The argument was first given by Peierls? for a free electron gas, in 
which the curves of constant energy in momentum space are circles, 
but we shall here discuss the more general case in which the curves 
have the arbitrary form H=EH(p’) (p’ is the quasi-momentum i.e. 
h times the wave vector). To avoid complication the effect of the 
magnetic moment of the electron spin will for the time being be 
ignored. 

In a magnetic field the electrons move in curved paths and it is 
easily proved that the electron orbits have the same shape as the 
curves of constant energy in p’-space, but are twisted through 90° 
and reduced in scale by the factor eH/c. This follows because a 
magnetic field cannot do any work on an electron, so its representative 
point in p’-space must move on a curve of constant energy, and 
moreover with p’ equal to the Lorentz force e(H x v)/c, if v is the 
velocity of the electron in real space and e is the modulus of its charge 
in E.8.U. Quantum theory restricts the possible motions to only 
certain orbits, namely those that satisfy the Bohr—Sommerfeld 
condition 
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J(p’—eA/c)-ds = (r+y)h (1) 


where A is the vector potential of the field and the integration is 
round the orbit in real space; r is an integer and y is a phase constant, 
which is 4 for H(p’)=p’?/2m (circular orbits). Making use of the fact 
that p’, the radius vector of the constant energy curve, is just eH/c 
times the radius vector of the real orbit, and perpendicular to it, 
and of the relation 

JA-ds = OH 


where O is the area of the orbit, the quantization condition (1) becomes 
eHO/c = (r+y)h 
or, since 
a(H#) = O(eH|c)? 
where a(Z) is the area of the curve of constant energy / in p’-space, 
a(H) = (r+y)ehH/c. (2) 


Eq. (2), which can be regarded as an implicit equation specifying 
the energy levels H,(H), H,(H),... H,(H)... of the system, shows 
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that the permitted curves of constant energy are separated by equal 
areas chH/c. In the absence of a magnetic field the permitted states 
are represented by a very close uniform distribution of points over 
the plane, say g per unit area, but in a magnetic field, only the states 
corresponding to the curves described by (2) are permitted. This 
means that each of the permitted energy levels must be highly 
degenerate, since it must contain gehH/c states (ie. the number of 
representative points between any two curves); the total number of 
states which would be occupied at absolute zero is N=ga(Hy), if Ey 
is the Fermi energy and N is the total number of electrons. 

As the field H is increased, the curves of constant energy and also 
the energy levels will become more and more separated; moreover 
since each will be able to accommodate more and more electrons, 
fewer and fewer energy levels will be occupied. Consider the state of 
affairs at absolute zero such that the n lowest levels are fully occupied 
and the (n+ 1)th only partially occupied. The total energy will 
then be 


U = > (gehH[c)E,(H) + (ga(Hy)—ngeh H[c)Eix(H). (8) 


As soon as H is increased beyond the value for which 
1/H = neh/ca(E£)), (4) 


the (n+1)th level is left completely empty and the nth level starts 
emptying; it is clear from the form of (3) that this will involve a 
discontinuity in the slope of a graph of U against H i.e. a discontinuity 
in the magnetization M which is —dU/dH. It is clear from (4) that 
these discontinuities must occur at equal intervals eh/ca(H,) of 1/H, 
and these are just the intervals at which successive ‘permitted’ curves 
cross the Fermi curve H=H). The variation of U and M with H can 
be easily calculated explicitly for the special case of E(p’)=p’2/2m, 
and the results are indicated in Fig. 3. They serve to illustrate the 
character of the discontinuities in U and M, and it can be seen that 
this simple two-dimensional model already produces some of the 
salient features of the observed de Haas—van Alphen effect, namely 
the periodic character of the fluctuations and the fact that there is a 
constant period in 1/H. The amplitude of the oscillations is however 
much exaggerated, and this we shall see is mainly because we have 
ignored the third dimension of the metal. 
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To extend the argument to a three-dimensional metal we must 
regard p’ as the component in a plane normal to H, of p, the total 
quasi-momentum, and all the quantities introduced so far as referring 
to one particular value of pz, the component of p in the direction 
of H; this is permissible since p, is unaffected by H, so that all our 


-M/Az NB) 


E./BH 


Fig. 3. Energy and magnetization of two-dimensional metal. The graphs are 
based on the formulae: 


2U/NEq = (2r-+-1) (BH/Eo) —r(r +1) (B/E)? 
M/(ZNB) = (2r-+1) — 2r(r+1) (BH/Ep) 
These hold for (r + 1) > (Z,/BH) > 7, where r is any integer and £ is eh/2amce, 


i.e. 2 Bohr magnetons. 


previous discussion of the effect on p’ of applying a field, still holds 
good whatever the value of py. The parameter g is now to be taken 
as the number of states in the range (pq, Py+dpy) ie. 2Vdpg/h’, 
if V is the volume of the metal, and we obtain 


2VeH 


Or 
~ 


E,(H, py) pg - ( 


The upper limit n of the summation is to be taken as the highest 
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value of r for which E,< Ey, and n of course varies with py. * It will 
be noticed that the last two terms of (3) find no counterpart in (5); 
this is because there is never a partially occupied level in the sense 
that there was in the two-dimensional metal. In the three-dimensional 
metal it is the occupied range of py which varies with H for a given 
n; as H increases, this range shrinks until H is such that #,(H, pq) 
just reaches Hy, and beyond this point the nth level is no longer 
occupied at all for the particular value of pz, concerned. 

Thus with increase of field a term falls out of the integrand of (5) 
whenever L,,(H, pj)= Lp, i.e. just as before, at intervals eh/ca(H, py) 
of 1/H. We can therefore think of the integrand of (5) as a periodic 
function of the argument ca(Zy, py)/ehH with period unity. Since this 
argument (which is approximately the same as n, the number of 
terms in the summation) is usually >> 1, the integrand undergoes many 
oscillations as pj, (and with it, a(H5, pz)) varies, and the only appreci- 
able contribution to the integral comes from the region of », where 
a(Ey, Pq) varies least, ie. from the region where a(Hy, pz) assumes 
its extreme value .Y. In fact the result of the integration is to produce 
an energy U which is still periodic in 1/H, but with period eh/c.x/; 
this essentially is Onsager’s result. Owing to the fact that only a small 
part of the range of integration contributes effectively to the result, 
the oscillations of U (or of M) are much less marked than in the two- 
dimensional metal. Qualitatively it is evident that the amplitude will 
be the greater the slower the variation of a(H,, pq) with py, in the 
region of the extreme, and calculation shows that in fact the amplitude 
is proportional to (d?a(Ho, pyz)/dp7,),,'”, where the suffix m indicates 
the value at the extreme of a(H, py). 

So far we have considered only the behaviour at absolute zero, 
where the probability of occupation of a state drops sharply to zero 
for energies greater than H,. At finite temperatures the probability 
drops to zero over an energy range of order k7' around E, and this 
has the effect of still further reducing the amplitude of the oscillations, 
though their period is unaffected. The magnetic properties at finite 
temperature are indeed determined, not by U, the energy, but by F, 


* It should be noticed that we are implicitly treating H, as constant, though 


strictly it should be regarded as a function of H and its value determined 
from the condition that N, the total number of electrons, is given. In fact, 
the variation with H is very slight and becomes important only at very high 
fields. 
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the free energy, which is 


P= NB, 2TSEEE |S dpaln (1+exp ((B)—B,(H,x))/T)) (6a) 


(for T’-> 0, this reduces to U, i.e. to (5)). The detailed working out 
of (5a) was first given by Lifshitz and Kosevich %, following on the 
lines of Landau’s original calculation for the special case of an 
ellipsoidal energy surface. Since the mathematics is complicated, we 
shall merely quote the final result for that part of F which is oscillatory 
(the remainder is responsible for the steady diamagnetism and does 
not concern us here). This is 


2aurcL nu 
os Over (entry Mitt Wig © eos (“Sr ary 4) cos (ram/mp) os 
mitt sin Gas i igeraser an) oe (8) 
r=1 


where m= (d.¥/dE,)/2x, and has the significance of an effective mass, 
B is eh/2ame i.e. B is an effective double Bohr magneton, and m, is 
the real electron mass. The + signs apply according as & represents 
a maximum (—), or a minimum (+). The last cosine factor in (6) 
arises from a feature not included in the formulation of (5a), namely 
the doubling of the energy levels on account of the magnetic moment 
of the electron spin; its correct form was first given by Dingle ?? and 
it is usually nearly unity since m/m, is usually small. 

The formula is valid only if c.W/ehH > 1 i.e. if the phase of the 
periodic variation is high; if in addition 27?kT'/BH > 1, only the first 
term in the summation need be considered, and (6) reduces to 


_ AVED (ehH\32 (%a\-1?  omripy .. (2008 2) 
tae ot cal ; cos (Faz PT eee) 


For simplicity, we have here also omitted the ‘spin’ factor cos (~m/mz). 

From (6) or (7) it is easy to obtain either UM, the magnetization 
(= —dF/dH), or C, the couple about any axis (= —dF/dy, if py is an 
angle specifying rotation in a plane normal to the axis). In the 
differentiations the main contributions come only from differentiation 
of the cosine term, since c.//ehH > 1. Thus the simplified expressions 
for M and C will differ from (7) only by a change from cos to sin and 
an extra factor 2ac.07//ehH? in M, and —2ac(d.W7/dp)/ehH in C; it 
should be noticed that apart from the exponential and sin factors, 
both M/H and C/H?, which are convenient quantities to describe the 
experimental results, vary as H~?T’. 
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The amplitude of the oscillations is reduced if account is taken of 
a possible broadening of the energy levels due to collisions or other 
causes. Dingle 23 showed that on certain simplifying assumptions the 
effect of the broadening that would correspond to a collision time t, 
is as if the temperature 7’ in the sinh terms of (6) or the exponential 
of (7) were increased by x, where 


a == hj 2nrkr. (8) 


In the special case that the energy surfaces are ellipsoidal, the 
quantities entering into (6) and (7) assume simpler meanings. For 
this case the volume contained within the Fermi surface (now an 
ellipsoid) is proportional to #2” and the area of any section, for instance 
the area ./, is proportional to H,. Thus the quantity defined as 
2am (=d.c%/dE,) is independent of Hy, and we have ~=2namk). 
The period P therefore becomes 


P = A(1/H) = eh[os¥ = B|Ep. (9) 


The actual value of 6 depends, of course, on the detailed form of the 
ellipsoid, and we shall give an explicit expression below [Eq. (11)], but 
the important point to notice here is that it is the same f as enters 
in the exponential in (7) (or the sinh in (6)). 

If the Fermi surface is an ellipsoid, its equation with respect to 
rectangular Cartesian axes fixed in the crystal can be expressed as 


Ds Xi; Pi Ps = 2My Hy (10) 


where «,;;=«;,, and the «’s are of course dimensionless. Although 
crystal symmetry usually ensures that some of the coefficients «;; 
vanish and others are equal, it is useful to consider the most general 
form (10) because, as will be explained later, the Fermi surface can 
sometimes (e.g. in bismuth and antimony) be described by a group 
of several identical ellipsoids arranged so that the whole group has 
the required crystal symmetry, though each separately has not. It is 
not difficult to show that the extreme area ~ of cross-section (for an 
ellipsoid this is the area of a central cross-section) normal to the 
direction (A,A,A3) is given by 


i = Dam, lk (11) 


: ee 2 93 aes 
where X =A7(c9%33— 053) + 2AgAs (04913 — O03%4,) + similar terms ob- 


- J x 
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tained by cyclic change of suffices. It follows that £ in (9) and the 
corresponding effective mass m, are given by 


B=6,X"” and m=m,/X"” (12) 
and the period P by 
P = X"" B/E, (13) 


where By is eh/2amgc, i.e. a true double Bohr magneton (numerically, 
Byo=1.85 x 10-2), 

If the field direction (A,A,A3) is rotated round some fixed axis through 
an angle y from some reference line in the plane of rotation, it can 
be shown that P? will vary as 


P? = A+ B cos 2y+C sin 2y (14) 


where A, B and C are constants which can be expressed in terms of 
the direction cosines of the axis of rotation and the reference line. 
The values of A, B and C are easily calculable from (11) for any 
particular geometry and the rather complicated general formulae 
need not be given. Eq. (14) serves as a useful criterion for testing the 
validity of the -assumption that the Fermi surface is ellipsoidal. 

The factor (d2a/dp3,),'” which enters into (6) or (7) is, of course, 
dimensionless and can be written down explicitly for an ellipsoid. 
It can be shown that for an ellipsoid 


a = A(1—py/P5) (15) 


where p, is the length of the perpendicular from the centre of the 
ellipsoid to a tangent plane normal to the field; ~) can be most simply 
expressed as 


Po = (2m) Hy X/D)” (16) 
where 
On O12 13 
D=| %4p X29 X93 
43 Xo3 X33 
Thus 
(92a/ap2,)z,0” = pol/(2L)"? = (B/Bo)??|(2nD)” (17) 


(bearing in mind that X’?=£/f,); for the special case of a sphere 
(17) reduces to (20)~™?. 
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The number n of electrons per atom contained within the Fermi 
surface is easily deduced if the form of thé surface is known; it is 
given by 

n = 2V/NV 1 | (18) 


where V is the atomic volume of the metal, v is the volume of the 
Fermi surface in p-space and W is Avagadro’s number. If the Fermi 
surface has the form of the ellipsoid (10), its volume is given by 


v = in (2m, E,)*?/D (19) 
so 


8 V Ga 


3 VDE 


us (20) 


n 
An alternative expression for » which is rather more directly linked 
to the experimental data can be obtained by expressing v in terms of 
the areas %,,.%,, 7, of the three principal cross-sections ie. 
v=4(0,A,,0,|7)"; if now we introduce the periods P,, Pp, P; for the 
field along the principal axes, we find 


8V 


3/2 
n=a> (=) (P, P, P,)72”. (21) 


For the special case of a spherical surface P,=P,=P,=P and (21), 
expressed numerically, becomes 


n = 0.95x 10-4 VP-3?, (22) 


Even when the Fermi surface is not spherical, (22) is a useful formula 
for obtaining a rough estimate of n in the absence of a detailed study ~ 
of the variation of P with field direction. It should be noticed that 
(20) and (21) give only the contribution from one complete ellipsoid; 
as we shall explain below, the Fermi surface is often built up of a 
number of closed surfaces and the total number of electrons per atom 
is then the sum of the n’s for each one. 


3. Comparison of Theory with Experiment 
(i) PERiopicrry 

In agreement with theory, the period of the oscillations is indeed 
always strictly constant if any magnetic property is plotted against 
1/H. This can be seen for instance in the graphs of Fig. 2 where C/H2 
is plotted in this way. It can be seen too that there are often several 
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_ periodic terms present simultaneously and that the values of the 
periods vary widely for different metals. If the periods are not 
very different (Fig. 2e), or if one is not very different from a multiple 
of the other (Fig. 2c) ‘beat’ effects occur; if the periods are comparable 
but not very nearly equal, the curves become distorted, as in Figs. 2a 
and b. Sometimes the periods are so well separated that each may 
be easily identified (as in Fig. 2f), but in general it is not a simple matter 
to sort out the various periods reliably; the methods of Fourier 
analysis are rarely applicable since the amplitude of the oscillations 
varies continuously and usually it is necessary to resort to trial and 
error methods of analysis, supported by comparison with synthetic 
curves. 

The simultaneous occurrence of more than one periodic term in 
the oscillations is due fundamentally to the fact that in a multivalent 
metal the Fermi surface must cross the Brillouin zone boundaries in 
a number of regions. The overlap regions (and the corresponding 
empty regions in the lower zone) can in general be put together to 
form a number of closed surfaces, and for a given field direction, each 
of these closed surfaces will in general give rise to its own periodic term. 
The various periodic terms can in principle be classified as follows: 

(a) If any closed piece of the Fermi surface has not itself the 
symmetry of the crystal, then it must always be accompanied by 
other closed surfaces which are identical in shape but differently 
oriented with respect to the crystal axes so that the whole group does 
have the crystal symmetry. Since each member of the group is in 
general differently oriented with respect to the field, it will give rise 
to its own value of .7, ie. to its own. period. 

(b) There may be a number of such groups of overlap regions, the 
members of each group being related to each other by crystal symmetry 
as in (a), but the members of different groups being quite unrelated. 

(c) When the number of electrons is such that it could just com- 
pletely fill a Brillouin zone (as in a divalent metal), any overlap into 
the next higher zone should be accompanied by an empty region in 
the lower zone. As is well known, such empty regions can be thought 
of as occupied by ‘holes’, and the pieces of Fermi surface bounding 
these empty regions can be dealt with in the same way as the overlap 
regions discussed in (a) and (b); thus as well as the groups of periods 
associated with overlap electrons, as in (a) or (b), there should be 
groups of periods associated with holes. 
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(d) A closed piece of the Fermi surface might in principle have 
such a shape that there are several extreme areas of cross section by 
planes normal to the field. For instance a ‘dumb-bell’ shaped surface 
would have two maxima and a minimum for some directions but not 
for others. Each such extreme should give rise to a periodic term, 
though in practice the amplitudes might be so very different that 
only some of the terms could be observed. It should be noticed that 
owing to this possibility, even a monovalent metal (e.g. an alkali) 
could show a number of periodic terms, though apart from this 
possibility one would expect only a single period since the Fermi 
surface should be entirely within one zone and therefore all in one 
piece. In fact the de Haas—van Alphen effect has not yet been found 
in a monovalent metal. 

A detailed analysis of the periods has been made so far for only a 
few metals; several cases of ‘groups’ of periods related by crystal 
symmetry as in (a) have in fact been established (e.g. bismuth, 
antimony, aluminium, arsenic) but a relation (such as (b), (c) or (d)) 
between such groups of periods and other groups or individual periods 
has never been unambiguously established. In principle the ‘hole- 
electron relation’ (i.e. (c)) could be established if the number of 
carriers per atom were found to be the same for both groups of 
periods, but in practice this requires more detailed data than have 
yet been collected for any metal. Another method of investigating 
whether any period is due to holes or electrons is to investigate the 
effect on the period of alloying a small quantity of an electro-positive 
or electro-negative element with the metal in question. If the added 
element has for instance more electrons per atom, the number of 
electrons in an overlap region should be increased and the corresponing 
period reduced, and the number of holes in an empty region decreased, 
and the corresponding period increased. This method has considerable’ 
possibilities but has so far been little exploited, partly because of the 
practical difficulty that the amplitude of the de Haas—van Alphen 
effect is nearly always rapidly reduced by the addition of even very 
small quantities (usually < 1%) of other elements. The theory of 
the method is in fact a good deal more complicated than suggested 
by these qualitative remarks; a recent discussion has been given 
by Heine 24. 

Once the various periods have been sorted out, it is possible from 
the variation of any one particular period with field direction to 
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deduce something about the shape of the corresponding closed piece 
of Fermi surface. If (14) is found to apply for all planes of rotation, 
the piece concerned is ellipsoidal and the values of «;,/m EH) (i.e. the 
shape and size of the ellipsoid) can be worked out from the values of 
the coefficients A, B,C for a sufficient number of different axes of 
rotation of H. It is however only rarely that the ellipsoidal assumption 
is in fact strictly applicable, (for details see § 5) and in general the 
theorem of Lifshitz and Pogorelov 1? must be used to determine the 
shape and size of the Fermi surface. This theorem gives the radius 
vector e(e) of a centro-symmetrical surface in the direction e, in terms 
of the areas .7(§) of maximum cross-section normal to the directions & 
(assuming these are central cross-sections) as 


0 (e) = (4 (xe(0)~ J (x(t) ~ 2, (0) deur) (23) 


where 


Here 7,(u) is the average value of .(€) round a latitude 0, w=cos 6, 
6 is the angle between the unit vectors § and e, and @¢ is the azimuthal 
angle. The various integrations can be carried out graphically if the 
variation of .7(€) with direction & is sufficiently well established. 
Encouraging results have been obtained by applying this procedure 
to aluminium and it is hoped to apply it soon to other metals. The 
‘assumption of a centro-symmetrical surface requires some comment. 
In fact some of the closed pieces of Fermi surface may well lack a 
centre of symmetry, but if (as is usually the case) the crystal itself 
does have a centre of symmetry, such pieces must occur in groups 
(e.g. pairs) which taken together are centro-symmetrical. For instance 
if one piece is egg-shaped pointing in some direction it would be 
accompanied by a second identically shaped piece pointing the 
opposite way. Now the two periodic terms arising from two such 
complementary pieces will always be identical since the maximum 
areas of cross-section normal to any field direction will be unchanged 
if the egg is reversed. In other words the de Haas—van Alphen effect 
cannot distinguish between the members of such a pair, and the best 
that can be done is to calculate the shape of a centro-symmetrical 
surface which has the same maximum cross-sectional areas as either 
member of the pair. 
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(ii) VARIATION OF AMPLITUDE WITH TEMPERATURE 


The marked increase of amplitude as the temperature is lowered 
can be seen in Figs. 2c, e and f. According to (7) if c is the amplitude 
of the oscillations (it is immaterial here whether the oscillations are 
in the couple or in susceptibility), a plot of log c/T’ against T’ should 
be linear and of slope —27?k/BH. This is always found to be true, 
as long as 2x2kT'/BH > 1, but when 27°kT'/BH approaches unity, (7) 
is inadequate and the more general formula (6) must be used. This 
is found necessary both for large 6 (as in bismuth and zinc) and for 
large H (as in the measurements at 10° gauss); the measurements 
(most thoroughly made in bismuth ”) confirm that the observed tem- 
perature variation is indeed consistent with (6). 

If the piece of Fermi surface responsible for a periodic term can be 
adequately represented by an ellipsoid, then the period P is 6/H, and 
hence £/P=E,, and should be the same for all field directions. 
Comparison of values of 6/P (6 being found from the temperature 
dependence) for different field directions thus provides a criterion of 
whether or not the Fermi surface can be represented by an ellipsoid, 
and if it can, whether or not the periodic terms observed in various 
directions belong to the same piece of Fermi surface (or one linked 
to it by crystal symmetry). In fact relatively few systematic meas- 
urements of 6 have as yet been made and it has rarely been possible 
to apply this criterion in practice. One difficulty is that if there 
are several periodic terms present simultaneously the determination 
of the #’s for the different terms requires a good deal of analysis 
(essentially the observed curves at different temperatures must 
be completely separated out into their component periodic terms). 
For this reason # has so far usually been measured only for such field 
directions along which there is only a single dominant periodic term. 

If it were possible to obtain a detailed knowledge of how f varied 
with field direction for each separate periodic term—and this could 
probably be done if enough trouble were taken —it should be possible 
to derive the electron velocity (which is (grad,H),_,,) at each point 
of the Fermi surface. By definition, a knowledge of f is equivalent to 
one of d.c7/dH, and it is evident that if the procedure of Lifshitz and 
Pogorelov (see § 3 (i)) is applied to d.//dH, instead of to , we can 
find o(e) de(e)/d#, for each direction e. If o(e) has already been 
determined from the period values, dH,/do(e) is obtained, and 
(grad ,/);_z,, which is just the electron velocity, can be found if the 
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whole Fermi surface has been calculated, so that the angle between 
the normal and the radius vector is everywhere known. 


(iii) HARMONIC CONTENT AND PHASE 


The presence of harmonics in the oscillations is clearly shown in 
the observed curves whenever 2n?kT'/BH < 1, and specially designed 
experiments * with bismuth (for which the conditions are most 
favourable) showed that the harmonic content of the observed curves 
is consistent with the predictions of (6). The presence of fairly strong 
harmonics sometimes increases the difficulties of identification of the 
basic periodic terms in an observed set of oscillations (cf. graphite). 
In the high field method (see below) the harmonics may be even 
stronger than in the torque method, both because the field is high 
and because it is dM/dH that is measured; the rth harmonic in dM/dH 
is relatively r times as strong as in M because of the extra differen- 
tiation. 

The phase of the oscillations can be studied only. if the argument 
of the cosine factor is not too large (for the ellipsoidal assumption, if 
,/BH is not too large). Reliable results have been obtained for only 
a few metals and these indicate a different situation for each metal, 
and in general a lack of agreement with the prediction for the ellip- 
soidal assumption. Since the phase is probably particularly sensitive 
to various simplifying assumptions implicit in the theory, this lack 
of agreement need not be regarded as too worrying. 


(iv) FIELD DEPENDENCE OF AMPLITUDE 


Once # is known from the temperature variation of amplitude, it is 
possible to check the form of the theoretically predicted variation of 
amplitude with field. It can be shown that the presence of harmonics 
does not greatly effect the amplitude, even for 2n?kT'/6H ~ 1, and 
if they are ignored, (6) predicts that a plot of log (cH?°7'- sinh 27kT'/BH) 
against 1/H should, on the simple theory of level broadening, be a 
straight line of slope —2x?ka/6 for all temperatures (c is the amplitude 
of oscillation of C/H?). This is found to be true for bismuth, but for 
zinc the amplitude falls off too fast at high fields (Fig. 5d) and the plot 
is far from linear there “; the cause of the discrepancy has not been 
explained. For most other metals the approximation (7) is quite 
adequate and the appropriate plot is of log cH? against 1/H. This 
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plot is usually found to be linear and with, a slope which is approx- 
imately independent of temperature; by comparing the slope with 
the theoretical value, —2x2h(7'+.2)/B, « can be estimated, though in 
practice it is not easy to make an accurate determination. 

The values of x found are usually of order 1° K, and comparison 
with (8) shows that this would imply a collision time rt of order 
2 x 10-12 sec. or 100 times shorter than suggested by resistivity data. 
It is clear in fact that the level broadening in a pure metal must 
come mainly from some other cause than ordinary collisions; Dingle 
has suggested that it is connected with the periodic electric field of 
the lattice and the problem has recently been discussed by Harper ”° 
and Brailsford 2’. The fact that collisions can contribute to the level 
broadening has, however, been demonstrated in experiments’ on a 
series of alloys of tin with up to 0.5 % indium, which showed that x 
varied linearly with the ratio of residual to room temperature 
resistance. In this way it was possible to estimate the collision time 
T) in tin at room temperature as 1.5 x 10- sec., in good agreement 
with estimates by other methods. This method of studying the 
collision times in metals might have useful applications, but has so 
far been little exploited. 


(v) ABSOLUTE VALUE OF AMPLITUDE 


For various reasons the absolute value of amplitude cannot be 
very accurately measured and it is not usually a very reproducible 
feature. It may for instance be sensitive to the perfection of the crystal 
(since in an imperfect crystal the amplitude is that of the resultant 
of several periodic terms with periods which may be appreciably 
different because of varying orientation), to the purity (see previous §) 
and to field homogeneity. In principle, comparison of the amplitude 
with the theoretical formula should lead to a value of (020/97) m> 
since # and x can be found from the temperature dependence and 
period respectively, and the factor d.o//dy in the expression for the 
couple can be found if the variation of 7 with y is known. If ()2a/dp3),, 
were determined in this way, the theory could be checked by com- 
parison of this value with that found from the form of the Fermi 
surface (as determined from the .%’s for all field directions). 

Owing to the poor accuracy of amplitude measurement this pro- 
gramme is rather impracticable as yet, and all that has been attempted 
is a rough check of the theoretical formula when the Fermi surface 
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_ 1s treated as ellipsoidal. For tin and gallium the theoretically calculated 


amplitude of the oscillations in the couple does agree in order of 
magnitude with the observed amplitude, but it is disturbing that the 
discrepancy is in the wrong direction, the observed amplitude being 
the higher, although the various sources of inaccuracy mentioned 
above would all tend to reduce the amplitude. Possibly the discrepancy 
arises from the inadequacy of the ellipsoidal representation, for 
which inadequacy there is indeed ample evidence in the details of 
variation of period with field direction. For several other metals 
(bismuth, graphite, antimony) where the ellipsoidal representation 
seems to fit rather well, one of the coefficients «,; proves to be either 
very small or very large (for details see § 5) so that its relative size 
cannot be found from the orientation dependence of period. This 
means that the absolute amplitude cannot be used as a basis of 
checking the theory, but rather that the missing coefficient can be 
determined from the amplitude if the theory is assumed correct. 

In the high field method absolute amplitude measurements (of 
dM /dH in this case) are subject to additional inaccuracies because of 
uncertainties in circuit calibration. The anisotropy of the oscillations 
seems to be not so marked as at low fields and it is perhaps permissible 
to compare the observed amplitudes with those theoretically predicted 
for a spherical Fermi surface; this does in fact give order of magnitude 
agreement. When the anisotropy has been studied in greater detail it 
should be possible to make a more critical comparison. 


4. Experimental Methods 

The original results on bismuth were obtained by the conventional 
method of observing the force acting on a specimen in an inhomo- 
geneous field; this method suffers from the obvious disadvantage 
that different parts of the specimen are in different fields and the 
amplitude of oscillation may consequently be much reduced if the 
range of fields is large compared with a period. It may nevertheless 
still be of value in looking for oscillations of very long period if the 
Fermi surface is nearly spherical so that there is little anisotropy; in 
these conditions both the other methods to be described will fail. 

To overcome the difficulties associated with an inhomogeneous 
field, the torque method was tried and has proved eminently suitable 
for studying the de Haas—van Alphen effect in moderate fields (up 
to 30 kG). The specimen is suspended by means of a long quartz rod 
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from a short torsion element chosen of such a stiffness that the couple 
twists it by only a small angle (usually less than 1°); the couple is 
measured by the movement of a light spot reflected from a mirror 
attached to the suspension. Usually the whole apparatus is supported 
independently of the electromagnet and the direction of the field 
(i.e. y) is conveniently varied by rotating the magnet about a vertical 
axis. By attaching the crystal to its suspension in a variety of orienta- 
tions, it is possible in this way to vary the direction of the field relative 
to the crystal axes over the whole solid angle. 

For some metals the phase of the oscillations is so sensitive to the 
orientation of the crystal that even the small angular twist involved 
in the measurement of the couple may appreciably change the phase; 
this can lead to serious distortion of the form of the oscillations, and 
in extreme conditions to instability. To overcome this difficulty, 
various forms of electrical feed-back arrangements have been 
devised 18 28: 44 in which the light reflected from the mirror falls on a 
photocell and the amplified current from the photocell passes through 
a small coil attached to the suspension and in the field of a small 
permanent magnet. The permanent magnet then exerts a couple on 
the coil which counteracts the couple on the suspension and can be 
made to reduce the angle of twist to any desired extent; the current 
through the coil serves as a measure of the couple. The method has 
the advantage that the effective sensitivity can be controlled by 
adjustment of the circuit constants, and is almost independent of 
the torsion element. 

A feature of the torque method is that the torque vanishes at 
certain orientations determined by crystal symmetry (for instance, 
if the field is along an axis of crystal symmetry). The individual 
periodic terms arising from the separate members of a group of pieces 
of Fermi surface may indeed not vanish at such symmetry positions, 
but their sum always must. If, however, the field is only slightly off 
the symmetry position the separate members may get sufficiently 
out of phase to produce quite an appreciable resultant. oscillation. 
This means that some care is needed in identifying these symmetry 
positions by the vanishing of the couple. It may be noted that the 
amplitude of the individual periodic terms is proportional to dP/dyp 
and so vanishes whenever P, the period, has a maximum or minimum 
as the field is rotated in a plane normal to the axis of measurement 
of the couple. This feature can occasionally be put to advantage 25 
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if it is wished to exclude some of the periodic terms in order to study 
one of them in isolation. 

Finally we may mention two difficulties that arise in the use of 
the torque method. First, there is in general a steadily varying, as 
well as an oscillatory, couple (except for cubic crystals and for crystals 
of lower symmetry suspended with a trigonal, tetragonal or hexagonal 
axis vertical). If the steadily varying couple, which is proportional 
to H?, is large compared with the oscillatory one, as it is for instance 
in antimony, the oscillations may easily be missed altogether unless 
careful systematic measurements are made. Secondly, if the metal 
has high conductivity in the magnetic field, large eddy currents are 
induced when either the magnitude or the direction of the field is 
changed. Because of anisotropy of conductivity and of non-spherical 
shape, the magnetic field can interact with the eddy currents and 
produce couples which may seriously disturb the measurements in 
various ways. The effects are very striking with metals of high 
conductivity such as copper, gold and silver; if the magnet is rotated 
the crystal appears to be almost rigidly locked to it and returns to 
its equilibrium position only very slowly —as if in treacle —after the 
rotation is stopped; again if the magnet current is not perfectly 
steady the eddy currents set up by the fluctuations cause a continuous 
fluctuating movement of the measuring light spot. Fortunately these 
effects are usually much reduced in most metals because of the 
reduction of conductivity in a magnetic field (magneto-resistance 
effect). 

Because of the limitations of conventional electromagnets the 
possibilities of observing the de Haas—van Alphen effect by the torque 
method are limited, particularly as regards period. In practice, even 
with a large electromagnet giving 30 kG, it is difficult to study any 
oscillations of period P much less than 10-’G-!. This corresponds to 
a field interval of only about 100 G and considerable stability of the 
magnet current is required to hold the couple steady with such a 
short period, while the field homogeneity in space must be better 
than 1 in 1000 over the specimen, if the amplitude of the oscillations 
is not to be diminished. Now P = 10-’ corresponds in order of magnitude 
to only 10-3 to 10-2 electrons per atom [see Eq. (22)] so it is evident 
that the torque method cannot show up the rather shorter periods to 
be expected from larger pieces of the Fermi surface. The order of 
magnitude of the period to be expected for one electron per atom is 
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indeed only 2 x 10-® [applying (22) to copper] i.e. the field interval 
would be only about 2 G at 30 kG. To overcome this limitation an 
entirely new type of method was devised which is particularly suitable 
for detecting oscillations of short period. 

In this method the specimen is put inside one of a pair of balanced 
coils connected to an amplifier and C.R.O., and the coils are placed 
at the centre of a liquid-air cooled solenoid in which a field of order 
100 kG is produced impulsively by discharging a 2000 wF condenser 
charged to 1700 volts. As the field varies, an E.M.F. is induced in 
the coil which, besides a smoothly varying component due to lack of 
balance of the coils, contains a component proportional to diM//dt 
and therefore to dM/dH, if M is the oscillatory part of the magnetiza- 
tion. This method is particularly sensitive for detecting short period 
oscillations, because the amplitude of dM/dH is higher than that of 
M/H by a factor 2x/PH. Thus for a free electron monovalent metal 
with the atomic volume of copper, the amplitude of M/H (M is per 
unit volume here) should be about 2 x 10-> for H=100 kG and 
T =1.2° K, while dM/dH should be 4 x 10+ times greater, i.e. as high 
as 0.8 (these estimates ignore level broadening and assume that the 
effective mass is equal to 7). 

In fact, although this method has shown up oscillations of short 
period (as low as P=6 x 10-* for tin) for various multivalent metals, 
which presumably are associated with major parts of the Fermi 
surface, it has not so far succeeded with any monovalent metal. 
Before discussing possible reasons for the failure of the method with 
monovalent metals, it will be convenient to say a little about its 
features when it does work. 

Some typical oscillograms are reproduced in Fig. 4 and 5; with 
suitable electronic devices it is possible to pick out any desired part 
of the discharge process and thus to study any particular feature of 
the oscillations in detail. In the latest form of the equipment the 
discharge lasts about 30 ms and dH/dt is of order 5 x 10° G sec-! at 
its maximum; for H=70kG and P=10-8, the interval AH for one 
oscillation is 50 G, and therefore occupies 10 ws. This means that the 
frequency of the oscillations as they appear on the C.R.O. is of order 
100 ke/sec, though it becomes much smaller near the field maximum, 
where d#/di vanishes. The oscillating E.M.F.s actually observed 
for specimens of tin, lead and cadmium a few tenths of a mm in diameter 
and a few mm long, and for pick-up coils with about 10? turns are of 
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Fig. 5. Oscillograms with H along a tetrad axis in lead. The oscillations are 
now of appreciably shorter period (P ~ 1.8 x 10-°G~!); the peakiness and 
distortions (at A) of (a) are due to coil resonance and are eliminated in (b) 
where a cathode follower has been interposed between coil and cable. It should 
be noticed that the resonance enhances the long period oscillations at B in (a), 
where their time-frequency is right for resonance; (a) and (b) are about 3ms across. 
(c) is an oscillogram obtained by the R.F. method, showing only the middle 
2 ms of the discharge (note that (c) is taken with a different solenoid and a 
larger condenser so that the discharge is about twice as slow as in all the 
other illustrations). 
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order 10 mv or less, and this means that the amplitude of dM/dH 


is of order 10-% (which proves to agree reasonably with the theore- 
tically predicted value for a spherical Fermi surface). Since the 
effective noise level is about 0.1 mV it can be seen that it should be 
possible to detect an effect of amplitude even 10* or 10° times less 
than that predicted for an ideal monovalent free-electron metal. 
It may be noted that oscillations of greater period, such,as can be 
only just observed by the torque method (i.e. P ~ 10"), can also be 
observed by this method, but their amplitude will not in general be 
as great as of those of smaller period, because of the extra factor 
(22/PH) involved in dM/dH. Thus although the two methods overlap 
for about P=10~" the overlap is not great, since for P ~ 10-’ the 
amplitude of the voltage produced by the new method is approaching 
the noise level. 

In the practical realization of the method a number of points have 
to be carefully watched. In the design of the solenoid care has to be 
taken that the field is sufficiently homogeneous over the length of 
the specimen. For P=2 x 10-® a homogeneity of rather better than 
1 in 10+ is required in order not to smear out the oscillations appre- 
ciably ; this requirement can be met most easily by suitable disposition 
of auxiliary windings but considerable care is necessary in the winding 
of the coil to avoid any irregularity. The coil must be mechanically 
strong to avoid any vibrations of individual turns during the condenser 
discharge. Such vibrations are thought to have been the cause of a 
good deal of extra ‘noise’ observed with some of the earlier coils, and 
they seem to have been largely eliminated by impregnating the coil 
with a plastic cement. It is worthy of note that the presence of even 
quite small quantities of solid air in the liquid helium can cause very 
large disturbances on account of the strong paramagnetism of oxygen; 
not only is there a great deal of extra signal ‘noise’, but the heat of 
magnetization liberated during the rise of the field to its maximum 
is sufficient to throw up a considerable fountain of liquid helium. 

In the interpretation of the oscillograms it is necessary to bear 
in mind that there may be considerable distortion if the time-frequency 
of the oscillations is close to a resonance frequency of the pick-up coil 
system. This is responsible for the ‘peakiness’ of some of the observed 
envelope curves and it can also cause peculiar phase effects. For 
instance the first harmonic of any fundamental frequency will be 
exaggerated as its time-frequency passes through the resonant 
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frequency of the system, and the wave ‘form of the fundamental 
appears distorted; in passing through the resonant frequency the 
phase is changed by a and this can be clearly seen in Fig. 4e as a 
movement of the distortion from the top to the bottom of the cycle 
of the fundamental. These distortions can be modified and to some 
extent eliminated by suitable circuits (e.g. use of a cathode follower 
to reduce cable capacity; cf. Figs. 5a and 5b), but it is worth noticing 
that they might be put to advantage, if the circuit were deliberately 
made to resonate with a high Q. In these conditions each period (and 
each harmonic) would resonate sharply at a particular instant (Le. 
when its time-frequency was just right) and we should have a kind of 
spectrum of the de Haas—van Alphen effect. In practice, although 
this idea can sometimes help (for instance in separating out a weak 
long period from a strong short one; cf. Fig. 5a), it is in principle not 
possible to obtain a spectrometer of very high resolution since the 
time-frequency varies continuously with time so that the resonant 
frequency is never held long enough to build up to a very sharp 
resonance. 

Owing to the complications just mentioned, the method does not 
lend itself easily to absolute amplitude measurements; even its use 
for relative measurements (such as are required in finding / from the 
temperature variation of amplitude) is subject to appreciable in- 
accuracies, because the conditions of discharge are not quite repro- 
ducible unless a lot of care is taken. The difficulty is that the field 
coil takes a long time to achieve thermal equilibrium after a discharge, 
so that its resistance at any moment depends on its immediate 
previous history and the precise value of dH/dé at a particular instant 
after commencement of discharge is thus not exactly reproducible. 

The one feature of the oscillations which can be accurately measured, 
and fortunately this is an important one, is the period P. The second 


Fig. 4. Typical oscillograms of the de Haas—-van Alphen effect in lead. Each 
picture is about 3 ms across, except (b) which is 0.5 ms across and is an expanded 
version of the region round A in (a), and (e), about 1 ms across, which is an 
expanded version of the region round A in (d); (d) and (e) illustrate the dis- 
tortion due to coil resonance (see text). All the pictures except (c) were made 
with a crystal having H approximately at 37°, 65°, 66° to the tetrad axes, 
and the sensitivity of the effect to exact orientation is illustrated by the 
difference between (a) and (d) caused merely by remounting the crystal; 
(c) is for a crystal with H approximately at 25°, 65° and 89° to the tetrad 
axes. All the pictures show only the longer period P » 4 x 10°G-1. 
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trace of the C.R.O is used to record the current through the solenoid 
and in principle all that is necessary to determine P is to count the 
number of cycles between two points for each of which the current, 
and the therefore the field, is known. In practice only a poor accuracy 
can be achieved in this way, mainly because the field varies so little 
even over the largest number of cycles which can be clearly resolved 
(in practice not more than about 100 cycles can be resolved in any 
one picture, and for P=10-8 this means a change of H of only about 
5 kG at 70 kG). Gold ®® has recently developed a much more accurate 
method in which most of the ‘steady’ level of the current trace is backed 
off and the variable part can therefore be greatly amplified without 
going off the picture. Calibration lines are automatically put on each 
picture to eliminate screen distortion and variation of sensitivity of 
the C.R.O, and the period can be measured with an accuracy of 1 
or2 Se) . 

It will be noticed that this method suffers from the awkwardness 
that it is not easy to vary the direction of the field relative to the 
crystal axes. Recently a mechanism has been devised by means of 
which the crystal (and the pick up coils round it) can be rotated 
about a horizontal axis, providing the same degrees of freedom as 
in the torque method. With this mechanism, which is accommodated 
in a Dewar vessel of only 11 mm internal diameter, Gold is at present 
making a detailed study of how the short periods in lead vary with 
field direction (with a view to finding the shape of the Fermi surface). 
It is hoped to extend this study to other metals soon. 

We have left to the last the main difficulty of the high field method. 
This is that the eddy currents induced in the specimen by the varying 
field make the local field in the core of the specimen lag behind that 
at the outside. If this inhomogeneity of field is comparable to the 
field interval of one period, the amplitude of the oscillations will be 
reduced. The inhomogeneity is least at the maximum field, where 
dH/dt vanishes, but just there the amplitude vanishes too, and the 
oscillations become very spread out. A simple calculation shows that 
one could not hope to observe many more than q oscillations from 
the point of maximum H, where 


qi = PHot jor a. (24) 


Here 0 is the specific resistivity of the metal in the field (in E.M.U.), 
ta, the time from the start of the discharge to the maximum field, 
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H the maximum field, and a the radius of the cylindrical specimen. 
Clearly a should be made as small as possible, but it is hardly possible 
to reduce it much below 10-2 cm. In the latest design of the equipment, 
tmax bas been increased to 11 ms (and this has been achieved only at 
a sacrifice of maximum field, H having being reduced from about 
100, to°80°-kG),«so that’ for ‘P=2-x 10° Gay gm 2m 1077 ot its 
evident then that there is little hope of observing many oscillations 
unless 0 is at least 30 or so; in copper silver, gold and sodium the 
increase of resistance in a magnetic field is not very great even at 
liquid helium temperatures and 9 in a pure specimen may indeed be 
less than 30. This then is a possible reason why no de Haas—van 
Alphen effect has yet been found in these metals and in sodium there 
is an additional complication—a phase transition at about 30° K 
which may break up a single crystal grown at a higher temperature. 

A few experiments in which the resistivity of pure copper was 
deliberately increased by adding a little gold have had no success 
either, possibly because the increased damping of the oscillations due 
to alloying outweighs the reduction of eddy current effects. It is 
indeed possible that the absence of an effect may be due to the opposite 
cause — insufficient purity or insufficient perfection of the crystal, 
and attempts to improve the quality of copper crystals are now in 
progress. It may be noted that even if the resistance in zero field is 
thereby reduced, the eddy current effects may not necessarily be 
worse, since in a high magnetic field the resistivity tends to be in- 
dependent of the zero-field resistance. For most multivalent metals 
the magneto-resistance effect raises 9 to as much as 100 or 1000 E.M.U. 
(there are few precise data) and since moreover P is usually 10 or 
100 times higher than the figure assumed for copper, g becomes a large 
number and eddy currents impose no restrictions on the observability 
of the oscillations, even if the radius is.2 or 3 x 10-? em. 

Another effect of eddy currents which must be mentioned is the 
heating, but we shall not discuss this in detail since it can be shown 
that provided there is sufficiently direct access of liquid helium IT to 
the specimen and provided the radius is not too great, the temperature 
rise is small, and moreover adjusts itself to the instantaneous power 
with a relaxation time of order 10-6 sec. Thus it is unlikely that this 
heating effect seriously impedes the observation of the de Haas— 
van Alphen effect. 


During the last year a new radio-frequency method of measuring 
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differential susceptibility at high fields has been developed in the 
hope that the eddy current effect might be reduced sufficiently to 
permit observation of the de Haas—van Alphen effect in monovalent 
metals. This hope has not materialized, but the method has been 
shown to work and has interesting possibilities, so it merits a brief 
description. The high fields are produced in the same way as before, 
but detection of the magnetic behaviour is madé by means of a small 
mutual inductance surrounding the specimen, using a small measuring 
current of 10 Mc/sec frequency. The amplitude of the R.F. voltage 
across the secondary of the mutual inductance depends on the in- 
stantaneous value of dM/dH in the R.F. skin depth of the specimen, 
and is therefore modulated if there is a de Haas—van Alphen effect 
so that dM/d# oscillates as the main field is varied. The frequency 
of the measuring current is deliberately chosen to be high compared 
with the time-frequency of the de Haas—van Alphen effect, which as 
we saw earlier is of order 100 ke/sece for typical conditions. Most of 
the R.F. voltage from the secondary is balanced out and the remainder 
amplified by a tuned amplifier, rectified and then amplified again by 
an amplifier which is insensitive below 5 ke/sec, and displayed on a 
C.R.O. The considerable variation of the general level of the rectified 
signal, due to the change of skin depth with field because of the 
magneto-resistance effect, is relatively slow and is filtered out by the 
last stage of amplification so that the de Haas—van Alphen effect 
finally appears as a well marked oscillation about a horizontal base 
line (Fig. 5c). A slight advantage of the R.F. method over the direct 
one is that the amplitude no longer vanishes at the field maximum, 
since the observed E.M.F. no longer derives from the dH/dt of the 
main field. 

The original idea behind the R.F. method was that since the skin 
depth for 10 Me/sec is small (* 10-4 cm for copper and © 3 x 10-3 cm 
for lead at 100 kG) the magnetic properties would effectively be 
measured only in a very thin layer, in which the main field could be 
regarded as sensibly uniform in spite of eddy currents. In fact this 
argument is probably unsound because of end effects; inevitably the 
specimens must be kept short, and therefore the end regions, in 
which eddy currents will certainly reduce the value of the main field 
at the specimen surface, cannot be ignored. The theoretical problem 
of the distribution of the lines of force in a finite cylinder showing the 
de Haas—van Alphen effect in conditions where the field is appreciably 
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less at the ends (due to eddy currents): is ‘complicated and has not 
been properly discussed. However, it seems unlikely that the eddy 
current situation is really greatly improved in the R.F. method as 
compared with the direct method, in spite of the fact that only a 
thin surface skin is effective in the former instead of the whole cross 
section as in the latter. It should be noted too that surface conditions 
(e.g. whether the surface is etched or electro-polished) may be much 
more relevant in the R.F. than in the direct method. 

The R.F. method (in several variants, e.g. using a self, instead of a 
mutual, inductance) has worked quite well with lead, tin and 
aluminium, but whether on account of eddy currents or for more 
fundamental reasons, no more success has been obtained with copper, 
silver and gold then with the direct method. It may be noted that 
(unlike the direct method), the sensitivity of the R. F. method 
increases with increasing skin-depth and is therefore most sensitive 
if the magneto-resistance effect is large. An extreme case is bismuth, 
where the resistance becomes so high as to make the skin depth 
greater than the specimen diameter; the sensitivity is thus 20 or 
30 times as high as in lead and is sufficient to show up the ordinary 
low field de Haas—van Alphen effect (no new oscillations appear at 
high fields). 

We have given only a very qualitative account of the theory of 
the R.F. method, which in fact depends on rather subtle details 
(e.g. the phase) of the skin effect in a high magnetic field. Although 
it is likely that the R. F. method has not sufficient advantage over 
the direct method to justify the extra complications it involves, it 
has interesting possibilities as a possible tool for studying the skin 
effect in high magnetic fields. One approach which has been tried 
but not developed very far, is to leave out the low frequency filter 
in the final stage of amplification; the main change of the rectified 
signal (due to magneto-resistance), which for lead and tin is much larger 
than the oscillations due to de Haas—van Alphen effect, then becomes 
apparent. Some attention has been given to the possibility of using 
the R.F. method at ordinary steady fields, but it turns out that the 
changes in the rectified signal due to change of magneto-resistance 
as the field is varied, mask the much smaller changes due to de Haas— 
van Alphen effect; it is in fact only because the field changes are 


fairly rapid that it is possible to separate the two effects in the 
impulsive field technique. 
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Entries under m,/m, in brackets refer to an effective mass corresponding to the values of 
} found from the temperature dependence in some particular direction (for details see’), 
therwise the m’s are as explained in the main text. Values of m in brackets are deduced from 
dq. (22) and have only a very rough significance. Where a figure occurs in brackets after a 
ralue of P, this indicates the minimum number of observed periodic terms present simul- 
aneously; the absence of such a figure does not however necessarily mean that only a simple 
yeriodic term is observed. The values of H, have been obtained from experimentally observed 
ralues of B by assuming that P=f/H, i.e. that the Fermi surface is ellipsoidal; if this assumption 
s invalid, H, as given in the table has only an order of magnitude significance. The value of 6 
ised in the calculation can of course be found by multiplying P and Ep, and it is helpful to 
emember that for a free electron 6 = 1.85 x 10-2°; the degeneracy temperature 7’, can be 
btained from FL, by dividing by 1.38 x 10~¥. 
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5. Survey of the Results for Individual Metals 

The numerical information is collected in Table 1, and in addition 
some general remarks about the shape of the Fermi surface and 
particular features of each metal are set out as notes; where no 
mention is made of the high field method, no investigation has yet 
been made. 


Aluminium * 38 

Two groups of oscillations have been found (see Fig. 2f); the long 
period ones have not yet been properly analysed, though experiments 
on alloys with magnesium suggest that they come from electrons 
‘rather than holes. The short period ones can be analysed into 3 
periodic terms and application of Lifshitz and Pogorelov’s method 
shows that the relevant parts of the Fermi surface are equivalent to 3 
centro-symmetric surfaces approximately of the shape shown in Fig. 6. 


ry 


Fig. 6 


Fig. 6. The diagram illustrates the relative orientations of the 3 identical 
cushion shaped surfaces which make up the Fermi surface in aluminium }8, 
X, Y, Z are the tetrad axes. The dimensions of the surface have been calculated 
only for the directions indicated, and are (in units of 10-2° g em sec) 


o(a) = 1.8 o(b) = 1.2 o(c) = 0.7 o(d) = 1.2 o(f) = 0.8 


Fig. 7. The probable locations of the holes causing the effect in aluminium 
are just inside the first zone at the corners W. Each group of 4 corners marked 
with same suffix and index (in general only 3 of each group are visible in this 
perspective sketch) makes up one closed surface while the -+ and — group for 
the same suffix are related by inversion symmetry. Each of the 3 - pairs of 
surfaces correspond to one of the cushion surfaces of Fig. 6. 
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A discussion by Heine ®° suggests that these surfaces are made up of 
the bounding surfaces of regions of holes just inside the first Brillouin 
zone at the corners W (see Fig. 7). The high field method has given 
oscillations with P * 3 x 10-7 ie. identical with the short period 
ones just discussed; no oscillations of much shorter period have 
been found, though Heine’s discussion suggests that they should 
occur over a range of field directions. This negative result cannot 


be regarded as conclusive, since only a few field directions have been 
tried. 


Lead 1% 28 


There seem to be two groups of oscillations (see Fig. 4 and 5) 
though it is not yet clear how many periods occur in each group. 
For many orientations, fairly long period beats are observed in the 
longer period group, corresponding to two nearly equal periods. The 
shorter period shows up most strongly for H along a [100] direction. 
A detailed investigation is now in progress. The longer period oscilla- 
tions have also been observed by the torque method but the resolution 
was not good enough to obtain any accurate data. 


Tin 78 9: 10, 14, 31, 32 


The low field oscillations consist mainly of two periodic terms (see 
Fig. 2c) and except near y=90° each period appears to satisfy 


P? = A+B cos 2y (25) 


where y is the angle between H and the tetragonal axis. The relevant 
pieces of Fermi surface appear to be approximately two ellipsoids of 
revolution elongated along the tetragonal axis: 
2 2 2 
Det Dy Pz ee 
2m, a 2h, Lig 


(26) 


where m,, m3 and EH, are as shown in Table 1. This is clearly not a 
complete description, however, because the periods when y is nearly 
90° no longer fit this simple scheme. If p is exactly 90° and the direction 
of H is varied relative to a binary axis, the period varies slightly, 
indicating clearly that at least one of the surfaces cannot be exactly 
a surface of revolution. 

The high field effects are complicated and no detailed study has 
yet been made. There appear to be at least two groups of short 
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periods, as indicated in Table 1. From a study of the anomalous skin 
effect Fawcett °° suggests that the main part of the Fermi surface 
in tin can be approximately represented by 3 ellipsoids, one of the 
same form as (25) but with masses m#, mf and the other two: 


Dye wncteoce Die, BP = 
the values of the masses being as shown. There is a rough correspond- 
ence between Fawcett’s ellipsoids and the de Haas—van Alphen periods 
observed for the few field directions tried, but it is not known how his 
ellipsoids would fit into the Brillouin zone structure of tin. 


Indium ® 9, 10 


Data obtained by the torque method are insufficient to say anything 
useful about the shape of the Fermi surface. No oscillations have been 
found at high fields, but this may be because indium has a particularly 
small magneto-resistance, so that eddy current inhomogeneities 
impede observation. 


Gallium 7 


The results can be explained roughly in terms of 3 ellipsoids with 
the principal masses as shown, but for some orientations there are 
periods which do not fit into the scheme. Two typical curves are 
shown in Figs. 2b and 2e. 


Graphite * 


There appear to be two periods in the ratio of 4: 3 (see Fig. 2a) 
and both are almost exactly proportional to cos y if y is the angle 
between H and the hexagonal axis. This suggests that if an ellipsoidal 
representation is used, each ellipsoid must be greatly elongated 
parallel to the hexagonal axis; the value of the long axis (i.e. of the 
large effective mass) is obtained rather artificially by appeal to the 
formula for the absolute amplitude. The estimate is particularly rough 
for the subsidiary oscillations and the range indicated covers extreme 
possible interpretations. Now the long axis of the main ellipsoid (i.e. 
2(2m,Hy)”"), according to the figures in Table 1, is 1.8x 10-!8gemsec-, 
but the length of the Brillouin zone (a prism) in which the ellipsoid 
must be accommodated is h/b, where b=6.7 x 10-8 cm is the dimension 
of the unit cell in the direction of the hexagonal axis, and this is only 


s 
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about 10-1! gems~!. This then supports a suggestion of Onsager 
that the Fermi surface is really not ellipsoidal, but tubular, extending 
from one face of the zone to the opposite one. The two observed 
periods might correspond to the maximum and minimum cross sec- 
tional areas of the tube, or possibly to holes and electrons; in principle 
there should be at least two periodic terms for the tubes bounding 
the electrons and the holes, but some of these terms may be of 
unobservably small amplitude. A detailed discussion of the electronic 
structure of graphite has been given by Johnston *!, but the relation 
of his discussion to the de Haas—van Alphen effect data has not been 
worked out. In our description of the theory of the de Haas—van 
Alpen effect it has been implied throughout that each group of 
electrons or holes may be treated quite independently; in fact, inter- 
band interactions may be relevant 6, and it is possible that these 
may be particularly important in graphite and further complicate 
the interpretation. 


Zinc ®& % 10, 25, 34, 35, 36, 37, 38, 39, 40, 41 


Verkin and Dmitrenko *° have made the most detailed study of 
the variation of P with orientation and find that the main oscillations 
of long period (see Fig. 2d) may be represented by 3 ellipsoids of the 


form: 
2 2 2 
Pee faci ety dit et ep (28) 


2m, 2m, 2m, 


and two others obtained from this one by rotation of -_ 120° about 
the p, axis. The authors, however, do not make clear how they derive 
the absolute values of the masses shown; they do not appear to have 
made use of the temperature dependence of amplitude, and if, as 
seems likely, their figures are based on the field dependence (which is 
anomalous in zinc #») without any correction for level broadening, 
the absolute values of the m’s, H, and n may be seriously in error. 
The relative values of the m’s are however probably reliable and 
these have been combined with accurate data > on temperature 
dependence to give the figures shown. Experiments ** on alloys with 
copper, suggest 4 that it is holes rather than electrons which are 
concerned in these long period oscillations. 

Measurements in rather higher fields (up to 30 kG) show 2 further 
sets of oscillations of much shorter period. One of the sets of periodic 
terms is said by Verkin and Dmitrenko to fit a 3-ellipsoid scheme as 
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above, though they give no discussion of why only one period is seen 
for any field direction. The other has not been studied in great detail. 
The figures given in Table 1 must be regarded as provisional, in 
particular the value of H, is dubious (the second figure, 20 x 10~™, is 
based on *). 

A peculiarity found in zinc is that the long period value of P varies 
appreciably with temperature in the range above 30° K 9” 8; this is 
probably connected with thermal expansion, which might well change 
the dimensions of the Brillouin zone enough to cause an appreciable 
change in the very small number of holes involved. 


Cadmium 72 10. 42: 48 
- The most detailed study has been made by Berlincourt 42 who 
finds 2 periodic terms of periods given to a fair approximation by 


P = 1.88 x 10-7 cos (y + 28.5°) G-4 


where y is the angle between H and the hexagonal axis; P does not 
appear to depend significantly on the angle between H and a binary 
axis. It has not been possible to find a sensible shape of Fermi surface 
which will produce this directional variation and also satisfy the 
hexagonal crystal symmetry. On the basis of Gunnersen’s experience 
in studying aluminium (where a similar difficulty occurred at first), 
it is possible that the solution les in the existence of other periodic 
terms which are of such small amplitude for most directions as to 
have been missed. Owing to the shortness of the period a study of 
cadmium is particularly difficult experimentally, so this question 
may remain open for some time. 

Quite recently much shorter period oscillations have been found 
with the high field technique; no detailed investigation has yet been 
made. 


Thallium? 

Data obtained by the torque method are insufficient to say anything 
useful about the shape of the Fermi surface. 
Beryllvwm ® 10: 41; 44 


No detailed scheme has been worked out; the figures given for the 
short period oscillations are only orders of magnitude (the value of n 
for the short period term is given in * as 3 x 10-2; this may be a 
misprint). 


ES —— 
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Magnesium ® 10, 41 


The results are stated by Verkin, Dmitrenko and Mikhailov to fit 
the 3-ellipsoid scheme of zinc [i.e. Eq. (28)] but no details have been 
published. . 


Bismuth 1+ 5 8 25, 43, 45 


The results fit a 3-ellipsoid scheme particularly well, but the 
principal axes of the ellipsoids do not coincide with those of the 
crystal. The ellipsoids are 


Oy Pi + Oe Py + Xs Pi + 2064 Py Dz = 2m) Ey (29) 


and two others obtained from this one by rotation of + 120° about 
the p, axis. The «’s are determined in terms of effective masses 
M,M,m, and m, by the relations 
M My m : MyM. MyM, 

cae m,” oe aera see aa eae ace ieee fae 
Because m, is very small and never enters alone into the expressions 
for P as a function of field direction, its relative value has to be 
determined by appeal to absolute amplitudes, and is therefore not 
very reliable. The relative values of the other masses are much more 
reliable but their absolute values (and that of n) depend on m, and 
are only orders of magnitude. Recent experiments on the Hall effect * 
and cyclotron resonance 4748 have provided some confirmation of 
these data. 

Experiments on alloys ® make it probable that these ellipsoids are 
made up of those pieces of the Fermi surface which bound electrons 
overlapping into the higher Brillouin zone. Heine * has suggested 
that the corresponding holes in the lower zone produce no appreciable 
de Haas—van Alphen effect because of their larger effective masses. 
Since it is probable that in bismuth the observed ellipsoids and the 
corresponding surface bounding the holes (probably a single ellipsoid 
of revolution) comprise the whole of the free Fermi surface (for a 
discussion see 46 47 48), it is unlikely that any new oscillations will be 
found at high fields. None have indeed been found, although the 
R.F. version of the impulsive field method should have been partic- 
ularly sensitive for bismuth (see § 4). 

The effect of hydrostatic pressure has recently been investigated °° 
(not directly on the de Haas—van Alphen effect, but on the similar 
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. 


oscillations in the Hall effect); an appreciable variation of P with 
pressure was found. 


Antimony ® 4 

The 3-ellipsoid scheme described for bismuth fits here too, but for 
certain field directions there appear to be extra periods which do not 
fit into the scheme. 


Arsenic 18 
The long period oscillations showed a variation of P with y in fair 
accord with Eq. (25), which could be interpreted as coming from a 
single ellipsoid of revolution of the type (26). However the absolute 
amplitudes are as much as 30 times greater than the theoretical ones 
(based on the masses as given in Table 1) and there are unexplained 
extra periods for some orientations. The short period oscillations fit 
very well into the 3-ellipsoid scheme of bismuth. 


Mercury * 1 


No detailed study has yet been made because of the difficulty of 
determining the crystal orientation. 


METALS AND SEMI-CONDUCTORS NOT SHOWING THE EFFECT 
(a) At fields up to ~30kG (torque method) 
Copper *°, silver 2°, gold 5, tantalum 4*, molybdenum ”, titanium 42, 


germanium ’, tellurium ’, n-indium antimonide 18, n-gallium arsenide 38 
and n- and p-lead sulphide ¥. 


(b) At high fields up to ~ 100 kG 1*43 (impulsive field method) 
Copper* +), silver*, gold*, sodiumt, titaniumt, uraniumt, nickel+, 
silicon-iron*. 


It is probably not surprising that ferromagnetics show no effect in 
view of the high internal magnetic fields, whose local variation might 
well smear out any effect. It will be noticed, however, that if any 
oscillations occur they could be detected by the high field method 


1) The metals marked * have been tried both by the R.F. and the direct 
method; those marked + have been tried only by the direct method and not in 
the best conditions (i.e. the crystals were of unknown quality and the technique 
of the method was not fully developed). 


4 
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even in the presence of the high magnetization M, since the method 


rejects anything but an oscillatory variation of dM/dH (I owe this 
remark to Dr. R. Street). i 

Apart from the germanium and tellurium specimens, the semi- 
conductors were deliberately chosen to have a sufficiently high 
electron density to produce a not too long period; the negative results 
may well be due to broadening of the energy levels because of short 
collision times, but it is also possible that in some of the materials 
examined, the Fermi surface may have been very nearly spherical 
so that the torque might have been unobservably small. Further 
experiments using the force method and a wider range of specimens 
are required before the negative results on semi-conductors can be 
accepted with confidence. In conclusion it should be noted that any 
negative results must be accepted with caution, since quite often in 
the past the de Haas—van Alphen effect has been observed in metals 
for which negative results had been earlier reported. Thus future 
improvements in the techniques of measurement and of preparation 
of specimens may well show up the effect in some of the metals quoted 
above as giving negative results. 


I should likefto thank Dr. R. G. Chambers and Mr. V. Heine for their valuable 
advice and criticism in the preparation of this article. 


NOTES ADDED IN PROOF (Sept. 1956) 


1. Ihave recently learnt that Onsager’s result & was obtained independently 
by I. M. Lifshitz and reported to a meeting of the Ukrainian Academy of Sciences 
in January 1951. 

2. Further consideration of the influence of eddy currents in the impulsive 
field method shows that although the amplitude of the signal should be much 
reduced after q oscillations (see (24)), the residual signal should still be amply 
large enough to observe if dM/dH has its theoretical value for a monovalent 
metal. This residual signal should be approximately independent of dH/dt 
and of radius. 

3. It should be noted that the number of ellipsoids mentioned in § 5 as 
required to account for the data for each metal is merely the minimum number. 
It is assumed in fact that the ellipsoids can be considered as effectively centred 
at the origin and if this assumption fails, further identical ellipsoids may be 
required to preserve crystal symmetry; e.g. each of the 3 bismuth ellipsoids 
might well require duplication at an appropriate position in p-space. Such 
possible multiplication would, of course, involve corresponding multiplication 
of the values of » in Table I. 

4. Since this article was written, the author has examined a number of 
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further metals in fields up to 80 kG by the direct method. Short period oscillations 
were found in magnesium (4 and 0.6), molybdentim (2 and 0.4) and tungsten 
(2, 0.4 and 0.07); the numbers indicate typical values of 10’ x P in Gr". 
Beryllium and zinc showed only the moderately short period oscillations of 
the groups already found by the torque method (Table I). The following metals 
gave negative results: antimony, gallium, graphite, lithium, mercury, niobium, 
rhenium, tantalum, thallium and zirconium. 
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PARAMAGNETIC RELAXATION 
BY 
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Contents: 1. Introduction, 266. — 2. Description of the spin-lattice relaxation 
with the Casimir—Du Pré formulae, 271. — 3. Relaxation at very low 
temperatures, 274. — 4. Relaxation in the spin system, 279. 


1. Introduction 


If Curie’s law 
CH 

u-4 (1) 
where JM is the magnetization (per mole) of a sample, 7’ its temperature 
and H the magnetic field, is valid in a good approximation it is 
customary to speak about “normal paramagnetism’’. According to 
Langevin! “normally paramagnetic” substances owe their magnetic 
properties to free permanent magnetic dipoles. These magnetic dipoles 
may have different orientations with respect to the field H and these 
different orientations have different energies. If a Boltzmann distribu- 
tion over these orientations is realised, this leads according to 
Langevin, at not loo low temperatures 7’ and not too high fields H, 
to Curie’s law (1), in which the Curie constant C is proportional to 
the number of dipoles (per mole) and to the square of their magnitude. 
The condition under which (1) is thus derived is that the maximum 
value of the energy difference between two orientations is small 
compared to kT’, where k is Boltzmann’s constant. If the ratio H/T 
is increased more and more, deviations from (1) will occur and M 
will finally reach a constant saturation value. This occurs at liquid 
helium temperatures in fields above 104 g. 

According to quantum theory the state of affairs is in general 
somewhat more complicated ®?. If we have only one occupied 
degenerate energy level which splits lineary into a number of Zeeman 
components, however, Langevin’s simple description still holds true. 
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The magnetic dipole moment then is a diagonal matrix, which 


indicates that each Zeeman level has a constant moment in the 
direction of the field H. The Boltzmann distribution leads, for low 
values of H/7’, to (1) with a Curie constant 


N 
C= Fy 2 Mi (2) 


where the M,’s denote the diagonal elements of the magnetic 
moment, p gives the number of non-degenerate levels over which the 
summation takes place while V is the number of dipoles (per mole). 

If, however, the energy splittings are not strictly linear in H, 
which may occur if we have to do with the influence of internal 
electric fields on the carriers of the dipoles, or with hyperfine structures, 
non-diagonal matrix elements of the magnetic dipole moment also 
come into the picture. In case the energy splittings ‘concerned are all 
very small compared with the energy distances to other (groups of) 
energy levels the theorem of “spectroscopic stability” applies according 
to which >, >, M?,, where the summation is taken over diagonal and 
non-diagonal combinations of the p states, is independent of the 
nature and magnitude of the splittings. 

Both the diagonal and the non-diagonal elements of M contribute 
to the change of the magnetization when the field is modified, but 
according to very different mechanisms. If we increase the field H 
by AH, the energy of the state J changes by —M, AH and therefore 
the Boltzmann distribution, supposed to be existing originally, will 
be disturbed. When it is re-established the magnetization will have 
increased. If we suppose all the energy differences between the p 
levels to be very small compared to k7’, the increase in magnetization 
will be 


AH (3) 


(AM), = N 2H 
where the summation only extends over the diagonal combinations. 
In the derivation of (3) we have made use of >;M,,=0. 

On the other side, the magnetic moment M,, of the state J increases 
by >), 2Mz,4H|(W, —W,). Thus a non-diagonal element My, leads to 
an increase of the magnetic moment of the lower one of the two 
states J and J’ and to a decrease of the same magnitude of the higher 
one. Since we suppose the Boltzmann distribution to apply before 
the introduction of AH, this leads to an average increase of the 
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magnetic moment per atom in one of the states / and I’, of M er ATIEA: 
and, taking the sum over all non-diagonal combinations, we obtain 


Mi, 
(AM) qq = N EME AH © 
where each M?, appears twice in the double sum. 

Van Vleck 2 has stressed that, according to the theorem of “spec- 
troscopic stability’? mentioned, the sum of (3) and (4) under the 
conditions stated is independent of the nature and the magnitude 
of the splittings, and this explains why, in spite of considerable 
differences in character and magnitude of the splittings, and thus of 
the magnetic resonance spectra, the various diluted salts of ions 
having the same number of electrons have practically the same static 
molar susceptibilities M/H at not too low temperatures. 

The splittings mentioned only lead to a small contribution to the 
specific heat, which is inversely proportional to T”. 

Van Vleck‘ has also analysed the influence of magnetic and 
exchange interaction between the dipoles. For many purposes the 
magnetic interaction may be characterized adequately by the root 
mean square value H; of the magnetic field brought about at the 
position of one dipole by the surrounding dipoles. When M,,H,; << kT 
the change of the magnetic moment per mole is still given by the 
invariant sum of (3) and (4) while a computable contribution to the 
specific heat inversely proportional to JT? results. The same con- 
clusions apply for sufficiently weak exchange interactions. 

The three different contributions to the specific heat, which are 
all inversely proportional to 7?, are additive in a first approximation. 
We note incidentally that in other respects exchange interaction radical- 
ly modifies the effects due to splittings and magnetic interaction °. 


When we study the magnetization of a paramagnetic sample in a 
varying magnetic field we encounter paramagnetic relaxation and 
paramagnetic resonance. Both of them are usually studied in an 
harmonically varying magnetic field superposed on a constant field H,. 


H=H,+h cos wt. (5) 
The resulting magnetization is then 
M=y H,+4/h cos wt +yx"h sin ot (6) 


where the static susceptibility y), as well as the real part x and the 
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imaginary part x” of the oscillatory susceptibility, are tensors of the 


second order. The components y’ and y" are not completely independent 
but are interconnected by the Kramers—Kronig relations ® 3. 

Tf y’ and y” vary rapidly in a narrow frequency range we speak 
of paramagnetic resonance. This resonance comes to the fore when 
h is perpendicular to H,. If we focus our attention on the individual 
dipoles we may say that it occurs if iw ~ W,— W),, where ti is Planck’s 
constant h devided by 2s, and that its over-all intensity is proportional 
to Mj,. If h is parallel to H, and if y’ and x” do not vary rapidly, we 
speak of paramagnetic relaxation, in particular if the frequencies 
used are small compared to those required for the observation of 
resonance. We shall see in § 4 that relaxation is often in particular 
concerned with the diagonal elements M,, of the individual dipole 
moments. It is not always easy to make a clear distinction between 
the effects of resonance and of relaxation. Historically the discovery 
of paramagnetic resonance by Zavoisky 7 sprang from his investigations 
on paramagnetic relaxation. 


At relatively low frequencies y’ and y” are usually measured 
simultaneously by means of a Hartshorn bridge, such as is standard 
in the investigations on adiabatic demagnetization (see Vol. I, Ch. 
XIV). In the Leiden set-up the frequency interval now available 
ranges from 3 to 1200 Hz. The accuracy is of the order of 10-7 in the 
sample permeability ® °. 
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Fig. 1. Block diagram of the beat frequency apparatus used by Broer and 
Schering for the measurement of y’. 
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At radio frequencies x’ is usually measured by means of a high 
frequency oscillator circuit into the coil of which the paramagnetic 
sample may be moved. The variation of the beat frequency with a 


Fig. 2. Coil of the 
oscillator into which 
the paramagnetic 
sample is moved. 


constant oscillator is observed. This method 
is used from about 105°Hz to 2 x 10? Hz. 
The relative accuracy in frequency is of the 
order of 10-*°—3 x 10-8 which leads to an 
accuracy in the sample permeability of 3 10~° 
to 10-710. By means of a more complicated 
twin 7 bridge, y” and y’ may be measured 
simultaneously with a comparable accuracy. 
The calorimetric method to measure y” 
extends from about 10° to 108 Hz. The sample 
is contained in a glass calorimeter-gasther- 
mometer and subjected to a high frequency 
magnetic field caused by a high frequency 
current in a coil or a Lecher system. The heat 
developed in the sample is measured by the rise 
in pressure of the gas. Since the amplitude of 
the high frequency current may be taken large, 
the accuracy may be quite good, at liquid 
hydrogen temperatures of the order 10-® in the 
sample permeability. The determination of the 
absolute values of 7” requires the determination 
of the heat capacity of the calorimeter and of 
the amplitude of the high frequency field, and 
is thus much less accurate than are the relative 
values in different fields. Since the method is 
rather time consuming its application is at 
present confined to the frequencies above 107 
Hz where no other accurate method is available. 
Zavoisky and his school !* observe variations 
in an oscillating high frequency circuit by 
carefully watching the d.c. grid current of the 
oscillator tube. In this way minute changes 
in the effective resistance of the oscillator 


coil may be detected. It is very remarkable that in this way an 
accuracy in the sample permeability of 10-8 has been obtained. 
For a more thorough description of the theoretical background 


ae | 
a) 
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and of the experimental methods the original literature should be 
consulted. For the state of affairs in this field ten years ago the author 
refers to his early monograph on the subject 3. An excellent but 
shorter review has been published by Cooke a few years later 14, 


Fig. 3. Calorimetric method for the measurement of y”. 


2. Description of the Spin-Lattice Relaxation with the Casimir- 
Du Pré formulae 

In a normally paramagnetic substance we have, according to 
Van Vleck, a system of almost independent magnetic dipoles, the 
splittings and shifts of their energy levels due to the constant parts 
of the internal electric fields and the external magnetic field being 
small compared to k7’, while this also applies to the magnetic and 
exchange interactions between a dipole and its neighbours. This 
system of dipoles was called the spin system by Casimir and Du Pré 4 
and they have introduced the supposition that, even in varying 
external magnetic fields, it is at any moment in internal equilibrium. 
The occupation of its energy levels would then be according to Boltz- 
mann factors exp (— W/kT’,), in which 7, is the so-called spin tem- 
perature. The interaction with the heat motion of the surroundings, 
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i.e. the heat waves in the crystal lattice in which the dipoles are placed, 
is supposed to give rise to a transfer of energy «(7'—T',) per second. 
If the angular frequency w of the oscillating part of the magnetic 
field is so high that the transfer of energy from and to the lattice is 
negligeable, the spin temperature 7’, oscillates with the angular frequency 
w. Consequently the variation of the magnetic moment is given by 
an adiabatic susceptibility ©. 


C 
oa = G Ko (7) 


where CO, and CO, are the specific heats of the spin system at constant 
magnetic moment and constant external field respectively, while 
Xo= OM [H)y. : 


In a normally paramagnetic substance Curie’s law (1) applies to 
a very high approximation in which case Cy, =b/T?, Cy =(b+CH?)/T?, 
where the constant 6 depends on the structure of the energy levels 
occupied by the dipoles. Consequently 


6 
Koa = 5 GER Xo (8) 


according to which the adiabatic susceptibility decreases with 
increasing field, reaching half its original value at H,= Vojc. If the 
angular frequency w is decreased so far that the energy transfer to 
and from the surroundings plays a réle, the susceptibility goes over 
into the static susceptibility y, according to 


" CH 5 Xo b Xo 


t= it~ = CGH pia) * DLO °) 
with 

t =Cq/« =(6+ CH?)/aT? (10) 

which, introducing 

CH? 

~ b+ CH? ee, 

is often written as 
= Bat (l-F) x0 (12) 

n  Fyto 


= 


PARAMAGNETIC RELAXATION 273 


In this form Casimir and Du Pré’s formulae are usually compared 
with the experimental data which, in fact, very often give a Debije 
function for the absorption coefficient y” and a Debije function plus 
a constant term for the high frequency susceptibility y’, while F 
depends on the constant field as predicted by (11). 

In nearly all researches carried out on y’ down to the temperatures 
of liquid oxygen and nitrogen good agreement is found with Eq. (12) 
and (11) and so their results can be described? by giving the value 
b/C and 7 as a function of H, and 7’. Often tr as a function of H, is 
given by 

b-+CH? 

t=% aes (14) 

with p independent of 7’, which is also in agreement with the theoretical 

expectation !” for this temperature region. Then the complete data 

are described by giving t, as a function of 7’ and moreover the con- 
stants 6/C and p. 

b/C gives an accurate and valuable determination of the specific 
heats of the spin system which in general agrees with that quantity 
derived from direct specific heat measurements, magnetic resonance 
spectra or adiabatic demagnetization (see Vol. I, Ch. XII, XIV). 

According to the theory of Waller 18, Kronig ? and Van Vleck ” 
the energy transfer between the spins and the crystalline lattice at 
these temperatures is due to in-elastic scattering of phonons, the 
so-called quasi-Raman process. This leads to the general conclusion 
that, if the temperature is low compared to the Debije characteristic 
temperature, t, should be proportional to 7’ and if it is high com- 
pared to this characteristic temperature, it should be proportional 
to T’-*. The magnitude of the interaction is dependent on the orbital 
contribution to the spins. This makes it understandable that ions in. 
which this orbital contribution is small (Cr+++, Mn++, Fet++, Gd+++) 
have relatively long relaxation times. Only rough predictions on the 
magnitudes of t, have been given. If one considers the experimental 
data it is striking that in hydrated salts t) is not very different in 
different salts of the same ion. In Mnt+-salts it is much longer than 
in the isoelectronic Fet++-salts, while in different Gd*+*-salts 1) 
shows a peculiar anomaly at liquid air temperatures leading to a very 
feeble dependence of t, on 7’ in a wide range of temperatures °). 

» is generally found to be smaller than 1 which means that t 
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increases with H,. In some cases it is nicély independent of 7’, but 
in other cases it is not. It may be, however, that the effects to be 
described in § 4, having to do with relaxation inside the spin system, 
have confused this issue somewhat. 

The amount of data on y” is much smaller than that on x’. It is 
generally found that already in zero field y” differs from zero and 
consequently it has become customary to add a second term to (13) 
which is proportional to w: 


(gts Pyyto 
1+? w? 


+(1—F) yor'o. (15) 


Such a term would account for the time which the spin system 
requires to reach equilibrium, and thus describe a small deviation 
from the basic supposition of Casimir and Du Pré that the spin 
system is at any moment in internal equilibrium. In agreement with 
the theoretical treatment of Waller 18 and Broer ?° on the so-called 
spin-spin relaxation, t’ was in many cases found to be independent 
of 7’ and to be of the order of %/BH, where f is the Bohr magneton. 
In these cases t’w was considerably smaller than 0.1 which means 
that a corresponding term in the expression (12) for y’ should be 
negligeable. It will be shown in § 4 that in many cases (15) is too simple 
an expression and the whole problem of the spin-spin relaxation in 
a magnetic field has to be reconsidered. 

Finally we remark that the data on y’ and y” at liquid helium 
temperatures have a complicated character and were, during a long 
time, considered to be in flagrant disagreement with the theoretical 
expectations. They will be treated in § 3. 


3. Relaxation at Very Low Temperatures 


Quite early *! it was observed that at liquid helium temperatures 
the slopes of the y’-curves are often smaller, and the maxima of the 
y"-curves flatter, than is predicted by (12) and (13). This can formally 
be described by introducing more than one relaxation time or even 
a continuous distribution of relaxation times. It is customary to 
introduce an average relaxation time by giving the inverse angular 
frequency at which y’ is equal to y9(1—/2) or at which y” has its 
maximum. ‘These two ways of defining t,, seldom give widely different 
results. If they do, it is an indication of the existence of two very 
different kinds of relaxation. This may be striking in large crystals 


i) 
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or large pressed powder samples of non diluted salts 22, and is 
apparently due to the réle of the heat transport between the inner 
and the outer parts of the sample. ; 

In the cases that 1,, is rather short, it often varies with a high 


. VHe= 3375S 
at ®@Hc= 1800 2 
: ©He= 1125 @ 
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06 @Hc= 6759 
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0 
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EX, 
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log V 
Fig. 4. 2y”/z and y'/x%o as a function of log v = log (w/2a) for powdered 
Feo 016 Alo.9s4 NHs(SOu)o-12H,O at T = 2.330 1 1K. 


negative power of 7’ (—3 to —5) and increases with rising H,, while 
in the cases that 1,, is relatively long (of the order of 0.1 second or 
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longer), it frequently varies with a small négative power of T' (—1 to 
—2) and decreases in large fields inversely" proportional to H,. This 
latter case is often encountered in salts in which the magnetic ions 
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Fig. 5. 2%" 1 Xo and y'/z». as a function of log y = log (w/2m) for a compressed 
eylinder with a diameter of 2 cm of FeNH,(SO,).°12H,O at 2.883° K. 


have been diluted with non-magnetic ions of the same valency. 
Another pecularity is that, even in the non diluted salts, t,, may 


PARAMAGNETIC RELAXATION 277 


vary considerably from sample to sample, even if no detectable 
chemical differences occur. It must, however, be noted that the 
irreproducibilities only are concerned with the frequency dependence 
of x’ and x”, but do not influence 4,4, observed at the high frequencies, 
which is invariably given by (8). The Fig. 4, 5 and 6 give a few examples 
of y’ and x” as functions of the frequency »=«/ 2x and of Og) = 27T,, as 
a function of H,. 

According to theoretical evaluations, the inelastic scattering of 
phonons (see § 2) is ineffective at these low temperatures and the 
energy transfer between the spins and the crystalline lattice should 
be provided for by straight forward absorption and emission of 
phonons. This would lead to a relaxation time t which is proportional 
to 7’, while it should decrease with increasing H,. In fields larger 
than (b/C)* the relaxation time should be! inversely proportional to 
H,?. This expected behaviour is very different indeed from that, 
found experimentally for 7,,. 

Temperley 7° has suggested that different spins might flip simul- 
taneously which would cause a decrease of t in non diluted salts in 
small fields. Though his theoretical arguments have been contested 
by Van Vleck ?’, it cannot be denied that the dependence of 1,, on 
H, agrees qualitatively with his expectations. 

Van Vleck 24 has called the attention to a difficulty inherent to 
the energy exchange by emission and absorption of phonons at very 
low temperatures. This absorption and emission of phonons only 
concerns a narrow region of lattice oscillators which are, so to say, 
on speaking terms with the spins. The other oscillators, which contain 
almost the whole thermal energy of the crystal, will only be affected 
secondarily e.g. through anharmonicity of the elastic forces and, in 
the case of low frequencies and low excitations, this will lead to a 
severe bottleneck for the transfer of energy to and from the spin 
system. In contrast to Temperley’s proposal this would lead to an 
increase of t. The excitation of the oscillators “‘on speaking terms” 
would then vary periodically with the spin temperature, while the 
real bottleneck of the observed relaxation phenomena would not be 
the interaction between the spins and the oscillators “on speaking 
terms” but the transformation of the energy of these oscillators into 
energy of all oscillators and thus into heat and vice versa. This trans- 
formation might be caused by the anharmonicity, already mentioned, 
of the elastic forces, but Van Vleck’s evaluation of this possibility 
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Fig. 6. 0.) = 2% T,, for iron ammonium alum and a number of diluted alums 
as a function of the parallel field H, 
v Fe NH,(SO,),-12H,O Rs DOU 
© Feo 23 Alo 77(SO4).:12H,O : 7 = 1.645° K 
© Fe o59 Alogag(SOu)g°12H,O 3 Z' = 1.727° K 
O Feo o16 Alo.oga(SOu):12H,0 ; 7 = 1.706° K. 


makes it plausible that at the lower temperatures other mechanisms, 
e.g. transport by the oscillators “on speaking terms” to crystal 
boundaries or defects where the transformation may be easy, must 
prevail. 

A very provisional evaluation of this last case *, energy transport 
by oscillators ‘‘on speaking terms’’, has led to the prediction that 
Tay CO (6+CH?)T*c-*) for small values of H, and 1,, co H717-c for 
large values of H,, where c is the concentration of the magnetic lons 
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(6 and C increase with rising c). These predictions account for a 
number of data. However, it looks as if for relatively large values 
of c and 7’ a mechanism that depends more rapidly on 7 (e.g. the 
anharmonicity mentioned) may also play a réle, while in powders of 
high magnetic anisotropy 7° the exchange of heat between different 
particles may come into the picture. The theoretical analysis of the 
behaviour of the oscillators ‘‘on speaking terms” is in a shockingly 
primitive state and it is quite possible that a more thorough theoretical 
consideration would immediately clarify the situation. 

Eschenfelder and Weidner 2’ have studied the so-called saturation 
of paramagnetic resonance by supplying high microwave power to 
certain magnetically diluted crystals. From this study, relaxation 
times t could be derived which are considerably shorter than those 
obtained by straight forward relaxation measurements, and which 
are approximately inversely proportional with 7-! and independent 
of c, in agreement with the original theoretical expection for the 
bottleneck caused by absorption and emission of phonons. Preliminary 
results obtained in Leyden suggest that this, however, only applies if 
the spin temperature is considerably increased above the bath tem- 
perature. This would indicate that if the effective temperature of the 
oscillators “‘on speaking terms” is sufficiently high, the transformation 
of their energy into heat causes no difficulty so that the bottleneck 
again would be that between the spins and the oscillators “‘on speaking 
terms’. For these cases then Temperley’s explanation would have 
to be abandoned, which explanation also seems to be in disagreement 
with certain temperature dependences of t. 


4, Relaxation in the Spin System 


In § 2 it was noted that in many cases at liquid air temperatures, 
and above, x” is satisfactorily described by Eq. (15), with the quantity 
(1— F) 7’ in the last term independent of temperature. In some cases, 
however, deviations are found and one might try to test the formula 
proposed by Shaposhnikov *8 for the case that the ratio between the 
internal spin-spin relaxation time t’ and the spin-lattice relaxation 
time t is not very small. The obvious way, however, to eliminate the 
influence of t is to reduce the temperature and then to utilize angular 
frequencies w > 171. This is done by going to liquid hydrogen tem- 
peratures, where in many salts 7 is of the order of 10~* or 10~ sec, 
which leaves the easily accessible interval between 10° and 10% Hz, 
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available for the Saie of absorption and dispersion phenomena inside 
the spin system. So far these phenomena are found to be independent 
of T but the last term is (15) is too simple to describe them ™ *°. 

Let us consider the measurements on some salts of the iron group 
and first fix our attention on the dependence of y” on H, at constant 
values of the frequency. The Fig. 7, 8 and 9 give a few examples of 
this dependence; the dotted line gives y"/7z,-9 =1—F which should 
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Fig. 7. 4” relative to its value in zero field as a function of the parallel field 
H, for CrK(SO,),-12H,O at 20.4° K 
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be followed if (15) would apply with a value of t’ which would not 
depend on H.,. 

Considering these data one finds that the substances investigated 
arrange themselves in three groups viz. 


A: those having an anomalously high x" in low fields (examples: 
rCK(SO,),-12H,0, CrNH,(SO,),-12H,0, CrNH,CH,(SO,),-12H,O; 
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Fig. 10. y”/y) as a function of the frequency vy = w/2x for different values of 
H, in CrK(SO,),-12H,O at 20.4° K. 


B: those having a rather steep fall of y”-in low fields but an extra 
contribution in much higher fields; examples: FeNH,(SO,).-12H,0, 
Mn(NH,).(SOq).- 6H,0 ; 


C: those behaving normally in low fields (y” co 1—F) but also 
having an extra contribution in higher fields: Cu(NH,).(SO,).-6H,0. 


The Fig. 10, 11 and 12 give y” as a function of the frequency for a 
number of H,-values 2’. The extra absorption occurring in low fields 
in the salts of group A shifts to higher frequencies when the field H, is 
increased. The extra absorption in B salts, however, occurring in high 
fields, shifts rapidly to lower frequencies upon increase of H,. 

The salts of the three groups A, B and C distinguish themselves 
by the ratios of the electric splittings W,,—W, to the magnetic 
broadening of the energy levels which is of the order of M,,H, (see § 1). 
In the salts of group A the electric splittings are considerably larger 
than the magnetic broadening. In those of the group C the opposite 
is the case while in group B the two are of the same order of magnitude. 
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Fig. 11. "/y) as a function of the frequency v = w/2z for different values of 
H, in Cr(NH,CH,)(SO,),-12H,O at 20.4° K. 
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This characterisation of the three groups is confirmed by observations 
on salts originally belonging to B, in which the magnetic broadening 
is reduced by diluting the magnetic ions by non-magnetic ions of 
the same valency (see Fig. 13). These diluted salts, then, range them- 
selves in group A. 

Fig. 14 gives a series of measurements on y’ as a function of H, at 
20.4° K in CrNH,(SO,),.-12H,O, which salt belongs to group A while 
Fig. 13 refers to a series of diluted iron alums. 

Bélger *1 in Leyden and the school of Kozyrev and Altschuler in 
Kazan ** have measured y” at the microwave frequency 9.4 x 10° Hz 
in salts of group B and found that it decreases faster with H, than 
1— F does. This indicates a rapid displacement of the absorption band 
but measurements at more frequencies are required to decide whether 
the displacement with rising H, is towards higher frequencies, as has 
been suggested by Shaposhnikovy **, or towards lower frequencies, as 
would agree with the results described above. 

The theory of these phenomena inside the spin system is still not 
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Fig. 12. x” in arbitrary units as a function of the frequency v = w/2z for 
different values of H, in Mn(NH,),(SO,),-6H,O at 20.4° K. 
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in too satisfactory a state but it has already an interesting history. 
In 1938 Kronig and Bouwkamp 2° considered the relaxation in the 
absence of an electrical field and of exchange interaction. They 
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Fig. 14. '/x% as a function of H, for Cr(NH,),(SO,),-12H,O at 20.4° K at the 
following frequencies 
a: 0.15 MHz; b: 0.50 MHz; c: 2.00 MHz; d: 9.68 MHz and e: 19.36 MHz. 
Curve a is identical with 1 — Ff. 
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suggested that the decisive condition for the change of orientation of 
a spin is that the momentary vector sum of the external field and the 
fluctuating internal field happens to be zero. In zero external field 
this leads to a relaxation time calculated by Waller 1* to be of the 
order of Af-1H;} (see § 2), but in an external field H,>H, the vector 
sum zero would be a much rarer event and this would lead to a 
relaxation time proportional to exp (H?/H?). 

In 1942 Broer 34 remarked that, in the presence of an electrical 
splitting this reasoning would only apply to that part of the variation 
of the magnetization caused by a variation of the field, which was 
determined by the diagonal elements of the magnetic moment (see 
§ 1). The non-diagonal moments would give rise to an immediate 
contribution which would not be subject to relaxation at all below 
the resonance frequency (W,,—W,)/h. For the case of a Crt+**-ion in 
a cubic field he calculated the sum of contributions of the non- 
diagonal elements as a function of the H,. Taking into account that 
the diagonal elements wiil also give a contribution to y,;, as long 
as H, is not much larger H;, Broer predicted for Cr-alum a rather 
complicated curve for y,4, as a function of H,, which should be observed 
already at a frequency of the order of 10 MHz but of which until 
then no indication had been observed. 

Thus he concluded Kronig and Bouwkamp’s reasoning not to 
apply and in a subsequent paper * he gave theoretical arguments for 
that, coming to the conclusion that t’ should remain of the same 
order of magnitude when an external field is applied and even decrease 
somewhat. 

But it has now been found that the conclusion then drawn from 
the experimental data was incorrect since they were perturbed by 
spin-lattice relaxation. The results reproduced in Fig. 14 for the 
highest frequence are almost indentical with Broer’s rejected prediction 
of 1942. 

So it appears now that Kronig and Bouwkamp’s treatment gives 
the right answer. The results observed for the substances of the 
groups B and C are essentially in agreement with Kronig and Bouw- 
kamp’s prediction that, when H,>> H,, the relaxation time will shift 
rapidly to higher values, though perhaps the shifting is not quite so 
rapid as was expected. In the salts of group A the observed adiabatic 
susceptibility has—as mentioned—the expected characteristics. 

The behaviour of the relaxation times in this group still under 
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investigation. But it is clear already that, in the presence of an 
electrical splitting W,—W,, it is not necessary that the external 
field and the fluctuation field just compensate each other in order to 
enable a spin to change its orientation. It may even be more effective 
if the vector sum of the two fields causes two energy levels just to 
cross over so that W,— W,=0. This generally occurs at fields higher 
than corresponds to the maximum of y,(1—¥)—y,,; and thus the 
relaxation times in salts of group A may have a tendency to decrease 
at an increase of Z.,. 

Still many data have to be collected andthe theory is wanting to 
be brought to a more irrefutable formulation. 

Finally the problem of the influence of exchange interaction on 
relaxation in the spin system should be mentioned. Quite early * it 
was found that in salts with strong exchange interactions (e.g. 
CuCl,-2H,O; MnSO,) the absorption due to relaxation in the spin 
system is abnormally high or—in other words—that vt’ > #p—1H>1. 
This was even one of the basic facts which led to the notion of exchange 
narrowing ® which later was mainly ®’ but not exclusively * applied 
to the bands of paramagnetic resonance. Recent observations at 
angular frequencies of the order of (t’)~! lead to interesting results. 
In a remarkable paper Bloembergen and Wang *® showed that the 
increase of tr’ by exchange is also observable in the so-called saturation 
of paramagnetic resonance by a high power microwave field. They 
called the attention to radicals like diphenyl trinitro phenyl hydrazine 
but largely overestimated the exchange interaction *? in them. It 
seems that further experimental and theoretical research also about 
this topic is wanted. 
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Introduction 


Atomic nuclei, which have a spin J different from zero, may be 
oriented, that is, the nuclear angular momentum may have pre- 
ferential directions in space. The energy differences associated with 
such orientation are very small, because they are proportional to the 
very small nuclear magnetic moment or electric quadrupole moment. 
In order to avoid the disturbance of the nuclear orientation by the 
thermal motion, the majority of the methods for nuclear orientation 
uses very low temperatures. The possibility of utilising oriented 
nuclei has a number of interesting consequences for nuclear physics. 


1. Theoretical Results on Nuclear effects with Oriented Nuclei 


We give a short summary of the ways in which orientation may be 
detected by the methods of nuclear physics (for a more extensive 
review see ref. 26, more concise, earlier reviews are given in 4 and 8). 
We further discuss the interest which these experiments have for 
nuclear spectroscopy. 

If we have a collection of oriented nuclei (with nuclear spin J) 
so that the system has an axis of rotational symmetry y, the orienta- 
tion of the nuclei may be characterized by the populations a,, of the 
different states with magnetic quantum numbers m= —I,...,+J 
with respect to the axis y. We normalize the a,, in such a way that 


¥ — " y “7” i “= “4 
é 
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Xn~—1%m= 1, 80 that the orientation is characterized by 27 independent 
parameters. In the theoretical formulae, it is preferable to use certain 
parameters /,(/) (degree of orientation of order k) instead of the 
a, in order to characterize the orientation. For k=1, 2, 3, 4 they are 
given by (for the general definition see ref. 19): 


f= (1) 2q m Om 
fe = (1/L*) (2p, 1? dn —$ I (I+1)] 
fy = (1/Z°) [2,, m5 ag —+ (312+ 32—1) 5, 1 dy] (1.1) 
fa = (1/T4) [Zp 4 dy — 4 (612+ 61 —5) 3, m2 Oy + 
+ I(I=1) ([+1) (I+2)]. 


These parameters have the property that they become zero if there 
is no orientation (all a,, equal); also f,(Z)=0 for k>2I. 
We speak of orientation of a system of nuclei, if not all a,, are equal. 
If the positive and negative y directions are equivalent, then all 
odd f,=0 and we speak of alignment. If these directions are inequiv- 
alent, then some odd /,+40, and we speak of polarization of the nuclei. 


a. ABSORPTION OF NEUTRONS BY PoLARIzED NvucuLeEt! 

The absorption cross section for polarized neutrons by polarized 
nuclei will depend in general on this polarization. If only a compound 
state with a definite nuclear spin J,= +4 can be formed, the 
polarization dependence of the cross section is given by 


dé 
o=o(lt+zahh), if 1-I+4 (1.2) 


and 
o = 0, (1—f, ff) ; tf l,=I-43 (1.3) 


(f, and /* are the parameters according to (1.1) for the nuclei and 
neutrons respectively). 

Tt follows from (1.2) that an effect linear in /, can be observed if the 
transmission of polarized neutrons through a sample of polarized 
nuclei is observed; analogously the part of an unpolarized beam of 
neutrons transmitted through such a sample will be partially polarized, 
proportional to /,. The transmission of an unpolarized neutron beam 
through a thick sample of polarized nuclei depends also on the polar- 
ization, but this is only an effect in ff. 

If we have an (n, y)-reaction, a polarization of the compound state 
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will generally result, even if we irradiate a sample of polarized nuclei 
with unpolarized neutrons. It follows (cf. b) that the emitted y-radiation 
may show as well directional anisotropy, as linear and circular 
polarization. 


b. Emmission of GAMMA RADIATION FROM ORIENTED RADIOACTIVE 
NUCLEI 

If gamma radiation is emitted from oriented nuclei we may observe 
as well an anisotropic directional distribution as linear and circular 
polarization. The theory was developed by Spiers?, Tolhoek and 
Cox 1 11,14 19 and Steenberg ® * 18, We want to elucidate some features 
‘by giving the formulae for the directional distribution W(%) for two 
simple cases: (? is the angle of the direction of emission with the 
y-axis of rotational symmetry) 
Dipole radiation; nuclear spin change from J > I[—1 


4 W (8) =1+3 Ny f, P, (cos ). (1.4) 
Quadrupole radiation; nuclear spin change from I —>I-2 
4W (8) =1- 12 Nf, P (cos 8) —5N, f,'P, (cos 8). (1.5) 
N, and N, are given by 
Ng=1/(2Lf—1) ; Ng=J3/(—1)(22 —1)(27 — 3), (1.6) 


P, and P, are Legendre polynomials. 

These formulae show for two simple cases that: 

(1) the directional distribution depends only on P,(cos #) of even 
order (equivalence of positive and negative y-direction); 

(2) W(®#) depends only on even f, not on odd f,; 

(3) the highest order k for f, and P,(cos #) which can occur for 
2"-pole radiation is k=2L; 

(4) the directional distribution does not depend on the magnetic 
or electric character of the 2¥-pole radiation. 

Similarly we want to give the formulae for the polarization of the 
gamma radiation in these cases. We represent a state of polarization 
by a real vector § in a 3-dimensional polarization space (Stokes 
parameters 1%): the unit vectors in the positive directions of the three 
AX€S (X1, Xe, Xs) Tepresent the two states of linear polarization (with 
polarization planes rotated over 45°) and the state of left circular 
polarization x, (=x 3). Opposite directions represent orthogonal states. 
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The state of linear polarization for which the electrical vector lies in 
the plane determined by y and the direction of emission k, is represented 
by x, (=x,)- The magnitude P= || determines the degree of polariza- 
tion of the emitted radiation (0<P<]1). § is given by the following 
for mulae in the same cases, as were mentioned above (W(#) according 
to (1.4) and (1.5)). 


Electric dipole radiation; (I, I-1) 


W (8) §= —3. Ng fy (1—cos? #) y+ 3, f, (cos 9) x, (1.7) 
Electric quadrupole radiation; (I >+I—2) 
W(8)5=[4? No fy (cos?d—1) + 2° Ny f,(—Tcos*d + cos?9—1)] y+ 
+[2N, f, cos 0+5N, f, (—5 cos? 3+3 cos B)] x,, (1.8) 
N,=1,N, = 2] (f—1). (2I—1). 


We may formulate some general rules concerning the polarization 

effects : 

(1) the plane perpendicular to y is a plane of symmetry for the linear 
polarization (as it is for the directional distribution); 

(2) the linear polarization (coefficient of y,,) depends only on even f,; 

(3) the circular polarization (coefficient of x,) depends only on odd f,; 

(4) for the case of magnetic radiation the sign of x,, must be changed 
relative to the corresponding formulae for the electric case, while 
the sign of x, remains unaltered. 

Hence we see that circular polarization will occur for polarized 
nuclei, but not for aligned nuclei. 

It should be noted that multipole radiation may have a mixed 
character, e.g., mixed magnetic dipole and electric quadrupole. 
Already small admixtures can have an appreciable influence on the 
properties of the emitted gamma radiation. (For explicit formulae for 
mixed radiations cf. ref. 21). 

If there is a cascade of two or more gamma transitions, a directional 
correlation of two gamma rays can be observed already for unoriented 
nuclei. For oriented nuclei the directional correlation is changed (we 
obtain functions of 3 directions: the axis yn and the two directions of 
emission k, and k,). The theory was worked out by Cox, De Groot and 
Tolhoek 7 1316 (See also ref. 22). The result is given by rather com- 
plicated formulae for which we refer to the original papers. It depends 
on parameters /, of even order. The study of these directional correla- 
tions may have a certain interest in addition to the study of the 
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individual directional distributions of two gamma rays, as it depends 
on more parameters /,. For example, if wé have a cascade of two 
quadrupole transitions, the directional distributions measured in- 
dependently depend only on f, and f,, the directional correlation 
depends, however, as well on /, and f, so that the directional correlation 
may be more sensitive to certain features of the orientation of the 
initial nuclei. This may be of interest for the study of the orientation 
mechanism (cf. § 2) or even for spin assignments. 

The influence of transitions preceding the gamma radiation * \ 2 2, 
Except for the isomeric transitions (and no nuclei or at most very 
few nuclei showing isomeric transitions can be oriented by the present 
methods) the lifetimes for gamma transitions are too short to use 
them directly in nuclear orientation experiments. Hence the usual 
experimental situation will be that the gamma transition is preceded 
by a beta transition (or possibly an alpha transition) with a lifetime 
sufficient, for example, to grow a crystal including the nuclei which 
must be oriented. It may also be that we have a cascade of several 
gamma rays, so that the second gamma ray is preceded by one beta ray 
and one gamma ray (cf. Fig. 6 and 10). It is possible to derive formulae 
connecting the orientation parameters /, for the initial and final 
states for beta or gamma transitions, preceding the gamma transition 
which is studied. This connection depends on the nuclear spins in the 
initial and final states and on the multipolarity of the transition in 
between (order of forbiddenness for a beta transition). It can be 
generally shown that a parameter /,(J,) for the state with nuclear 
spin J, depends only on the degree of orientation f,(Z)) for the initial 
state of the same order k. An example of a relation between },(J,) 
and f,(Io) is: ; 


N;, (Ji) he (Z;) = N, (Lo) fe (Lo). (1.9) 


This is valid if 1) > J,=I,—L; N,(Z) are the same numbers as used 
in (1.6) and (1.8). The formula is valid for a 2’-pole gamma transition 
between J, and J,, or for a beta transition, if the relevant matrix- 
element is characterized by L (roughly the order of forbiddenness), 
e.g., L=1 for an allowed beta transition determined by the nuclear 
matrix element {o. For general formulae and explicit formulae for 
other special cases connecting the /, in the states with spin J, and I * 
we refer to ref, 14 21, 


All these formulae are derived under the assumption that no appr eci- 


4 
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able precession of the nuclear spins takes place in the intermediate 
states. It was shown experimentally that this holds very well, for 
the intermediate state between y, and yg for Co 1, The possible 
influence of precession of the nuclear spin in intermediate states was 
discussed in some papers 7° 27,117 and is analogous to the influence of 
this effect in directional correlations 4. 


ce. DIRECTIONAL DISTRIBUTION AND POLARIZATION OF Brera RaptA- 
TION EMITTED FROM ORIENTED NUCLEI ? & 26 


Although no experiments have been performed on beta radiation 
from oriented nuclei, we want to survey the theoretical results derived 
by Tolhoek and de Groot. 

For allowed beta-transitions® the directional distribution remains 
spherically symmetric for any state of nuclear orientation (at least 
if the £-interaction is taken to be invariant for Lorentz transformations 
including reflections of space). However, a polarization of the emitted 
beta radiation must be expected for polarized nuclei (/,4 0). The degree 
of polarization of the electrons may even be unity for completely 
polarized nuclei. We may characterize the polarizations of electrons by 
a (3-dimensional real) vector ¢ specifying the direction of the electron 
spin (in a coordinate system in which the electron is at rest), while 
the magnitude P=|¢| gives the degree of polarization (0<P<1). 
We give the result for the polarization of electrons emitted with 
direction p for the case J, > J,—1 


C=h n/E+p p cos 0/# (£+ 1)] (1.10) 


(n, axis of rotational symmetry; /, is taken for the initial state with 
spin J,; we write p-n=p cos 0; H is the electron energy including its 
rest energy; we use units such that #=1, c=1, m,=1). It follows 
from (1.10) that for emission in the direction of n, ¢ has the direction 
of p, while P=f,; for emission perpendicular to y, ¢ is perpendicular 
to p and P= ,/E. 

In principle measurements of the polarization of the emitted 
f-radiation may provide a means to decide the relative sign of the 
contributions of the scalar and tensor interaction in f-radioactivity °. 
Dolginov pointed out that measurements of the circular polarization 
of the Ka and Kaz X-rays emitted after K-capture may give the 
same information *8*. However, both measurements are very difficult 
with the present experimental technique. 
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For forbidden beta-transitions 1% °° we may ahave as well a directional 
distribution of the beta radiation, which differs from spherical sym- 
metry, as a polarization effect. However, this effect in the directional 
distribution will only occur for those forbidden beta transitions with 
a beta spectrum which differs from the “allowed’’ shape (that is for 
the same beta transitions for which the 6—y correlation function 
differs from isotropy, if the 6 is followed by a y). A group of first 
forbidden beta transitions with AJ= + 2 and change of parity is 
the best-known group with this property. As an example for a 
directional distribution we give the formula for the case I, > [,—2 


£W(3)=1—3 uNofeP, (cos 3) (1.02) 


where w= (H?—1)/[#?—1+(H,—£)*] is a function of #, which varies 
from 4=0 for H=1 to w=1 for H=EH, (maximum energy of the beta 
spectrum). Hence we see that the anisotropy of the directional 
distribution is most pronounced for the electrons of the highest 
energy. 

Recently Lee and Yang 78° have suggested to investigate in detail 
the possibility for parity non-conservation for the so-called weak 
interactions, to which the f-interaction belongs. Their suggestion 
originates from the observation that the t+ and 6+ mesons have the 
same masses of 966 + 2 m, and the same lifetimes of (1.2 + 0.2) x 10-8 
sec, within the experimental errors. It is tempting to suppose that 
the t+ and 0+ mesons represent only different modes of decay of the 
same particle, but in view of what is known of these decays, this 
seems only to be possible if parity is not conserved in the weak inter- 
actions which determine their decay. Lee and Yang showed that the 
experimental evidence for parity conservation for weak interactions 
is very meagre, but that the angular distribution of B-rays emitted 
from oriented $-emitters provides one of the most suitable experiments 
sensitive to a possible non-conservation of parity (which means that 
the laws of nature would no longer be invariant for reflections of 


space). The angular distribution of the 6-rays may then contain a 
cos ?-term 


W (8) c~ wo(itad f, cos 3) (1.11a) 


where for an allowed J + I—1 £-transition, « is given by 


— 20nCr 
- oF (1.110) 


yey ee 
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if we assume that the f-interaction contains the tensor-interaction, 
but no axial vector interaction. The constants C,, and C% are the 
(real) coefficients, with which the normal tensor interaction and a 
non-parity conserving tensor interaction (for which the mathematical 
expression is obtained by adding a y,;=y,yeygyq factor to the Dirac 
operator combining the lepton fields) are combined as a linear com- 
bination. We notice the remarkable fact that (1:1la) does not satisfy 
the usual symmetry of the angular distribution for reflection at a 
plane perpendicular to the axis of orientation y, which symmetry 
follows by a simple argument, once the invariance of physical laws 
for reflections of space is accepted. The present experimental technique 
should allow in this way to check with a considerable accuracy 
whether parity is conserved in the f-interaction. 


d. DrIrREcTIONAL DISTRIBUTION ,OF ALPHA PARTICLES EMITTED FROM 
ORIENTED NUCLEI ? 28 


As alpha particles have spin 0 no polarization effect can exist, 
but the directional distribution may differ from spherical symmetry 
depending on the orbital angular momentum /, with which the 
«-particle is emitted and the initial and final nuclear spins J, and J,. 
Since the alpha particle is a boson, the possible values for / are either 


233 209 


Fig. 1. Decay scheme of 283U. Figure from Bohr, Fréman, Mottelson 24%, 


. - 
\ 1 = 
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1=0, 2, 4,... or J=1, 3, 5... according to whether the parities of the 
initial and final states are the same or not. | 
The directional distribution of alpha particles has a special interest 
for the theory of alpha emission for the following reason: an interesting 
group of alpha emitters are the heaviest nuclei with a strong intrinsic 
spheroidal deformation, having rotational levels as a consequence. 
The alpha energies show a “‘fine structure” because of these rotational 
levels. A typical scheme is represented in Fig. 1, in which the pre- 
dominant orbital angular momenta of the emitted alpha particles 
are given. It follows that the directional distribution of x, and a, is 
fixed by the value of I,; however, the directional distribution of the 
ground to ground transition «, depends essentially on the interference 
of the 1=0 and /=2 emissions. The directional distribution of «, is 
given by (I=1,=1,) *® 
“ 1 t 15 (22 —3)(22+5 
4W(8)=1+ [-6 V5 (aa) Oy Ag+ SET a3 Ky foP» (cos?) + 


45 
(21 —1) (21-+3) 


(1.3 


a8 az K,f, P, (cos 3) 


with 
K,=I1/(I+1), K,= 1/(1+1) (1.13) 
The numbers dy and a, are real (a3+a3=1) and a,/a, determines the 
relative importance and sign of the /=2 and /=0 waves, which is of 
much interest for the theory of alpha disintegration (it is related to 
the problem whether the alpha particles are emitted from the “‘tips”’ 
or the “equator” of a ‘‘cigar-shaped’’ nucleus 17 20 24), This information 
can only be obtained from the directional distribution of alpha 
particles from oriented nuclei and not from «—vy directional cor- 
relations, as by this latter method only «, and «, can be investigated 
(in the scheme of Fig. 1), which do not show the interesting interference 
of J=0 and J=2 waves. 


e. FISSION OF ORIENTED NUCLEI. 


If fissionable nuclei with spin 140 are oriented, one has to expect 
that the fission products formed in spontaneous fission or by slow 
neutron irradiation will have a directional distribution which is no 
longer isotropic. It is possible to make a number of theoretical pre- 
dictions on this directional distribution depending on what connection 
is assumed between the average nuclear shape (which has already a 


a 
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strong spheroidal deformation for nuclei such as U and Np) and the 
nuclear surface in the scission configuration. As the nuclei U and 
Np have al readybeen oriented, the experiment of directed fission 
seems quite feasible and interesting for testing some points of fission 
theory. 

The determination of the nuclear spin of a compound nucleus formed 
after neutron absorption by a heavy nucleus and leading to fission 
might be carried out according to § la, and is of interest for fission 
theory 87, 


2. Methods for Orienting Nuclei 


In this section the different proposals for orienting nuclei will be 
reviewed, in particular those making use of low temperatures. 


a. EXTERNAL FIELD POLARIZATION 


In 1934 and 1935 Gorter °°, Kurti and Simon *! pointed out that 
nuclei could be polarized at sufficiently low temperatures by the 
interaction of the nuclear magnetic moment with a magnetic field. 
In 1939 Simon *° considered this in more detail. (Sometimes this is 
referred to as the “‘brute force method’’). In thermodynamic equi- 
librium the populations a,, of the states with different magnetic 
quantum number m are given by the Boltzmann distribution 


Om “exp [—EH,,/kT] « (2.1) 


where H,, follows from the part wH-I of the Hamiltonian describing 
the interaction of the magnetic moment wu of the nucleus with the 
external magnetic field H: 


E,, =tHm|I = gyuyHm (2.2) 


(I nuclear spin, gy gyromagnetic ratio of the nucleus, my nuclear 
magneton = (0.505038 + 0.000018) x 10-?% erg/oersted). Hence we have 


Om exp (—fBm) with B= gyuyH [kT =uH/[IkT. (2.3) 


The degrees of orientation /, may be calculated immediately from the 
populations a,, according to (2.3). Explicit formulae for f,, j,, f, and f, 
valid for any # and I are given by Poppema 1% (see also ref. 81), 
as well as graphs for f,, fe, fs, fy for values of J up to J=5 and values 
of 6 from 0 to 5. For small values of 6 (hence not too low temperatures) 
we have that /,© fp*~ 1/7”. 
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In order to obtain an appreciable orientation with this method a 
combination of a high magnetic field and a low temperature is 
required. For example one calculates that for a polarization of 20 % 
({,=0.2) for protons (u~=2.79 wy) a value of 1.95 x 108 oersted/°K is 
required, hence, e.g., about 20.000 oersted at 0.01° K. The experimental 
difficulty in satisfying these conditions is that temperatures of the 
order 0.01° K are obtained by adiabatic demagnetization, while here 
the very low temperature and the high magnetic field are required 
at the same time and place (see also ref. 65). It should be possible 
to attain this by carrying heat away through heat conduction from 
the nuclear sample in a high magnetic field to the coolant para- 
magnetic salt, which has been demagnetized. However, the low heat 
conductivities of these salts and the very poor heat contacts at 
these low temperatures present a formidable difficulty for this 
method. One may hope that in the near future a cooling of a nuclear 
sample to about 0.02° K and a polarizing field of say 50.0009 will 
be attainable. 

If then one should succeed in breaking the thermal contact with 
the coolant salt, a demagnetization of the nuclear sample should give 
a further, appreciable decrease in temperature. 


b. ORIENTATION BY MEANS OF HYPERFINE STRUCTURE SPLITTINGS 
IN SOLIDS 


In .1948 it was suggested independently by Gorter ® and Rose %¢ 
that the magnetic h.f.s. splittings occurring in paramagnetic ions 
might be a suitable tool for orienting nuclei, since they correspond 
to a coupling of the nuclear magnetic moment with atomic magnetic 
fields, which may be of the order of 105— 10° oersted, higher than can 
easily be obtained in the laboratory. It results that the energy levels 
corresponding to different magnetic quantum numbers m of the 
nucleus may be farther apart than is obtainable in the “brute force 
method’, hence causing a higher orientation at the same temperature. 
Since 1948 a number of different suggestions was made corresponding 
to different circumstances in which h.f.s. splittings in solids may occur. 


We discuss: 


1. Magnetic h.f.s. alignment (Bleaney) 
2. Magnetic h.f.s. polarization (Gorter—Rose) 


td ie 
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3. Electric h.fs. alignment (Pound) _ 
Magnetic h.f.s. alignment in an antiferromagnetic substance 
Magnetic h.f.s. orientation in a ferromagnetic substance. 


a 


In order to explain these methods in more detail we make use of 
a discussion of h.f.s. in crystals as given by Abragam and Pryce 4° 
and by Bleaney *! #2. They show that in many cases the h.f.s. splitting 
for paramagnetic ions in crystals can be derived from a “phenomeno- 
logical’? Hamiltonian of the form 


H =|D [S?—4 S(S+ 1)] +9 aa:) H, S.tg91 Mz (H, Ret, S,) a 
+ [A S/T,+ B(SAl.+S8/5)] + (2.4) 
+eQ (0?V /dz*) (32? —I(I+1)]/[42(22 —1)] —gy uy H-S + G(S, 8’). 


In this formula S is the spin angular momentum of the atomic 
electrons (which may sometimes be an “apparent electron spin’’); 
Q@ the nuclear quadrupole moment; 0?V/dz? is the second derivative 
of the potential of the intercrystalline electric field; G(S, 8S’) represents 
spin-spin interactions between neighbouring ions (it is often neglected ; 
see, however, ref. 47 and 74); direct nucleus-nucleus and nucleus- 
neighbouring ion interactions are omitted from the Hamiltonian 
(D, 9,,9,, 4 and B are constants). The Hamiltonian (2.4) is only 
valid if the crystalline field has rotational symmetry about the z-axis. 

In order to derive the orientation of the nuclei at a certain tem- 
perature 7’, the h.f.s. must first be investigated theoretically and 
experimentally so that one knows the values of the constants in (2.4) 
and the resulting energy levels. Let Y, be the eigenstates of the 
Hamiltonian (2.4) and H, the energy belonging to W,. In general the 
Hamiltonian will not be diagonal in J,, so that the states Y, will 
be mixtures of states with several m (magnetic quantum number 
belonging to J,): 

P= Xm Cn Om: (2.5) 


The probability for having a state Y,, in thermodynamic equilibrium 
at temperature 7’, is according to Boltzmann’s law: 


w, = + exp [—E,|kT];; Z='E, exp (—E,/K). (2.6) 


The probability of having a certain value of m is now given by 


et Mn, | Oral 2 (2.7) 
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The values of the degrees of orientation he can be calculated immedi- 
ately, once the populations a,, are known. 

After these general remarks we give a more detailed discussion of 
the methods proposed and at the same time of the meaning of the 
couplings represented by the different terms of (2.4). 


1. Magnetic h.f.s. Alignment. (Bleaney) *» 4% 4% 5% 74 


- No external magnetic field is used. In this case the Hamiltonian 
(2.4) becomes, when the quadrupole coupling and spin-spin interaction 
are neglected 


H = D(S2—48(S+1)]+A8, 1,+B(S,1,+S,1,). (2.8) 


If S=4 there is no contribution of the first term. Further in some 
crystals |B] <|A|. 
In case B=0, the Hamiltonian is simply 


ae = AST. (2.9) 


One then sees immediately that there are 2+1 doubly degenerate 
equidistant levels; the levels with [,=m, S,=m, and I, = —m, 
S,= —m, having the same energy. We may say for 4>0, that the 
states with I and S antiparallel—either in the positive or negative 
z-direction—have the lowest energy; the highest energy occurs for 
parallel I and S (in the positive or negative z-direction). Hence an 
alignment results for low temperatures connected with the preferred 
crystalline axis, which we call the z-axis. It follows that the populations 
are given by 


Um © [exp (A/2kT)m +exp(—A/2kT)m|=cosh(A/2kT)m (2.10) 


Comparing with (2.1) and (2.2), one sees that this gives the same 
values for the even f, as under a, if B= A/2kT so that the f, can be 
calculated in the same way as under a. The odd f, vanish for the 
population (2.10). Hence we have alignment and no polarization. 

The coefficients A arise from the coupling of the nuclear magnetic 
moment with an internal magnetic field, so that A is proportional 
to the g,-value, if one has different nuclei of equal Z in the same 
crystal. 

Explicit formulae for the populations a,, for the case D=0 and 
B<A are given by Steenberg*” with the aid of perturbation 
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calculus. Gray and Satchler > give some numerical results for f,, 
0<fB<1 and B/A # 0. Simon, Rose and Jauch* give an explicit 
formula for /, for B40, D=0, which is the first non-vanishing term 
of an expansion in B= A/2kT, and also a correction for the case D+0 
(see also ref. 81). As in experiments rather high values of f (of order 1) 
can be reached, such an expansion will often be insufficient. 


2. Magnetic h.f.s. Polarization (Gorter and Rose) 35 36 47.57 

The idea of this method is to orient S of the paramagnetic ions by 
means of a weak external magnetic field (a few hundred oersted) and 
to use such a low temperature (obtained by adiabatic demagnetization) 
that the I-S coupling forces the nuclear spin to follow S in its orienta- 
tion. The important terms of the Hamiltonian (2.4) in a case, where 
this method will apply, are 


H = gy UeS,H, +9, Us (S, A. +S, H,) + AS, 1+ B(S,L,+8,1,). (2-11) 


Let us take as an example B=0 and a magnetic field H,=H in the 
z-direction. The Hamiltonian becomes (G=g, u,H) 


H =GS,+ AS, I,. (2.12) 
It has as energy eigenvalues 
En,.m = ™, (G@+Am]. (2.13) 
The resulting populations for S=} are 
A, NDE Y—Fm 4. GV FB™ (yy —= GALT; B = Al2kT).| (2.14) 


From this it follows that the degrees of orientation, as functions of 
y and f are given by (see ref. 81) 


(fi (y = 0, B) even kj 
((tgh y) fly = 0, B) = fi f(y = 9,8) odd k\ 


fi=tghy is the degree of polarization of the electron spins. The 
fe (v=9, B) are identical with the /,(f) from a. We see that this method 
allows polarization of nuclei, not only alignment. This means that 
experiments such as on neutron absorption, circular polarization of 
emitted gamma radiation or polarization of beta rays may be done 
with the aid of this method, but not with method 1. In the general 
case (B40) the populations a,, are not given by the simple formula 
(2.14), but they follow immediately if one has a formula for the 


f(y, 8) = (2.15) 
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energy levels of the h.f.s. (see Bleaney *» ” , Trenam 58 and Steenberg*’). 
Some explicit formulae for /, are given res ‘Simon, Rose and Jauch * 
but they give only the first term in an expansion to powers of f. 
A formula for /, (expansion up to second order in f) is given by 
Van Vleck **. 

At the present time quite a number of nuclei of the 3d-transition 

group and of the rare earth group have been oriented by the magnetic 
h.f.s. methods. From microwave studies **” several crystals are 
known where the constants A and B reach values of the order of some 
hundredths of a degree. Thus, if one cools the nuclei down to tem- 
peratures of the same order of magnitude an appreciable nuclear 
orientation is to be expected. It has been proved that the most 
suitable way for cooling is by incorporating the nuclei in a para- 
magnetic crystal in which nuclear and electron interactions are small 
so that it can be demagnetized adiabatically to temperatures well 
below the temperature corresponding to the overall h.f.s. splitting 
of the nucleus to be oriented. Only recently h.f.s. splittings of radio- 
active nuclei have been measured directly by the paramagnetic 
resonance method. Usually only the h-f.s. splittings for the stable 
isotopes are known. In the case that large h.f.s. splittings are to be 
expected an indirect cooling might be possible, but in general it is 
not easy to obtain temperatures below 0.05° K in this manner. When 
the radioactive ions are incorporated in the demagnetized crystal 
itself, replacing a small part of the cooling ions, one may expect such 
good heat contact between the radioactive ions and the cooling ions 
that the measurements can be interpreted assuming complete thermal 
equilibrium. 

Suitable cooling salts. The following salts have proved to be suitable 
cooling substances. 

Copper Tutton salts (typical formula Cu*tM}(SO,),-6H,O, 
where M+ may stand for K+, (NH,)+, Rbt,...) are useful for in- 
corporating divalent radioactive ions of the 3d-transition group. 
In these salts only a single electronic doublet level is occupied at low 
temperatures, so that one can omit the D-term in the Hamiltonian 
(2.4). The stable copper isotopes have only small h-f.s. splittings, 
By diluting the Cu*+ ions magnetically with Zn++ ions the exchange 
and magnetic dipole interactions are reduced, so that low tem- 
peratures (about 0.02°K) can be reached upon adiabatic demag- 
netization. 
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Several y-radioactive Co isotopes have been investigated using 
Tutton salt crystals with a relative Cot+, Cut+, Zn++ ratio of, for 
example, 1 : 20: 79. The Tutton salts form monoclinic crystals, the 
unit cell contains two paramagnetic ions, each subjected to a crys- 
talline electric field of nearly tetragonal symmetry. In the case of the 
cobalt Tutton salt these two tetragonal axes make an angle of about 
70° 4. The ratio A/B is large (& 10) so that in-zero external field an 
alignment of the cobalt nuclei will take place along the tetragonal 
axes. Formula (2.9) for the Hamiltonian can be used. The intensity 
of the y-radiation emitted will show the largest changes in the 
direction of the bisector of the tetragonal axes and perpendicular to 
the plane of these axes. 

Another suitable cooling salt is diluted nickelfluosilicate (Ni++ Si 
F,:6H,O) *. Here the Ni*++-ion has an even number of electrons, 
but the splitting of the lowest triplet seems to be very small. The 
only nickel isotope with nuclear spin is only 1 % abundant. Temper- 
atures of about 0.01° K can be reached. Cobalt fluosilicate has a 


’ single cobalt ion in unit cell, thus here only one axis of alignment 


exists. In this respect the fluosilicates must be preferred over the 
Tutton salts for alignment of Co nuclei. The ratio A/Bis4%. | ™ 

Crystals of the rare earth ethylsulphates M+++(C,H,SO,),-9H,O 
(where M may stand for cerium, neodymium or ytterbium) prove 
to be useful for alignment of rare earth nuclei. They can be cooled 
to temperatures of about 0.02° K, while A> BU, 

A very interesting and useful cooling substance is the double nitrate 
2Ce(NO3)3-3Mg(NO,).-24H,O. At very low temperatures only a 
single Kramers doublet is occupied, no h.f.s. splittings are found 
because the stable cerium isotopes have zero spin and the electron 
spin-spin interactions are small. Down to 0.006° K the temperature 
dependent part of the susceptibility follows Curie’s law within 5 % 
and temperatures of about 0.003° K can easily be attained *4. Moreover, 
the substance is magnetically very anisotropic, the magnetic properties 
being symmetrical about the trigonal crystalline axis. For the 
ground doublet g,=0.25 and g, =1.84 *, so that a field applied in 
the direction of the axis gives only a small rise in temperature. 
This makes the substance particularly suitable for h.f.s. polarization 
experiments. 


* Private communication of Dr. N. Kurti, Oxford. 
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Divalent ions of the 3d-transition group. can be included in this 
salt in place of part of the Mgt+-ions. Both Co++ and Mn++ have been 
used. Paramagnetic resonance measurements on the isomorphous 
2Bi(NO,)3-3Mg(NOg,),:24H,O showed in both cases two magnetically 
distinct types of ions in unit cell ®*. In the case of Co about 2/3 of 
the ions has A ~ B, the remaining 1/3 has A> B. The g,-values 
for both types of Co-ions are high, in sharp contrast to the g,,-value 
of the Ce-ions, thus by applying an external magnetic field in the 
direction of the axis an appreciable polarization of the Co nuclei can 
be reached, while the temperature rise is very small. In the case of 
Mn the g-values for all the ions are practically isotropic and very 
nearly 2. Also A w B, but, in particular for 2/3 of the ions, the 
electric field splitting constant D is of the same order as the hyperfine 
constant A, for the remaining 1/3 it is somewhat bigger. 

Trivalent radioactive isotopes of the rare earth group can be in- 
corporated in place of some of the stable cerium ions. These cerium 
sites are characterized by BS A, thus without an external field 
cerium nuclei with non zero spin will tend to “align in a plane” 
perpendicular to the trigonal axis. The nuclear levels with m= +4 
are preferentially populated. 

The same is true for neodymium in neodymium magnesium nitrate, 
as paramagnetic resonance experiments have shown, B/A being 
about 6 78*. 


3. Electric th.f.s. Alignment (Pound) 3? 47.87 


A magnetic h.f.s. as discussed in 1. may be changed if the nucleus 
has a quadrupole moment and is placed in an inhomogeneous field. 
For certain crystals and nuclei the h-f.s. may even be caused entirely 
or mainly by the quadrupole moment. The relevant term of the 
Hamiltonian is then: 


H =eQ(d?V/d2?) (812 —1(I + 1)]/[41(22 —1)]. |(2.16) 


It is immediately seen that the population a,,=a_,, so that only 
alignment but no polarization can be attained. The a,, are given by 


eQ (0°V /dz*) [3m?—I(I+1)] 


Om OD XP [- 4721-1) EE (2.17) 


is hes 
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When developing in powers of [eQ(?V/dz2)/k7'] the first term for fe is 


dV /de%) (I+) (21-+3)" 
haa eo (2.18) 


Note that f, is here proportional to 1/k7', while /, is proportional to 
(1/kT')? for the methods of orientation a and b 1,2. 

Nuclei suitable for a Pound alignment must have a large quadrupole 
moment and J>1. Such nuclei are found in the regions of mass 
numbers between 150 and 190 and above 220. Moreover, crystals with 
strong electric field gradients at the place of the nucleus are required. 
Recently the first successful Pound alignment has been performed 
on #88U) in the hexagonal uranyl] rubidium nitrate, (UO,)++Rb(NO,), 2°. 
The uranyl ion has a linear structure O—-U-—O, and lies in the direction 
of the crystalline c-axis. The distance U—O is 1.9 A, certainly smaller 
than the distance between the U-atom and other neighbouring atoms. 
The crystalline electric field at the U-place is dominated by the 
axially symmetrical field arising from the uranyl ion itself. 

(UO,)*++ is diamagnetic or feebly paramagnetic depending on the 
direction, but (NpO,)*+ is paramagnetic. Microwave studies of 
Bleaney et al. *' on ®’NpO, included in UO, Rb(NO3), showed, except 
for a large magnetic h.f.s., also an electric quadrupole splitting of 
several hundredths of a degree. Hisenstein and Pryce 8° who made a 
detailed study of the electronic structure of the uranyl like ions, 
could explain this large quadrupole coupling by the participation of 
6d-electrons to the bond. They expected that the 6d-orbitals in 
NpO, and UO, should be similar, so that also UO,Rb(NO3), should 
show a large quadrupole splitting. This expectation has been confirmed 
experimentally (see § 3, c). 


4. Maanetic h.f.s. Alignment in an Antiferromagnetic Substance 

Daunt 44 and Gorter “ suggested the possibility for nuclear alignment 
occurring in antiferromagnetic crystals. 

In a number of paramagnetic substances a negative exchange 
interaction between nearest neighbours exists, leading to an anti- 
ferromagnetic order below a certain temperature, 7'y. According to 
Néel 2° in this antiferromagnetic state the lattice of the magnetic ions 
can be divided into two sublattices in such a way that at 7’'=0 the 
two sublattices each are magnetized completely, but in opposite 
directions. From this it follows that below 7'y a certain degree of 


<i 
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alignment of electronic moments will exist, which could lead to a 
nuclear alignment through magnetic h.f.s. coupling. From meas- 
urements of Garrett % it is known that Co(NH,).(SO,4),:6H,O below 
about 0.1°K behaves as an antiferromagnetic substance. A crystal 
of this salt, which can be demagnetized to about 0.05° K, seems to 
be very suitable to demonstrate the alignment by antiferromagnetism, 
if some Co is incorporated. However, no anisotropy in the ®Co 
y-radiation has been detected 1%. 

141Ce included in cerium ethylsulphate does show large anisotropies 
at temperatures where this salt shows an antiferromagnetic behaviour. 
However, it is questionable whether the antiferromagnetic ordering 
enhances the existing magnetic h.f.s. alignment *. 


5. Magnetic h.f.s. Orientation in a Ferromagnetic Substance 1% 122 


Hyperfine splittings in a metal can not be observed directly, but 
especially in the case of the metals of the 3d-group an appreciable 
h.f.s. splitting can be expected because the 3d-electrons can be 
considered as sufficiently localized, so that the situation is more or 
less analogous to the paramagnetic case. 

In the ferromagnetic Weiss domains all the electronic moments will 
be pointing parallel. If a preferred direction for the domains exists, 
an alignment of the nuclei with respect to this same axis can be 
expected at temperatures of some hundredths of a degree. In an 
external field, which is high enough to cause saturation, a polarization 
of the nuclei will occur. The ferromagnetic substance has to be cooled 
by thermal contact with a demagnetized paramagnetic salt. Successful 
experiments on a cobalt single crystal are described in § 3, b. 


c. Non-Stationany Meruop oF PoLARIZATION IN CASE or LONG 
RELAXATION Times (ABRAGAM) 


Recently Abragam ** has proposed a method of orienting nuclei 
making use of magnetic h.f.s. of paramagnetic ions or atoms in solids 
in an external magnetic field, but not in thermodynamic equilibrium 
as under b. It is based on the relatively long nuclear relaxation times 
at low temperatures. The method can be explained for a h.f.s. derived 
from a Hamiltonian 


H =G, H-S+AS-L. (2.19) 


* Private communication of Dr. C. E. Johnson, Oxford. 


' ee Pl 
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As an example we take J[=} and S=4. In figure 2 the energy 
levels of the hf.s. are represented as functions of H. The wave 
functions in the limiting cases of high and low magnetic fields are 
indicated. The state vector |S,, J,> is indicated by the signs only, as 
we have S,= +} and J,=+4. If we have the system at a certain 


Fig. 2. Proposal “for nuclear orientation of Abragam. 


moment in thermodynamic equilibrium in a field H,, and at a tem- 
perature 7’, such that gu,H/kT > 1 and A/kT <1, the populations 
of the states [a> and |b» will be negligible, of |c) and |d> will both 
be 4 and the polarization /, of the nuclei is negligible. If we then 
demagnetize from the field H,, to a field H, in a time t+<T, 
(relaxation time for the nuclear spin-lattice interaction), but slow 
enough so that the transition is adiabatic, the state |c> goes to |c’> 
and |d> to |d’>. But in the state |d’> there is no orientation as F =0. 
One sees that a polarization /, = —4 results, which goes back to 0 
with the relaxation time 7,. In the general case of arbitrary I (but 
S = 4) one obtains for the polarization of the nuclei after demagnetiza- 
tion 


1 Jah ; , s 
h= sti tgh eS ) (signs according to sign of A) (2.20) 


312 M. J. STEENLAND AND H. A. TOLHOEK 


and for the coefficient f, 


ye @I-}) (gun | 
f= + Gyaren 8 (a )- 2) 


At a temperature of 1.5° K relaxation times 7, of 1 min and 15 sec 
have been found for atoms of As and P introduced as impurities in 
Si crystals. 


d. Resonance MretTHoD FOR POLARIZATION (FEHER) 

. Recently Feher ® proposed a non-equilibrium resonance method 
for orienting nuclei in paramagnetic centers in crystals. The method 
can be explained with the aid of Fig. 3 (representing the same situation 


Fig. 3. Proposal for nuclear orientation of Feher. 


as Fig. 2). Suppose we start from a situation at a high field H,, at a 
temperature, where |a> and |b» are far less populated than |c) and ld>. 
When gradually decreasing the magnetic field and applying a micro- 
wave field the spins may be turned over 180° for a certain value of H, 
say for H,; the populations of |a> and |d> are interchanged in this 
way by the microwave field. Lowering the magnetic field further to 
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a value H, (where the energy difference of |a> and |b) differs appre- 
ciably from |c> and |d>), the populations of |a) and |b) may be inter- 
changed by a radiofrequency field. This leaves us for values of H<H, 
with populations as indicated in the figure, representing an appreciable 
nuclear orientation, which will be maintained for a time of the order 
of the nuclear relaxation time 7, as in Abragam’s method. The 
method of Feher is more complicated than Abragam’s method and 
further requires the same experimental conditions, but it may provide 
higher nuclear orientations. 

The method was tested experimentally on a phosphorus doped 
silicon crystal and confirmed by a resonance method 8’ but not yet 
by means of nuclear radiations. 


e. OpricaL METHOD OF POLARIZATION (KASTLER) 3% 34 38, 39, 46, 48, 49, 
51, 55, 59, 62, 70, 71, 78 


Since 1936 Kastler and collaborators have studied the orientation 
of atoms in a magnetic field with irradiation by circularly polarized 
light. This may also cause orientation of nuclear spins. We shall only 
indicate concisely the principle of the method, as it does not usually 
require low temperatures and as it was recently reviewed by Kastler “1. 
As an example, we show in Fig. 4 the transitions possible between the 
sublevels (corresponding to different m, sublevels) of two states with 
F=1 and F=2. Let a magnetic field define the axis of quantization 
and suppose we radiate with left circularly polarized resonance 
radiation in this direction. Let the magnetic field be so weak that it 
does not decouple I and J (F=I+-J). The single arrows in Fig. 4 show 


=p =| ) 1 2. Mg 
F=2 
F=t 
=| (0) 1 ME 


Fig. 4. Optical method for nuclear orientation of Kastler. 


which transitions from the ground state are caused by the resonance 
radiation; the double arrows show by which transitions the atom can 
fall back. It is seen that the irradiation with circularly polarized light 
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provides an “optical pumping” from lover to higher values of m, and 
may cause a polarization of the ground state as well as of the excited 
state. This means that an orientation of F, as well as of I and J is 
caused in this way. 

This method was realized experimentally by Kastler and co- 
workers 4% 5971 and by Dicke and Hawkins® for Na. The degree 
of polarization of the nuclear spin was estimated by the latter authors 
to be f,;=0.12. The experiments may be performed with a beam 
of atoms or a gas of low pressure. A disadvantage is that only small 
samples of nuclei can be oriented in this way. Except for gases or 
atomic beams, the optical method for polarization may also be 
possible for solids at very low temperatures’! containing fluorescent 
paramagnetic ions (ions of rare earths) for which at low temperatures 
the optical spectra are very well defined ”. 


f. POLARIZATION BY SATURATION OF ELECTRONIC RESONANCES 
(OVERHAUSER) 52, 56, 60, 63, 64, 68, 69, 72, 73, 75, 76, 764, 804, 82, 83, 85, 88 


The mechanism of reorientation of nuclear spins (nuclear relaxation) 

solids is often such that the nuclear spin only flips together with 
an electronic spin (or does so preferentially). Generally speaking, this 
provides a means for causing a deviation of the nuclear orientation 
from the orientation in thermodynamic equilibrium in the following 
way: by saturating an electronic resonance with an applied microwave 
field the population of certain electronic states may be changed. 
But this may also entail a change in the population of the nuclear 
spin levels because nuclear spins “‘flip together with electron spins’’. 
This provides a dynamical method for obtaining nuclear orientation 
at temperatures, for which no orientation is observable in thermo- 
dynamic equilibrium. 

A quantitative study of this effect requires separate considerations 
for a number of possible arrangements: nuclei in metals, or non- 
metals, e.g., paramagnetic centers in crystals. As we cannot review all 
the different cases, which were treated in the literature 5 6, 64, 69, 72, 73, 
%. 76, 762, 802, 82, 83. in the scope of this article, we shall confine ourselves here 
to a concise discussion of this effect for nuclei with spin in para- 
magnetic ions contained in a crystal. 

The conditions essential for the effect are as follows: 

1. The part of the Hamiltonian, which can cause a flip of the nuclear 
spin is «I-S, which can be written as a sum of terms /,8,, 1, S_ and 
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I_S, (using spherical vector components). A term such as [,S_ has 
only matrix elements in which m is increased by one, if m, is’ 
decreased by one; hence the nuclear spin can only flip together with 
an electron spin. 
2. The interaction aI-S provides only a minor part of the relaxation 
of the electronic spins, as this is mostly caused by the interaction of 
the electronic spins with the vibrations of the crystal lattice. However, 
o1-S provides nearly the whole heat contact of the nuclear spins with 
the crystal. 
3. For a spin-exchange between a nucleus and an electron the energy 
is conserved by a simultaneous absorption or emission of a lattice 
quantum 2u,H (up is an effective magnetic moment of the order of 
the Bohr magneton). 
4. In setting up equations for detailed balancing, one must take 
into account that the probabilities of absorption (increase of magnetic 
energy of the electron) and emission are proportional to y and »+1 
respectively. v is the number of lattice quanta of magnitude 2u,H 
at a temperature 7’. 

In thermodynamic equilibrium (no microwave field) in an external 
magnetic field H, detailed balancing is expressed by 


|M,,|? 2°. a2, (v+1) = |M,,|? 2% adii 1(2.22) 


n>. are the populations of the electronic spin states with m,=+4 
(assuming effective spin 4 for simplicity); a?, represents the populations 
of the nuclear spin sublevels — both in thermodynamic equilibrium 
for which n°/n° =exp [—2u)H/kT] and all a), are nearly equal 
(unless T' is extremely low, cf. a). ||? is the square of a matrix element. 

In the steady state obtained when saturating the electronic resonance 
with an applied microwave field, we have instead of (2.22) 


|My |? 5. Om (v' +1) = |My? 2 mgr Y" | (2.23) 


N,,%, are the populations for the steady state; if the lattice-lattice 
relaxation is sufficiently short, the number of lattice quanta in the 
steady state »’=yv. For complete saturation of the electronic resonance 
n,=n_. Equation (2.23) with n,=n_ will not always be valid; we 
can use it, if no h.f.s. can be resolved for the electronic resonance. 
If the electronic transition shows a resolved h.f.s. we should use 
populations a(m,, m) instead of n, a,, and we should obtain a set of 
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equations more complicated than (2.23), unless all subtransitions of 
the electronic resonance are saturated at' the same time. 
Under these conditions it follows from (2.22) and (2.23) that 


Om 41/4 = 2/02, = exp [2 H/T] 
or (2.24) 
Om wo exp bm with B = 2u, H/kT. 


Hence we see that for the nuclear spins an “apparent Boltzmann” 
distribution may be attained not belonging to the value of the nuclear 
moment but to the effective electron magnetic moment py! The 
actual polarization of the nuclei may be less than given by (2.24) 
for the above-mentioned ideal situation for the following reasons: 
1. the electronic resonance may only be partially saturated so 
that n, << n_. 

2. the coupling between I and S may differ from the form I-S, so 
that the nuclear spin flip has not always to be accompanied by an 
electronic spin flip. 

In the Overhauser effect it seems generally useful'to go to a low 
temperature 7’ of, say, 1° K for the following reasons: 

1. In order to obtain a reasonable nuclear orientation 6 must be of 
order unity. 

2. For lower temperatures the longitudinal relaxation time 7, for 
the electronic spin becomes larger, which is favourable as it is then 
easier to attain saturation of the electronic resonance. 

The theoretical predictions concerning nuclear orientation were 
verified in some experiments by resonance methods 5 6-85, but no 
experiments have yet been reported in which the orientation was 
confirmed with the aid of nuclear radiations. 


3. Description of Experiments and Results 


The first successful experiments on nuclear orientation at very low 
temperatures were carried out in 1951 using magnetic h.f.s. alignment. 
Recently also the “brute force” method (external field polarization) 
and the electric h.f.s. method have been applied with good success. 
In the following we shall review the experiments which have been 
done so far and discuss their results. Most attention will be paid to 
the cryogenic aspects of the investigations. For previous review 
articles see ref. 102, 112 and 123. 
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a. ABSORPTION OF NeuTRONS BY PoLaRizED NUCLEI 

15In. Dabbs, Roberts and Bernstein 14 have performed an external 
field polarization of In nuclei. The nuclear orientation was detected 
by measuring the absorption of a beam of polarized thermal neutrons 
by the indium sample. A change in transmission was found when the 
neutron spin orientation was reversed from the direction parallel to 
the external field at the nuclear sample into the antiparallel direction. 
1Tndium is one of the most favourable substances for a ‘“‘brute force” 
polarization. It has a large nuclear magnetic moment (5.50 wy), an 
H/T-value of 12.2 x 10+ g/degree gives already a nuclear polarization 
of 1 %. When used as a metal a short nuclear spin-lattice relaxation 
time is to be expected. 

Moreover, small polarizations of "*In can already be detected by 
a neutron transmission measurement, because the thermal neutron 
cross section is large and almost entirely due to one resonance level at 
1.46 eV. The neutron cross sections for a compound state with nuclear 
spin J,=/ +4 are given in equations (1.2) and (1.3). From these 
formulae it follows that, using indium plates of 0.5 cm total thickness 
and |f?|=0.85—the actual conditions of the experiment — it is possible 
to get a 3% change in the transmitted intensity for a nuclear 
polarization of only 1 %. Thus the change in transmission is a sensitive 
means for the detection of the nuclear polarization. From the sign of 
this change the value of J, can be derived. 

The indium was cooled by adiabatically demagnetized iron ammo- 
nium alum. The thermal contact was made by 20 silver wires of 
0.046 cm diameter and 12 cm length. At the upper ends of the wires 
20 indium plates of 0.025 x 1.5 x 3.5 cm were soldered. The lower 
ends were flattened and the coolant salt was crystallized around 
them in order to provide an intimate heat contact. The total contact 
surface area was about 40 cm’. 

This unit was mounted on a rigid plastic support in a silver “guard”’ 
cage, which in its turn was cooled by a second iron ammonium alum 
sample. The whole cage was suspended from nylon threads under 
spring tension to minimize vibration heating. 

Both salts were demagnetized from 0.99° K and 16400 9 (S/R=0.40) 
to a temperature of some hundredths of a degree. Then the whole 
assembly was lowered slowly till the indium sample came into the 
gap of the magnet. The magnetic field was turned on again to 111506, 
parallel to the plane of the indium plates, the coolant salts being 
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magnetically shielded. The field changes liave to be made slowly to 
reduce eddy current heating. Particularly; when the field is raised 
suddenly to a value above the superconducting threshold field an 
appreciable eddy current heating may occur. 
. Under steady state conditions the heat input was estimated to be | 
40 erg/min, of which quantity about 4 erg/min was due to nuclear | 
reactions induced by neutron irradiation. 

~The neutrons were polarized by reflecting them from a magnetized 
single crystal of Fe,0,. The reflected beam having passed the sample, 
the transmitted intensity was measured by a BF%-counter. 


10.0 


nuclear polarixation (%) 


transmitted intensity change (%) 


t (min) 


Fig. 5. Observed change in transmitted neutron intensity with reversal of 
relative spin orientation as a function of time. Average of four runs. Figure 
from Dabbs, Roberts, Bernstein 14, 


Fig. 5 gives the observed change in transmitted intensity with 
reversal of the neutron spin orientation. An averaged effect of about 
5.5 % was found, corresponding with a nuclear polarization of about 
2%. From this an average temperature of the indium nuclei of about 
0.055° K is derived. The dashed curve in Fig. 5 represents a possible 


course with time, the maximum corresponds to a lowest temperature 
of 0.043° K. 


1 ‘ i 


ORIENTATION OF ATOMIC NUCLEI AT LOW TEMPERATURES 319 


From the sign of the transmitted intensity change the angular 
momentum of the 1.46 eV level is found to be J,=1+4=5. 


Mn and “Sm. Experiments with these nuclei oriented by magnetic 
h.f.s. polarization have been made at Oak Ridge. They were reviewed 
in Vol. I, Ch. XIV, §6 of “Progress in low temperature physics”, 
together with earlier but inconclusive Leiden measurements 8, so 
that in this article we will confine ourselves to a very brief survey. 

®>Mn(ND,)o(SO,)2-6D,0 was cooled by adiabatic demagnetization to 
a final temperature of 0.20° K in a field of 2350 @ & 103, By neutron 
irradiation °°Mn is formed with a 2.6 hour y-activity. This activity 
was found to be 3.4 % less for neutron and nuclear spin directions 
parallel than for the antiparallel state. 

149Sm(C,H;SO,)3-9H,O was cooled indirectly in the same manner 
as the indium in the brute force experiments 1. It was kept in a field 
of 11000 @ and used as neutron polarizer. The analyzer consisted of a 
magnetized Fe,O, single crystal set to reflect 0.07 eV neutrons. A 


‘change in the intensity of the reflected beam was found when the 


neutron polarization produced by the Sm-sample was destroyed. 
From the results it followed that neutrons with spin parallel to the 
spins of the Sm nuclei were captured preferably. This means that 
the 0.094 eV resonance level of “Sm has J,=I+4. 

The sample temperature was estimated to be about 0.13° K. The 
rather large difference with the temperature of the coolant salt 
(0.06—0.07° K) could be explained by an appreciable heat leak 4. 


b. Gamma-RADIATION FROM ORIENTED RADIOACTIVE NUCLEI 


=r 


General description of the eapervments 1 108 126 


In general, a stack of a few single crystals is used with parallel axes, 
the total weight being of the order of 10 g. Adiabatic demagnetizations 
are carried out in the usual way. Susceptibility determinations are 
made by measuring the change in a mutual inductance formed by 
two coils surrounding the sample. From the susceptibility yx the 
“magnetic temperature”, 7'*, can be calculated, using Curie’s law 
y=O/T*. For the salts mentioned in §2.b 7 is almost equal to the 
thermodynamic temperature 7’ over a wide temperature range. Only 
at the lowest temperatures considerable deviations may occur, which 
sometimes can be evaluated theoretically. An experimental establish- 
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ment of the 7’—7* relation usually involves much labour while an 
accuracy better than 10 % seldom can be reached 123, 

The y-ray intensity measurements are made with scintillation 
counters; in the case that energy discrimination is needed NalI(T1) 
crystals are used. The accuracy of the intensity measurements is of a 
statistical nature. It cannot be much affected by varying the amount 
of radioactive material in the sample. Only those y-radioactive 
isotopes can be investigated with this method which have rather long 
halflives (e.g. a week or longer). Such isotopes first emit a #-particle. 
This f-radiation is almost completely absorbed in the sample itself 
giving rise to an appreciable heat generation. For a given mass of 
erystal both the counting rate and the heat generation are proportional 
to the total activity. Thus, increasing the source strength increases 
the counting rate but decreases the time available for observation 
in the same proportion. Usually an activity between 10 and 100 uC 
is chosen. A cut down of the heat influx from outside is very important. 
For this reason often ‘“‘guard” salts like described in part a are used 
(see also Fig. 7). Under favourable conditions they reduce the heatleak 
to a value of some erg/min. 

The course of the measurements is as follows. After demagnetization 
both the y-ray intensity and the susceptibility are measured as 
functions of time. By eliminating the time the y-ray intensity is 
found as a function of 7*. It should be noticed that it is important 
to check the shape of the warming up curves thus found by performing 
demagnetizations from different initial conditions, because consider- 
able temperature inhomogeneities may arise in the sample during 
the warming up. 

The results of the directional distribution measurements are often 
expressed by the maximum anisotropy, measured in two perpendicular 
directions, 


e=[R(x]2) — R(0)]/R(z]2), 


where F denotes the counting rate. In the case that there exists in the 
crystals one axis of symmetry R(#) is proportional to W(#) of § 1, b, 
8 being the angle with the symmetry axis (z-axis). If there are two 
ions in unit cell with different symmetry axes, R(0) is proportional 
to W(8), % being the half angle between these two axes, R(x/2) 
remains proportional to W(z/2). 
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Experimental results 


Co. This isotope has been studied most extensively. As its decay 
scheme was fairly well known, it was often used for testing a new 
experimental technique. 
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Fig. 6. Decay schemes of 57Co, *8Co and ®Co as far as of interest for the 
description of the nuclear orientation work. Energies in MeV. 


The first alignment experiments in 1951 were made as well in 
Oxford * as in Leiden *? with ®°Co included in a Tutton salt (see Vol. I, 
Ch. XIV). From the shape of the directional distribution the decay 
scheme was confirmed. An estimate of the nuclear magnetic moment 
pt could be given. The Oxford results gave 3.5 uw, by fitting theoretical 
and experimental curves at 7'=0.022° K %% 8, The Leiden measure- 
ments yielded 4.3 uw, obtained from a high temperature extrapolation 
97,99,125| Recently paramagnetic resonance measurements on ®°Co in 
cobalt ammonium Tutton salt were published °°, which gave 
(Co) = 3.800 + 0.007 uy. The reasonable agreement with the nuclear 
alignment values shows that the interpretation of the alignment 
experiments is essentially correct. The nuclear magnetic moment once 
being well known the directional distribution of y-radiation might 
be a useful thermometer under certain circumstances. 

From measurements on the state of linear polarization of the 
emitted radiation using a y-ray polarimeter the electric character of 
the transitions was confirmed ™. 

Also the first h.f.s. polarization experiments were made on ®Co 
included in cerium magnesium nitrate 1. 
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The y-radiation emitted by polarized nuclei in the direction of the 
axis of polarization has a high degree of ‘circular polarization. This 
was experimentally demonstrated in Leiden by measuring the change 
of the Compton scattering from magnetized iron when the direction 
of polarization of the nuclei was reversed **” (see Fig. 7). The observed 
fractional change in counting rate amounted to at most 3%. The 
sign of the effect proved, that Co has a positive magnetic moment. 
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Schematic diagram of the apparatus for producing and measuring 


The gamma ray detectors consist of Nal(Tl) crystal C, lightprpe LZ and photo- 


moultiplier EMI. Figure from Wheatley, Huiskamp, Diddens, 
Tolhoek 127. 
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“these technically complex correlation measurements will in practice 


be able to give more nuclear information than the directional 
distribution observations (see also § 1, b). 
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Fig. 8. Measured directional correlation of ®°°Co gamma rays versus anisotropy. 
Orienting field of 200 oersted along cerium magnesium nitrate crystal axis. 


Wi, 0,; 0): directional correlation function. 


@: angle between emission directions of the two photons, 

#,: angle between emission direction of photon | and orientation axis, 

0: angle between emission direction of photon 2 and orientation axis. 

©. 37 — 05 [ele O0 7. 

Curves computed from Cox and Tolhoek’ assuming equally spaced nuclear 
magnetic levels. 

Figure from Jastram, Sapp, Daunt 11. 


Measurements on metallic cobalt containing some Co reported 
by Kurti, Oxford “9 and by Khutsishvili 8 have shown the possibility 
of nuclear orientation in a ferromagnetic. In Oxford an annealed 
single crystal of cobalt was cooled by thermal contact with chrome 
alum. In a cobalt crystal the magnetizations of the Weiss’ domains 
are mainly oriented along the hexagonal axis. A measured « of 0.16 
demonstrated that also the nuclei were aligned along the same axis. 
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From comparison it follows that the hfs. splitting in the metal is 
about equal to that in the Tutton salts *. In the measurements 
of Khutsishvili a large external magnetic field was applied so that 
saturation magnetization of the electron spins was reached. A some- 
what larger anisotropy of 0.10—0.15 was found at temperatures 
of the order of 0.05—0.08° K. 

As mentioned already in § 2, b Leiden measurements on undiluted 
cobalt ammonium Tutton salt in the antiferromagnetic state did not 
show any anisotropy within the statistical acccuracy (better than 
1%) 45108, 

The paramagnetic crystals in use for nuclear orientation work are 
always grown from a solution containing the radioactive material. 
In Oxford measurements were made on a cobalt ammonium Tutton 
salt crystal in which ®°Co had been produced by neutron irradiation 
of the crystal itself 18. The results showed (Fig. 9) that the anisotropy 
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Fig. 9. Anisotropy of gamma rays of ®Co included in cobalt ammonium 
Tutton salt crystal. Figure from Grace, Johnson, Kurti, Scurlock, Taylor ™8, 


A: crystal activated in chain reactor, 
B: same crystal as A after annealing at 65° C during 10 days, 
C: crystal grown from radioactive solution. 


in the y-radiation was 40 % less than in a similar crystal grown from 
a radioactive solution, even though the irradiated crystal had stood 
at room temperature for quite a time before cooling. After being kept 
at 65°C during 10 days the anisotropy had increased considerably. 
When Co absorbs a slow neutron an excited state of Co is formed, 


* Private communication of Dr. M. A. Grace, Oxford. 
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which decays to the ground state by y-emission. It is very likely that 
the 60 eV recoil of the ®Co nucleus during this y-transition may cause a 
displacement of the nucleus, which can be annulled by annealing. 


58Co. Measurements of the directional distribution of the y-radiation 
were made in Oxford, some **Co being incorporated in copper rubidium 
Tutton salt % 1°. Assuming a decay consisting of 85 °% K-capture, 
15 % B*-radiation followed by a single 0.81 MeV y-ray 184 the best 
agreement between experiment and theory was found for the case: 
Lg=1 Ly =2 
Ih=2->],=2-1],=0. 

A nuclear magnetic moment of 3.5 + 0.3 uy was derived. From the 
state of linear polarization of the y-radiation the electric character 
of the transition was established %. 

Dobrowolski and Jeffries 3! determined ju(®8Co) by microwave 
measurements. They found a value of 4.05 py. 

Wheatley, Griffing and Hill !28 determined the ratio of u(8Co) and 
(Co) by incorporating both isotopes in the same Tutton salt crystal 
and measuring the y-ray intensities simultaneously. The result is 
rather strongly dependent upon the type of f-interaction assumed. 
For pure Gamow-Teller interaction a value of 


|2(°8Co)|/|,u(8°Co)| = 1.10 + 0.08 


was found, which is very near to the ratio derived from the microwave 
data. This shows that the spin assignment concluded from the Oxford 
directional distribution measurements is essentially correct. 

Lately the decay of *8Co has been investigated in more detail; 
a second 0.81 MeV y-transition together with a cross over transition 
of 1.62 MeV was discovered 1%: 15% 141 (see Fig. 6). Since the intensities 
of these new lines are small, the above mentioned results on nuclear 
alignment will be only slightly affected. Recently Griffing and 
Wheatley 1* studied the directional distribution of both, the 0.81 MeV 
and the 1.62 MeV, y-transitions in detail. About 100 uC *8Co was 
included in 2.7 g diluted copper potassium Tutton salt crystals. This 
sample was demagnetized in two stages. In the first stage 5 g manganese 
ammonium Tutton salt, used as a thermal reservoir, was cooled to 
about 0.2—0.3° K. A lead tape formed the thermal link between 
reservoir and sample. While this tape is in a field above the threshold 
value, the sample is magnetized in a field of 7500 9. After turning 
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off this field the sample reaches a temperature of about 0.012° K- 


and the lead is in the superconducting state where its thermal con- 
ductivity is very low (see also ref. 123, § 5, d). 

The accuracy of the directional distribution measurements enabled 
to determine the parameter A, which is proportional to a ratio of 
nuclear matrixelements of the beta transition: 


(1—A) /A=[ (0p +04) | (C§+C7)] [So]? /[S4? 


(C,, C4, Cs, Cy are proportional to the coupling constant for the 
tensor, axial vector, scalar and vector parts of the beta interaction 
resp.). For the f-transition to the 0.81 MeV level a A of 0.12 + 0.04 
could be determined by making use of internal consistency arguments 
only. If this value is used to compute the ratio | (Co) | /| ~ (8°Co) | 
from the experiments with both isotopes in the same crystal as 
mentioned above 18 the result is in agreement with the microwave 
data. 

From the 1.62 MeV data it followed that this radiation very likely 
must be quadrupole and the 4 for the $-transition to this level was 
found to be 0.45 + 0.11. 


57Co. Measurements on aligned *Co nuclei included in copper 
rubidium Tutton salt showed the absence of any anisotropy in the 
123 keV y-radiation down to the lowest temperatures attainable 
(0.01° K) 1”, although the nuclear magnetic moment was known to 
be of the same order as that of the other cobalt isotopes (4.6 uw.) 1. 
It appeared, however, that the y-radiation had a finite plane polariza- 
tion 14, This can be explained by assuming that the y-transition 
instead of being pure M1 is a mixture of 96.4 % M1 and 3.6 % E2. 

The degree of plane polarization was much smaller than expected. 
From this it is concluded that a disorientation of the nucleus takes 
place, probably in consequence of the K-capture process preceding 
the y-transition. 


56Co. This isotope was aligned in Leiden by incorporating it in 
diluted copper ammonium Tutton salt "*. Its decay scheme is rather 
complex, there are six y-transitions 6 (see Fig. 10). For each of the 
y-rays the anisotropy « was determined. A theoretical discussion 
taking into consideration further existing experimental data leads 
to the spin values as indicated in Fig. 101%. An estimate of the 
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Fig. 10. Decay schemes of 52Mn, 54Mn and °6Co as far as of interest for the 
description of the nuclear orientation work. Energies in MeV. 


magnetic moment yielded 2.8 + 0.9 uy. Jastram, Sapp and Schroe- 
der 14° reported measurements on the polarization of Co in cerium 
magnesium nitrate. They found a magnetic moment of 2.64 + 0.16 py. 
Recent paramagnetic resonance experiments of Baker et al. ° and 
Jones et al. 18" gave u (Co) =3.85 uy, L (Co) =4. 

In Leiden measurements are in progress on the states of linear 
polarization of the different y-rays. The preliminary results show 
that all the **Fe levels must have even parity. 


54Mn. In Oxford alignment and polarization of **Mn were meas- 
ured 164106 The *4Mn was included in cerium magnesium nitrate. 
A polarizing field of 1000 @ was used to swamp the effects of internal 
and crystalline fields. From the results it followed that the first 
excited state of *4Cr has spin 2 and even parity. However, quantitative 
agreement between experiment and theory could not be obtained. In 
the case of alignment the course of the anisotropy ¢« with temperature 
was even very peculiar, it passed through a maximum at 0.01° K. 
New measurements with **Mn included in nickel fluosilicate showed 
no maximum in the ¢« versus 1/7 curve and gave a nuclear moment 
of about 2 uy *. 


52Mn. In Leiden experiments on **Mn were made similar to the 
54Min measurements mentioned above 6. An additional experimental 


* Private communication of Dr. C. E. Johnson, Oxford. 
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difficulty is the short half life (5.7 day). All the three cascaded y-radia- 
tions appeared to be quadrupole radiations with AJ = —2. The 
alignment measurement gave more or less analogous results as for 
54Min. Also in this case they cannot be explained from the paramagnetic 
resonance h.f.s. data obtained on bismuth magnesium manganese 
nitrate 58. Recent measurements on the states of polarization of the 
emitted y-radiations showed that the transitions have all electric 
character and that the magnetic moment is positive. 


139Ce, 141Ce, 147Nd. The first measurements on aligned nuclei of the 
rare earth group were made by Ambler, Hudson and Temmer "° by 
incorporating y-radioactive cerium and neodymium in !°’Ce,Mg3(NOs3),9- 
24H,O. In § 2, b we saw already that in this case an “alignment in 
a plane’”’ is to be expected. The anisotropy in the directional distribution 
of the y-radiation was measured. 
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Fig. 11. Decay schemes of 18°Ce, 44Ce and 147Nd as far as of interest for the 
description of the nuclear orientation work. Energies in MeV. 


The results were rather different from what had to be expected. 
For the 92 keV transition even no « greater than 0.05 was measured. 
The authors point out that reorientation effects in the intermediate 
states are unlikely to be significant, but that two other factors may 
influence the anisotropy considerably. Electron spin spin interactions 
can be expected to cause an overlap of the lowest h.f.s. levels especially 
in the case BS A and small admixtures of coherent E2 radiation 
to the M1 radiation can alter the directional distribution radically 
(see § 1, b). 
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In Oxford measurements were performed on Ce, 1Ce and “47Nd 
aligned in neodymium ethylsulphate 43, In this galt A ‘> B. Both, 
the anisotropy and the plane polarization of the y-radiations were 
measured so that admixtures of dipole and quadrupole radiations 
could be determined accurately. The Ce radiation proved to be 
almost pure M1. The nuclear moment is 0.73 w,. The Washington 
results can be fitted to the Oxford ones. The 145 keV radiation of 
1Ce showed an E2 admixture of about 1%. A nuclear moment of 
about 0.7 uw, was evaluated. The 4’Nd results are in disagreement 
with the Washington ones, especially on the 92 keV transition an 
anisotropy of about 0.10 was measured, whereas Ambler e¢ al. found 
no ¢ greater than 0.05. For the 530 keV transition a large mixing ratio 
E2/M1 was derived. The nuclear moment is 0.44 + 0.06 wy. 


169Yb and 15Yb have recently been aligned in ytterbium. ethyl- 
sulphate in Oxford. The 282 keV y-radiation of !=Yb showed a 
positive «, the 396 keV y-ray a small negative «. From the results it 
can be concluded that the 396 keV level has spin 7/2. Both y-rays are 
mixtures of E1 and M2. The nuclear moment of 1 Yb is about 0.2 uy *. 


In general one may conclude that experiments on y-radiation of 
oriented nuclei can provide useful additional information concerning 
the decay schemes of these nuclei, especially in the case that directional 
correlation measurements are impossible. Usually only an estimate 
of the nuclear magnetic moment can be given. For producing nuclear 
polarization cerium magnesium nitrate has proved to be a very 
suitable substance, although more data on the electron spin spin 
interactions in this salt are required in order to make quantitative 
interpretations possible. 


c. ALPHA RADIATION FROM ORIENTED NUCLEI 

237Np. Roberts e¢ al. 8, Oak Ridge, observed the directional distribu- 
tion of the intensities of «-particle emission from ***Np. A single 
crystal of UO,Rb(NO;), was coated with a layer of NpO,Rb(NOs),. 
This sample was placed at the bottom of the cryostat and could be 
rotated over 90°. The «-particles were detected by a scintillation 
counter consisting of a ZnS screen closely above the sample and a 
phototube at room temperature. The apparatus is shown in Fig. 12. 


* Private communication of Dr. C. E. Johnson, Oxford. 
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Fig. 12. Apparatus for observing anisotropic alpha-particle emission. Figure 
from Roberts, Dabbs, Parker, Ellison 1%8. 


At helium temperatures an appreciable anisotropy was already 
found with a maximum intensity in the direction perpendicular to 
the crystalline c-axis, along which axis the Np spins are aligned. 

In the helium range e changed approximately proportionally with 
1/7’. It was mentioned already in § 2, c, that in this case the alignment 
is partly due to electric quadrupole coupling. 


23U, A pure electric h.f.s. alignment was observed in ?33U0O,Rb(NOg)3 
by Dabbs et al., Oak Ridge °. The experiment itself was much 
analogous to that described for Np. A single crystal of ?8UO,Rb(NOg)3 
was coated with a layer of ?33U-rich material. The shape of the 
directional distribution of the «-particle intensity and its temperature 


dependence were found to be similar to those observed for 2°’Np, 
é being about 0.09 at 1.1° K. 
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A special precaution was taken to ensure a magnetic nuclear spin- 
lattice relaxation mechanism by adding 0.2 % *’Np to the sample. 
This method of avoiding too long nuclear spin-lattice relaxation times 
by adding small quantities of paramagnetic impurities is very essential 
in the Pound method (see ref. 67). 

The alpha-emitting nuclei “°U and 2’Np must be expected to 
have a strong spheriodal deformation according to the unified model 20 
probably with a large positive quadrupole moment. From the sign 
of the observed anisotropy Roberts et al. conclude that the alpha 
particles are emitted preferentially at the “equator” and not at the 
“tips” of the prolate spheroid. However, the Coulomb-barrier for the 
outgoing alpha particles is lowest at the ‘‘tips’ 1”. Hence these 
experiments appear to indicate that the preformation of the alpha 
particles within the nucleus occurs preferentially near the equator, 
even overcompensating the higher penetrability of the Coulomb 
barrier at the tips 74. This information is very important for the theory 
of alpha disintegration. 


4, Discussion of Possible further Developments 


If we overlook the work which has been done on nuclear orientation 
and which is now in progress, we notice that much experimental work 
was published recently, especially in 1955. The new successful 
experiments with external field polarization and electric h.f.s. alignment 
have demonstrated the possibility for orientation of nuclei of non- 
paramagnetic ions. Moreover, there is quite a number of recent 
suggestions which look promising for extending the number of nuclei 
for which orientation is feasible (as discussed in § 2). 

In this way the method of nuclear orientation will gain in importance 
for nuclear spectroscopy. We summarize which information may be 
obtained with the method: 


1. The multipole character of gamma radiation can be determined. 
For distinguishing between the magnetic or electric character of 
radiation a measurement of the linear polarization is required; this 
can also lead to spin and parity determinations in nuclear disintegration 
schemes }. 

2. In case of neutron absorption by polarized nuclei, the nuclear 
spin of the compound state may be determined. 

3. Nuclear magnetic moments of radioactive nuclei may be deter- 
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mined. This is possible from a measurement of the temperature and 
the anisotropy of the radiation if the orientation mechanism is known. 
This method is not too accurate (cf. § 3, b). Higher accuracies could 
be obtained if the method of nuclear orientation could be combined 
with a radio frequency resonance method as was suggested by Tolhoek 
and de Groot ® and later discussed in more detail by Bloembergen 
and Temmer ™, Abragam 84 and Jeffries *°. However, this was not yet 
realized in experiments. 

The experimental determination of the sign of the magnetic moment 

requires the determination of the sign of the circular polarization of 
emitted gamma radiation. 
4. Information on the relative magnitude of beta nuclear matrix 
elements such as |fo|? and |f1|? for a beta transition without spin 
change, can be obtained in principle as well from the study of gamma 
radiation which follows the beta transition * as from the polarization 
of the emitted beta rays. 

The directional distribution of beta rays of a forbidden transition 
may give information on the character of this transition. 

Measurements of the polarization of beta rays can decide on the 
change of nuclear spin in the beta transition. 

The polarization of beta rays depends on the relative sign of the 
S and T parts of the beta interaction so that it might be used for the 
determination of this sign. 

5. Measurements of the directional distribution of alpha particles 
of oriented nuclei may give valuable information on the mechanism 
of alpha decay as explained in §1,d and §3,c. 

6. Measurements on the directional distribution of fission products 
coming from oriented heavy nuclei irradiated with slow neutrons are 
of interest in connection with fission theory (see § 1, e). 

7. Measurements of the directional distribution of the beta radiation 
of oriented nuclei can check the recent suggestion of Lee and Yang 
that there might be non-conservation of parity in the beta interaction, 
which would be as well a revolutionary as fundamental thing for the 
principles of physics. 

8. The study of the orientation mechanism can give information on 
solid state physics in which the measurements on nuclear radiation 
serve as a tool. The more recent suggestions for nuclear orientation 
may establish an even closer connection with the field of nuclear 
resonance and paramagnetic h.f.s. investigations. 


9. 
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Measurements of the anisotropy of emitted radiations may 


provide a useful thermometer if the orientation mechanism is known. 


One of the authors (H.A.T.) of this review is a member of the 
scientific staff of the “Stichting voor Fundamenteel Onderzoek der 
Materie”’, which is financially supported by the Netherlands organiza- 
tion for pure scientific research (Z.W.O.). 
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I. EXPERIMENTAL ASPECTS 


1. Introduction 


Before the last war, the thermodynamic properties of solid helium 
had been investigated only in the temperature region 1.5 to 4° K and 
under pressures up to about 140 atmospheres !. The melting char- 
acteristics of solid helium had been more extensively studied: the 
latent heat of melting had been measured at several temperatures + 2 
and the melting curve had been determined by Simon and his co- 
workers up to a temperature of about 43° K, corresponding to more 
than 8 times the liquid-gas critical temperature. The melting curve 
for helium is shown in Fig. 1. 

The unique importance of solid helium in the study of melting has 
been stressed by Simon **!, whose argument may be summarized in 
the following way. Experiments on many substances show that their 
melting curves may all be represented by an equation of the form ® 


on (n) —) 0) 


For a given class of substance (e.g. the solidified gases, the alkali 
metals, etc.) c has approximately the same value, so that there exists 
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Fig. 1. The melting curve of He’; 7’, is the critical temperature. The inset 
shows the low temperature phase diagram of He’. 


Of great practical importance is the fact that the melting properties 
of helium can be studied in the region of low temperatures where the 
heat capacities of the necessary pressure vessels are conveniently 
small. This of course applies equally to other thermal measurements 
on solid helium under pressure. The effect on these properties of quite 
modest pressures is drastic. For example, by applying to solid helium 
pressures of only a few thousand atmospheres, its volume can be 
halved and its Debye temperature changed by a factor of 5. 

From a more detailed theoretical point of view, the properties of 
the solid have a double interest: the helium atom, having central 
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additive short-range forces, makes the solid a suitable substance for 


theoretical treatment, while the small mass “of the helium atom and 
its relatively weak binding force make manifest, in a remarkable way, 
the effects of the zero-point motions of the atoms in the solid. 

All these considerations which are true of solid He* apply even 
more strongly to solid He*, and they have formed the basis of much 
of the recent work on solid helium. This work we shall now discuss 
in’ more detail. 


2. The General Thermodynamic Properties of Solid He* 
2.1. SPECIFIC HEATS 

Keesom and Keesom ! in 1936 measured the heat capacity of solid 
helium at low densities in the temperature range from 1.5° to 4° K. 
The more recent work has, therefore, been concentrated on the 
temperature regions above and below this. 

Webb, Wilkinson and Wilks’ were primarily interested in the 
thermal conductivity of solid helium and wished to correlate their 
conductivity measurements with the characteristic temperature of 
the lattice. In order to do so, they measured the specific heat of the 
solid at temperatures between 0.6 and 1.5°K at three different 
densities. 

Their method was to enclose both the paramagnetic salt (which 
was used as the cooling agent) and the solid helium in a calorimeter 
and to measure the total heat capacity. The salt was used as a thermo- 
meter and heat was supplied electrically. The heat capacity of the 
helium was obtained by subtracting from the total the estimated heat 
capacity of the calorimeter and salt. Their results are shown in Fig. 2. 

Dugdale and Simon ® measured the heat capacity of solid helium 
in the higher range of temperatures and densities, covering the region 
from 5° K to the melting temperature at. molar volumes between 16 
and 10.6 ccs. They used a vacuum calorimeter designed to stand 
pressures up to 3000 atmospheres, and measured temperatures with 
a constantan thermometer. Their results at four densities are shown 
in Fig. 3. 

The measurements of Keesom and Keesom may be compared 
directly with those of Webb, Wilkinson and Wilks. The two sets 
of results are in reasonable agreement and indicate that the Debye 
temperature at these densities rises with falling temperature. In 
Fig. 4 the Debye temperatures for the two lowest densities are derived 
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from the measurements of esate and Keesom. At the still lower 
temperatures reached in the experiments of Webb et al. the 6, reaches 
a maximum and begins to fall. The Debye temperatures, paleulated 
from Dugdale and Simon’s measurements, are also shown in Fig. 4: 
they are almost constant although falling somewhat as the melting 
point is approached. 
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Fig. 2. The specific heat at constant volume of solid He! at three different 
densities. 
I. 0.194 g/em?; II. 0.205 g/cm!; III. 0.214 g/em’. 


Unfortunately the low temperature measurements of Keesom and 
Keesom and of Webb et al. on the one hand and the higher temperature 
measurements of Dugdale and Simon on the other do not sufficiently 
overlap in density and temperature range to allow a very close 
comparison and more measurements would be valuable, particularly 
at high densities in the liquid helium temperature range. 


2.2. THE EQUATION OF STATE OF THE SOLID 


Dugdale and Simon found that their results could be adequately 
represented by a Griineisen equation of state. That is, the specific 
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molar heat capacity (cal/°K) 


temperature (°K) 


0) 


Fig. 3. The heat capacity of solid He* at four molar volumes. 
o, 10.6 cem®?; @, 11.7 cm®; +, 13.0 em®; 4, 14.4 cm. 


heat at constant volume was found to be a function of T'/g where 
is a characteristic temperature depending only on the volume. Further- 
more, for the purpose of calculating certain thermodynamic properties 
of the solid from the specific heats, the results of Keesom and Keesom 
could also, though less closely, be represented in this way. The values 


of p calculated from their results are shown in table I as a function 
of volume. 


TABLE I 

Smoothed values of the parameter gm as a function of volume 

V (em?) Y V (em) 2 

10.5 113 15 48.5 

11 101.5 16 41.4 

12 83.2 17 35.7 

13 68.7 18 31.1 

14 57.4 19 27.2 

20 24.2 


pressure (hundreds of atmospheres) 


TEMPERATURE (°K) 


Fig. 4. The Debye 6’s of solid He* at six molar volumes. 


temperature (°K) 


Fig. 5. The isochores of solid He* at eight molar volumes. 
—---- transition line in the solid. 
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From the specific heats it is then possible to calculate the entropy, 
S, and the thermal contribution to the internal energy, U—U),. 
Here U is the internal energy at temperature 7 and volume JV, and 
U, the internal energy at the same volume and at absolute zero. 
Table II gives C,, S and (U—U,)/T' as functions of T'/p derived in 
this way. 


TABLE II 

C,, S and (U—U,)/T as a function of T/g. (All in cal/° C per mole) 
Tp O» S (U—U))/T 
0.04 0.02 0.008 0.010 
0.06 0.08 0.023 0.017 
0.08 0.19 0.060 0.043 
0.10 0.38 0.121 0.091 
0.12 0.64 0.213 0.158 
0.14 0.96 0.333 0.248 
0.16 1.33 0.483 0.359 
0.18 1.73 0.662 0.491 
0.20 2.21 0.870 0.645 


The specific heats as a function of temperature and volume do not 
by themselves form a thermodynamically complete set of data. For 
completeness one p, V, 7' relationship which traverses the same range 
of temperature and volume is needed and the melting curve together 
with the volume of the solid on melting provides this additional 
information (see § 4.1 below). 

On this basis it is now possible to calculate the isochores of the 
solid by integrating the relationship 
(Sh), rue where y = 23 (2) 
which is valid if C, is a function of 7'/p and g depends only on volume. 
The isochores at eight densities are shown in Fig. 4 together with the 
equilibrium line between the two solid modifications (§ 2.3). This 
figure shows that the isochores are only very slightly temperature 
dependent: indeed, as a first approximation, it might be said that 
the pressure in the solid is independent of temperature and dependent 
only on the volume *. 


* It is partly for this reason that solid helium can be a useful pressure 


transmitting medium at low temperatures. The pressure can be applied at such 
a temperature that the helium is fluid. Thereafter the system may be cooled 
at constant volume to the working temperature without serious loss of pressure. 
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From the data in Fig. 5, the compressibility, 6, at 0° K can be 
derived and by using Eq. (2) the thermal expansion coefficient, «, 
can be calculated. These quantities are listed in tables III and IV. On 
the same basis the internal energy at 0° K can be found and hence, 
by subtracting from this the zero point energy, the lattice energy can 
be deduced 8. 


TABLE III 
The compressibility of solid helium at 0° K 


volume pressure 10° B volume pressure 10° B 
(cm3) (atm) (atm!) (em$) (atm) (atm?) 
10.5 2170 10 15.0 295 54 
11.0 1660 12 16.0 200 76 
12.0 1070 ly 17.0 136 103 
13.0 695 26 18.0 _ 88 140 
14.0 460 38 19.0 50 190 

TABLE IV 
The thermal expansion of solid helium; the volume 
expansion coefficient as a function of temperature 
10.6 cm? 12 cm? 15 cm 
(CK) 104 « 104 « 104 « 
0 0 0 0 
2 - 1.05 
4 0.09 0.48 10.2 
8 0.93 4.9 - 
12 3.4 14.6 — 
16 7.3 = == 
20 12.6 = = 
2.3. LATTICE STRUCTURE AND TRANSITION 


Dugdale and Simon in the course of their investigation of the heat 
capacity of solid helium found an anomaly in the specific heats 
between 15 and 17°K, the actual temperature depending on the 
volume. They concluded from their experiments that this was a first 
order, reversible transition involving an entropy change of about 
5 x 10-3 cals/°K per mole *. Furthermore, since substances with short- 
range forces of the van der Waals type are stable only in close-packed 


* Since all such quantities associated with the transition are small (e.g. 
the volume change is estimated at 4 x 10-* cces/Mole) their contribution to 
the general thermodynamic properties of the solid has been neglected. 
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lattices, they also concluded that the transition was due to a change 
from the close-packed hexagonal structure stable at the lower tem- 
peratures® (ie. the so-called «-phase) to the close-packed cubic 
structure stable at the higher temperatures (the /-phase). 


3. The Thermal Conductivity of Solid Helium 


3.1. KXPERIMENTAL RESULTS 
3.1.1. Introduction 


In discussing the thermal conductivity, x, of a dielectric it is con- 
venient to define a mean free path, A, by the relationship 


4#=4C-v-d 


where (is the lattice heat capacity per unit volume and v the velocity 
of the lattice waves. At sufficiently low temperatures, the thermal 
conductivity of a chemically pure and physically perfect dielectric 
is limited only by the dimensions of the specimen. If, for example, 
the specimen has the form of a long, narrow cylinder then the mean 
free path is under these conditions approximately equal to the 
diameter of the cylinder. Consequently the thermal conductivity varies 
directly with the heat capacity, C, which means in general that x is 
proportional to the cube of the absolute temperature at very low 
temperatures. 

The growth of thermal conductivity in an ideal crystal with rising 
temperature is ultimately arrested by so-called ‘Umklapp’ processes, 
a concept introduced by Peierls 1°". In an Umklapp process, two 
normal modes interact to produce a resultant whose wave number lies 
outside the basic cell of the reciprocal lattice. This means that its 
wave number is opposite in direction to that of its components. 
According to Peierls it is just these Umklapp processes which give 
rise to thermal resistivity in ideal insulators, and he estimates that 
the rate at which they occur at low temperatures is proportional to 
exp (—6/b7'); here 6 is the characteristic Debye temperature of the 
lattice and b is a numerical factor greater than 112. It thus seems 
reasonable to assume that the mean free path at such temperatures 
should be given by 


2 = A exp (6/bT) (3) 


where A is a parameter which depends on the coupling of the lattice 
waves and may indeed include a temperature factor. 
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3.1.2. The Measurements 


Measurements of the thermal conductivity of solid helium have 
been made by Webb, Wilkinson and Wilks? !3 and by Webb and 
Wilks *. The conductivity was measured at densities between 0.345 
and 0.194 gms/cc in the helium temperature range; at the lowest 
density, the measurements were extended down to 0.3°K. This 
change of density altered the Debye temperature of the lattice from 
about 25° K to about 90° K and increased the thermal conductivity 
at 2° K by a factor of over 300. 

Webb, Wilkinson and Wilks made the measurements at the lower 
densities (0.194 to 0.218 gms/cc). For most of the experiments the 
specimen holder was a German silver tube of internal diameter 6 mm: 
for the measurements below 1° K the holder had a diameter of 0.5 mm. 
Their results at three densities are shown in Table V. 


TABLE V 


The thermal conductivity of solid helium 


Density Temperature in °K 

(gms/em?) 0.25 0.50 1.0 1.2 1.4 er 2.0 2.3 
0.194 20 * 85 * 107 * 24 * fi 5 - - 
0.208 ~ - - ~ 58 19 8 = 
0.218 - - - - 160 52 22 11 


* These size-dependent values were obtained with specimens of 0.5 mm 


diameter. 


At the higher densities, the measurements were made by Webb 
and Wilks using two experimental arrangements which were essentially 
modifications of the previous apparatus. Up to a density of 0.28 gms/cc 
the results of this work were self-consistent and consistent with the 
earlier measurements. These results and some from the earlier work 
are shown in Fig. 6. 

For densities above 0.28 gms/cc however the two apparatuses gave 
different results. These differences were not simply attributable to 
specimen size effects and moreover the results from each apparatus 
singly were somewhat irregular. It is therefore difficult to make any 
deductions from these measurements. 


3.1.3. Comparison with Theory 


The experimental values of thermal conductivity and specific heat 
enable the mean free path of lattice waves, A, to be calculated (the 
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velocity of sound may be deduced from:the appropriate value of 6). 
The mean free paths so deduced are shown plotted as a function of 
6/T at various densities up to 0.218 gms/cc in Fig. 77. é 

Two conclusions can be drawn. In the first place, provided that 
size effects are absent, log A is proportional to 6/7’ as the theory 


Thermal Conductivity (W/cm deg) 


1:0 2-0 3-0 6a) 


Temperature °K 


Fig. 6. The thermal conductivity of solid He* at four densities. 
A, 0.218 g/cm’; ©, 0.262 g/em?; x, 0.276 g/em?; m, 0.282 g/cm. 


demands. The constant b of Eq. (3) has the value 2.3 and the para- 
meter, A, of the same equation appears to be independent of density, 
having the value 6 x 10-8 ems. 

In the second place, size effects become evident at very low tem- 
peratures (large values of 6/7’) and 4 becomes almost constant, although 
even at the lowest temperature it is only about half of the theoretically 


Poondnotivity: 1 in the ( tem- Oy, 
“ig Alicitied a size, varies. as [23 and not 73 oe 


a a occu paper © Leibfreid and Schlémann have attempted for = " 
the first time to calculate the absolute value of the thermal con- Be | 
ductivity of dielectric crystals. The anharmonic terms in the expansion 
of the lattice potential energy are taken account of by means of 
Gruneisen’s y. The authors find that the thermal conductivity is given o 

by (6/7) where f is a universal function, and x, is proportional to 
0 
: -66/y?, 6 being the lattice spacing of nearest neighbours in the crystal. 
_ When detailed values are substituted for solid helium reasonable 
agreement in absolute values is obtained over a considerable range 
of pressures. . 


A (em) 


6/T 


Fig. 7. The mean free path of lattice waves in solid Het. 


4, The Melting Curve and Melting Parameters of He* 


4.1. EXPERIMENTAL RESULTS 

4.1.1. The Melting Curve 

Because helium can remain liquid down to the lowest temperatures, 
the melting curve of solid helium does not join the vapour pressure 
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curve at a triple point. Instead the melting pressure at very low 
temperatures tends to become constant, its slope vanishing in 
accordance with the third law of thermodynamics. 

There have been many measurements made on the melting curve 
of He* and these are summarized in Table VI, which shows the range 
of measurements in temperature and pressure, the method used and 
the estimated accuracy achieved. 

According to Swenson ®°, the melting pressure between 1.0 and 
1.4° Kk can be represented by P= 25.00+ 0.053 78 ats; and between 
2.1 and 4°K by P+5.6=13.458 71-6074 ats 21. Values of P up to 
6° K are given in Table VII. All workers agree that their results above 
4° K can be represented by a Simon-type expression as given in 
Kq. (1). The Oxford workers have found that the melting curve can 
be expressed in the form 


P | \1.5544 
16.45 (Sas) =a (4) 


where P is measured in atmospheres, and 7’ in degrees Kelvin. Mills 
and Grilly gave their results as 


P+17.80 = 17,315.71 (5) 


with P in Kg/em?, which may be re-written in the same form and 
units as Eq. (4) 
P T \1.5554 
1723. (sar) a 


(6) 


4.1.2. The Melting Parameters 


Swenson 22 has made very accurate measurements of the melting 
parameters of He* between 1 and 4° K. A free piston gauge was used 
to measure the melting pressure, and the volume change on melting 
was measured by the displacement of the piston. Dugdale and Simon, 
using the apparatus already described for measuring specific heats 
under pressure, measured also the melting parameters of solid helium 
at higher temperatures. The combined results of these experiments 
and those of Swenson are given in Table VII, and shown in Fig. 8 and 9. 

The melting parameters, AS, AU and AV at very low temperatures 
are of particular interest 1°. The application of the Clausius—Clapeyron 
Equation to the melting curve enables us to determine AS/AV, and 
according to the measurements of Simon and Swenson ? previously 
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MOLAR ENTROPY (CAL./*K) 


TEMPERATURE (°K) 


Fig. 8. The entropy of He* on melting and solidification. The fine lines are 
lines of constant volume; ———-—-— transition line in the solid. 


[25 


20 


MOLAR VOLUME (cm?) 
a 


5 10 15 20 


TEMPERATURE (°K) 


Fig. 9. The molar volume of He! on melting and solidification. 
—---- transition line in the solid. 
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TABLE VII 


The entropy and molar volume of He‘ along the melting line. Entropies (S) 

in cals/°K per mole, volumes (V) in cm’/mole. (The volumes above 4° K are 

specified more accurately than is warranted by the experiments in order to 
give V correctly) 


Se 


PK P (ats.) Ssoua* Syma  - Vegona Venuia * 
0 25.00 0 0 21.18 23.25 
1.0 25.05 0.03 0.05, Del Yas ey) 23.24 
1.2 25.22 0.04 0.11, 21.15 Dow 
1.4 25.81 0.05 0.26 21.05 23.11 
1.6 26.99 0.06 0.50 20.95 22.84 
2.0 37.08 0.07 1.24 20.26 21.66 
2.5 56.3 0.10 ERY 19.32 20.60 
3.0 78.1 0.13 1.47 18.52 19.72 
4.0 128.6 0.18 1.59 17.37 18.40 
6.0 255 0.29 1.79 15253 16.42 

10.0 0.48 2.00 13.45 14.13 

14.0 0.63 221 12.30 12.88 

18.0 0.78 2.42 11.42 11.95 

220) 0.94 2.66 10.75 11.24 

26.0 1.08 2.88 10.10 10.57 


* Below 4°K Sgojq and Vyyiq are from the measurements of Keesom and 


Keesom ? 16, 


referred to, this is of order 7” for small 7’. From the third law of 
thermodynamics, AS, the entropy difference between the solid and 
liquid phase, must vanish as the temperature approaches the absolute 
zero; in fact these experimental results on solid helium provide a 
striking confirmation of the third law. (The latent heat of melting 
(o=TAS) must vanish even more rapidly.) Since TAS=AU+ pA, 
two possibilities exist, remembering that p does not vanish. Hither 
AU and AV must both tend to zero with AS so that the two phases 
become identical, or else AU = —pAV in the limit as TAS vanishes. 
It is the second alternative which is found experimentally (see Fig. 10) 
implying that the phase with the larger volume has the smaller 
energy. Since liquid helium has always a greater volume than the 
solid, the liquid ultimately has the lower energy and so becomes the 
only known example of a liquid having an internal energy lower than 
that of the solid with which it is in equilibrium. 

The high-temperature trends of the melting parameters are of 
interest also, because they may give an answer to the general problem 
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of whether or not a solid-fluid critical point exists. It is seen that 
although the volume difference between the phases decreases with 
rising temperature, the entropy difference continues slowly to increase 
and one must conclude that there is certainly no evidence here for . 
the existence of such a critical point. : ! 


CAL. / MOLE 


O | 2 3 4 


T (°K) 


Fig. 10. The melting parameters of solid He* below 4° K. 
Q is the latent heat of melting. 
P is the pressure. 
AV is the change of. volume on melting. 
AU is the internal energy change. 


Another feature to which Simon has drawn attention is the increase 
in entropy of solid helium along the melting line, a behaviour which 
characterizes all other substances for which this entropy trend can 
be estimated. If it is true of all solids at sufficiently high pressures 
that the entropy at the melting point increases with temperature then 
it is impossible to melt a substance by adiabatic reversible com- 
pression, a fact that may be of significance in geophysics and atro- 
physics. 


: 
: 
; 
F 


= : . oe ’ < . : i Tr, » / 
gat ei } A 


where 9 is the characteristic temperature of the tattle at volume V 


and 7’, is the melting temperature; M is the molecular weight of the 
substance and c is a constant. The measurements on solid He! provide, 
for the first time, the data necessary to test this formula over a 
substantial region of the melting curve of one single substance. 
Table VIII gives the values of ¢ calculated for He* at several 
different temperatures and it is seen that they are indeed very nearly 
constant. The value of c for He* is however considerably smaller than 
for the heavier inert gases for which c is approximately 160. Some 


further comments on the Lindemann melting formula are made in 


§ 6.4 below. 
TABLE VIII 
Application of the Lindemann Melting Formula to et 


Oy (°K) 7, (°K) V (cm) ¢ 
110 23.3 10.6 101 
92 17.3 11.6 100 

72 11.3 13.1 102 

55 7.9 14.4 95 
32 a 18.3 96 


5. The Melting Parameters and General Properties of Solid He? 

As yet there is no detailed knowledge of the thermodynamic 
properties of solid He*. Its melting curve, however, has been measured 
from 0.2 to 35° K. Abraham, Osborne and Weinstock have measured 
the curve in the low temperature region > 7 and Mills and Grilly at 
high temperatures 2”?8. Both used the blocked-capillary technique. 
The data can be represented by the following equations 


P = 26.8+13.1 72 atm. between 0.5 and 1.5° K 


and 
P—25.16 = 20.082 T1!71 kg/cm? between 2 and 35° K. 


The second of these expressions may be compared with Eq. (5) above 
which represents the melting curve of He* over similar temperature 
and pressure range (see also §§ 6.2 and 6.5 below). 
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The low temperature end of the melting curve is again, as with 
He’, of particular interest but for a different reason. The He* nucleus, 
unlike that of Het, has a nuclear spin and magnetic susceptibility 
experiments have shown that in the liquid state the nuclear spins are 
already partially aligned at 0.4° K 31, Pomeranchuk * pointed 
out that if the nuclear spins were aligned in the liquid but remained 
randomly oriented in the solid until dipole-dipole interaction produced 
alignment then below a certain temperature the liquid would have a 
lower entropy than the solid. Consequently assuming no dramatic 
change in the volume relationship, the slope of the melting curve 
- would vanish at this temperature and become negative below it *. 
Before finally vanishing it might even become positive again when 
the nuclear spins became aligned in the solid. Pomeranchuk suggested 
that this alignment should occur at about 10-7 °K, but Primakoff *? 
has pointed out that the special properties of solid helium would 
make this temperature in the neighbourhood of 10~° °K. 

Experimental evidence on whether the melting curve does in fact 
change sign is still lacking. Indeed it has been pointed out that the 
blocked capillary technique could not record such a change since it 
will always block at the minimum pressure *°. If, however, the melting 
curve does indeed have a minimum we shall then have the surprising 
instance of a liquid which freezes as it is heated at constant pressure! 


II. THEORETICAL ASPECTS 


6.1. InrRoDUCTION 


The behaviour of solid helium is dominated by the effect of zero 
point energy °°. In detailed character zero point energy consists of 
random fluctuations of the atoms about their equilibrium positions 
in the lattice, and these fluctuations are responsible for the fact that 
helium is a liquid at the absolute zero. As another consequence of the 
zero point energy the volume of the solid which forms when liquid 
helium is subjected to a pressure of 25 atmospheres is well over twice 
the volume corresponding to the minimum of the potential energy 


* If this assumption is correct, one may estimate from the entropy 


diagram ** of He*® that the pressure rise on the low temperature side of the 
minimum should be about 4 atmospheres, assuming that the volume difference 
between the phases is comparable with that found in He‘. 
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of the lattice. Thus even in the solid at absolute zero the atoms execute 
vibrations of relatively large amplitude about their equilibrium 
positions, and the normal approximation of lattice dynamics which 
expands the potential up to terms of the second order about static 
equilibrium ceases to be valid. The first theoretical problem posed 
by solid helium is therefore to find a modified treatment which can be 
applied to a system with large zero point vibrations. 

As mentioned in the experimental section the high compressibility 
of solid helium has enabled measurement of melting properties and 
thermodynamic functions to be made over a range corresponding to 
a factor of two in volume. This is a far greater range than can be 
achieved with any other substance, and the data can be used to cast 
some light on the general properties of substances under pressure. 
Because of the zero point effects helium cannot be regarded as a 
perfect model substance. Nevertheless, for some purposes it may be 
possible to take these effects into account and draw general con- 
clusions; and in other cases an analysis of the differences between the 
behaviour of classical substances and helium can be illuminating. In 
particular the data on the melting of solid helium over such a wide 
range of volumes provide considerable insight into the general 
properties of the melting curve at high pressures. 

The polymorphic transition discovered by Dugdale and Simon has 
also stimulated theoretical work on the cubic and hexagonal packed 
lattices and their relative stability at different volumes and temperatures. 

Many of the theoretical developments to be described in the 
following sections cannot be regarded as complete, but do seem to 
indicate the possibility of accounting adequately for the experimentally 
observed properties of solid helium. 


6.2. THE STATIC LATTICE AT ABSOLUTE ZERO 


If a negative pressure could be applied to a solid at absolute zero 
so that its volume expanded, the solid would cease to be elastically 
stable at a volume for which dp/dv becomes zero. For solids consisting 
of the heavier inert gases, where the effect of zero point energy is 
small, this volume corresponds to about 1.4 times the normal equilib- 
rium volume. Now zero point energy has the same effect as a negative 
pressure, and expands the solid at absolute zero to a larger equilibrium 
volume; for helium this volume is more than twice the volume 
corresponding to the minimum of the potential energy of the lattice, 


358 Cc. DOMB AND J. S. DUGDALE 


and yet the solid is perfectly stable elastically. This is because zero 
point energy does not correspond to a static negative pressure but 
to a dynamic negative pressure arising from the motions of the 
atoms, and its value is volume dependent, decreasing with increasing 
volume of the solid. | 
This point can be more clearly illustrated if a theoretical attempt 
is made to calculate Debye 6 values for solid helium from the data 
on intermolecular forces. The detailed calculation of the frequency 
spectrum of normal vibrations of a crystal lattice is a problem of some 
complexity which has engaged the attention of many authors. However 
from these calculations we may draw the general conclusion that 
deviations from the Debye theory do not usually amount to more 
than a few per cent, and if we confine our attention to the high tem- 
perature expansion of the specific heat, we can readily and simply 
obtain a formula for 6 *4. Thus if g(r) is the static lattice energy per 
particle, the limiting value of 6 at high temperatures is given by 


h y/o" (r) 
I. = 0.4109 = jza (7) 


where m is the mass of an atom of the crystal. When the solid is 
subjected to pressure we assume that vibrations take place about the 
new equilibrium position with a changed force constant, and this is 
accounted for by the term y’’(r). Eq. (7) thus represents the variation 
of 6 with volume. 

When we substitute the values of the lattice energy corresponding 
to helium in Eq. (7) the lowest curve in Fig. 11 results, and this is 
clearly in serious disagreement with the experimental values repre- 
sented by the upper curve. The calculated 6-values become zero at a 
molar volume of 14.9 cm? whereas finite experimental values are 
observed right up to the melting volume of 21.18 cm. 

This discrepancy provides a confirmation’ of Born’s contention 3 36 
that classical lattice dynamics, based on vibrations about a position 
of static equilibrium, has only a restricted region of validity. Born 
has indicated that one should rather consider vibrations about dynamic 
(or more generally thermodynamic) equilibrium, and has suggested 
this as a basis for a modified lattice dynamics which has subsequently 
been developed by Hooton 37 38:39, We can take account of Born’s 
suggestion in an approximate manner by replacing the lattice energy 


. 


q a are qlite Poniex But & test whether the Perhoctifnt is in Baie, right 
,- direction we have substituted the ore value of 


(oases 41m 6.) PO aE ht 


into the right hand side of (8). The result is again shown in Fig. 11 
(upper dotted curve) and it will be seen that the calculated values 
are now much closer to the experimental values. 


a it lh 


10.5 1.5 b 2.5) 13.5 14.5 eee) 16.5 fit 18.5 AREY 20.5 
MOLAR VOLUME cMm®> 


Fig. 11. The Debye @ as a function of volume in solid Het. 
experimental values. 


We now discuss briefly some of the properties of the differential 
Eq. (8). As it is a second order equation we might at first expect two 
arbitrary constants to appear; in fact however we are looking for a 
singular solution, and this is determined by the physical property 
that for sufficiently small volumes the effect of zero point energy is 
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negligible. This property of the physical solution makes a numerical 
approach at integration rather difficult. 

The equation may alternatively be regarded as determining the 
internal energy, H,, at absolute zero, as a function of volume, and 
following Dugdale and MacDonald *° we can write it in the form 


By = p(n +a(So)” (9) 


where a is a constant. Dugdale and MacDonald consider the particular 
case when g(r) is a Mie—Lennard Jones function 


Phage 
PY) apse 


They are then able to derive a solution in the form of a series expansion 
in powers of 7. However, the series is only of use for small a, cor- 
responding to small zero point effects, and cannot be applied to 
helium. They alternatively suggest an approximate solution in closed 
form which agrees with the initial terms of the series expansion, and 
can be applied over a much wider range. An important feature of this 
solution is the disappearance of the minimum in #, at a particular 
value of a (Fig. 12). This seems to correspond to an interesting dif- 
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Fig. 12. The internal energy as a function of volume for various values of 
the parameter a. 
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ference between the solid phases of Het and He’: the internal pressure 
of the former as determined from the Simon melting equation (see 
§§ 4 and 5) is positive as for all normal substances whereas the internal 
pressure of the latter is negative. 

As mentioned above a more fundamental approach to a modified 
lattice dynamics when anharmonic effects are large was initiated by 
Born and developed by Hooton. The nature of Born’s approach can 
be illustrated by the following simple example. In the problem of the 
vibrations of a simple diatomic molecule one has to solve the 
Schrédinger Equation for a potential well of shape Fig. 13(a). For 
small vibrations (energy level as shown) only the bottom of the well 
is relevant, and a harmonic approximation is reasonable. If however 
the well is of a different shape Fig. 13(b), such as is experienced by 
an atom in the interior of a crystal with a large atomic spacing, the 
harmonic approximation breaks down completely. Nevertheless a 
pseudo-harmonic approximation is still possible, using a harmonic 
oscillator wave function and fitting the frequency parameter by the 
variation principle. 


Fig. 13 


Hooton develops a lattice dynamics in this manner, the equilibrium 
positions of atoms, normal frequencies, and normal co-ordinates being 
parameters which are fitted so as to give a minimum value to the 
thermodynamic free energy. These parameters are then dependent 
on temperature as well as volume, although the temperature 
dependence is small and can be neglected to a first approximation. 
In principle the method is capable of determining the complete 
vibration spectrum (including its volume and temperature dependence) 
of a lattice with large anharmonic vibrations; in practice, however, 
the equations become extremely complicated. By using an approx- 
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imation of Debye type Hooton is led to an equation similar to (8), 
although he suggests that the use of Debye functions in standard 
manner is no longer appropriate. 

A simple and direct approach, which is nevertheless capable of 
providing useful information, is to consider how the shape of the 
potential well in which each atom finds itself changes as the volume 
of the solid is varied. This method was used by Henkel *' to account 
for the temperature dependence of the elastic constants of solids, and 
is really a development of the Einstein approximation. Although it 
would not be expected to account correctly for the thermal behaviour 
at low temperatures, it should provide a reasonable approximation 
to the volume dependence of the lowest energy state. Thus as the 
volume increases, the shape of the potential curve becomes rather 
similar to a three-dimensional square well, and this can be used as a 
first approximation. This approach is being further investigated by 
J. J. Zucker at King’s College, London. 


6.3. THE TRANSITION IN SOLID HELIUM 


As mentioned in §2.3 Dugdale and Simon discovered a poly- 
morphic transition in solid helium which they conjectured to be a 
transition from hexagonal close packed to cubic close packed structure. 
It is of interest to consider the relative stability of these two structures 
when the interatomic forces are central forces of van der Waals type. 

Yor the static lattices at absolute zero calculations have been made 
independently by several authors 42 4%: 44. The general conclusion is 
that for all reasonable forms of potential the hexagonal structure is 
more stable, the difference in energy, however, being only about 
0.01 %. Under very high pressures, corresponding to a reduction 
of a factor of 2 in volume, the cubic structure becomes the more 
stable. 

Barron and Domb “4 then considered the properties of the two 
lattices at elevated temperatures. The equivalent Debye 6 at the 
absolute zero is smaller for the cubic lattice, the difference being 
about 1 %. Hence, ignoring zero point energy, we should expect a 
transition to occur from hexagonal to cubic at an elevated temperature. 
The estimated temperature and energy of the transition are of the 
same order of magnitude as those observed experimentally in solid 
helium. However the calculations can only be regarded as indicating 
the possibility of an explanation, since lattice dynamics based on a 
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J 6. ¢ was POINT ENERGY AND MELTING eas, 
4 The experimental values of @ determined by Dugdale and Simon8 _ a 
enable us to estimate vibration amplitudes and various related ic" 
5 properties for a considerable length of the melting curve. Assuming 
a Debye model the mean square vibration amplitude is given by 
ri OEe aE | . 
Ppt pc al ‘ 
4x?m k6? T>9 
| 10) 
Sar 9h DRI Me A el Oe ( 
i Pee ai cele ee ae —6/T 
© = Tentnbe [1+ set G TR a) ° es ra T <6. 
: The results are shown in Table IX. The 4th column, 7’,,/0, represents 
3 the degree of degeneracy at the melting point, and it will be observed 
that melting becomes steadily less degenerate as the melting tem- 
, TAB LE Ix 

Molar Melting Zero point Thermal 

Volume Temp. 6 energy energy Ratio Ratio 

in cm$ ks kK T,,/8.  Cals/Mole Cals/Mole o= w/a o 
#2118 0 21 0 46.9 0 310 0 

20.0 2.12 24 .088 53.6 0.17 -303 -067 

_ 18.0 3.40 31.5 -108 70.4 0.49 277 074 

16.0 5.35 42.5 -126 95.0 TRY) 251 .O77 

14.0 8.65 57.0 -152 127.0 3.18 -228 .083 

12.5 13.10 76.3 AL 170.0 6.43 212 .086 

11.5 17.65 92.5 191 207.0 11.2 .201 -088 

10.5 23.55 114 207 255.0 17.8 190 .089 


* This value corresponds to the liquid phase He II, the remaining values correspond 
to He I. 


perature rises. In the 5th and 6th columns we have tabulated the 
zero point energy and thermal energy, and a comparison of their 
magnitudes illustrates strikingly a fact first pointed out by Simon *. 
The zero point energy is much larger than the thermal energy, and 
if we consider, for example, the heating of helium at a constant molar 
volume of 14.0 cm? from the absolute zero, we find that 127 calories 
of zero point energy are incapable of melting the solid, whereas an 
additional 3.18 calories of thermal energy are sufficient to induce 
melting. 
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In the 7th column we have tabulated the ratio o of the r.m.s. 
vibration amplitude of the atoms, /u2, to the distance between 
nearest neighbours in the lattice. According to the Lindemann melting 
formula, which is well satisfied experimentally by classical sub- 
stances, this ratio should nearly always be in the neighbourhood 
of 1/10. However, it will be seen that for solid helium this ratio varies 
continuously along the melting curve from three times to twice the 
classical value. If we consider the vibrational energy, the difference 
from classical behaviour is still more striking. The molar volume in 
the last line of Table IX corresponds to a nearest neighbour spacing 
about equal to the distance of the minimum in the potential energy 
curve. By analogy with the heavy inert gases we can estimate that if 
the melting of helium were purely classical, about 25 calories of thermal 
energy would then be necessary to produce melting at this volume; 
in fact the actual vibrational energy at the melting point is more 
than ten times this quantity. 

In the final column we have tabulated the corresponding ratio o’, 
taking account only of thermal vibrational energy. It will be seen 
that the values rapidly increase at first and steadily approach the 
classical value of 1/10. 

The experimental data thus demonstrate clearly that zero point 
energy is much less effective than thermal energy at producing 
melting. The two types of energy differ from one another only in 
spectral distribution, the former being proportional to »? (on the 
Debye model) and the latter to »3/(e””"" — 1). However small 7 is, the 
denominator in the thermal energy term becomes equal to hy/kT' 
for sufficiently small », and hence the thermal energy is proportional 
to v? for small ». On general physical grounds we might expect that it 
is long waves which are responsible for melting; for example it is 
known that sufficiently short transverse waves can be propagated in 
liquids, and it is long waves which destroy long range order in two 
dimensional lattices 1!. The ineffectiveness of zero point energy seems 
thus to be due to the fact that it is concentrated in the short wave 
region of the spectrum, whereas thermal energy has a larger proportion 
concentrated in the long wave region. 

These results also demonstrate that it is not vibrational amplitude 
which should be correlated with melting, and hence that the derivation 
of the Lindemann melting formula by means of vibration amplitudes 
cannot be regarded as satisfactory even empirically. An alternative 
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approach is needed to account for the wide range of agreement of 
this formula with experiment. 


6.5. THE SIMON MELTING EQUATION 


Perhaps the most important aspect of the experimental work on 
solid helium is the light which it throws on the general properties of 
the melting curve, and its confirmation of the Simon melting formula 
(1) over an extensive range. Although we are still far from an adequate 
theory of melting, even crude approximations have begun to provide 
evidence of theoretical justification for the formula. Thus Domb % 
and de Boer **, using the theory of Lennard Jones and Devonshire, 
were able to derive a formula of type (1), the constant c being related 
to the repulsive power in the intermolecular potential energy. By 
making the assumptions of the Griineisen theory of solids, Salter 4” 
was able to show that the Simon formula was equivalent to the 
Lindemann melting formula, the constant c being related to Griin- 
eisen’s constant. Finally I. Z. Fisher 4 4% 5° in considering the limits 
of stability of the solid phase has obtained a theoretical derivation 
of the formula (1). 

There is still a good deal of controversy regarding the possibility 
of a solid-fluid critical point, but there seem to be strong theoretical 
reasons for rejecting the idea *. It is therefore interesting to note 
that the experimental results also show no evidence of an approach. 
to a critical point. 

The recent extensive experimental work on solid He*® by Mills and 
Grilly is also of considerable theoretical interest. We have seen 
that for He* the degeneracy decreases steadily along the melting 
curve. At a sufficiently high temperature along the melting curve we 
might therefore expect the behaviour to become classical, so that the 
isotopic masses would have no relevance and the melting curves of 
Het and He? would become identical. It is perhaps significant in-this 
connection that although the melting curves of He* and He?® run 
almost parallel for a large range, the formulae of Mills and Grilly 
indicate that they approach one another at higher temperatures. 
The Simon melting formulae to which Mills and Grilly fitted their 
experimental results would intersect at a much higher temperature. 

We have seen that as a result of quantum effects helium cannot 
be regarded as a model substance in the completely rigorous sense. 
Nevertheless it may fairly be claimed that these quantum effects 
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do not mask the general conclusions which can be drawn, and that 
the experiments on solid helium have provided great insight into the 
properties of matter at high pressures and densities. 


The authors are very grateful to Sir Francis Simon for his interest and for 
helpful correspondence. They also wish to express their thanks to Dr. T. H. K. 
Barron and Dr. D. K. C. MacDonald for reading the manuscript. 
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1. Introduction 


The rare earth elements offer one of the most attractive series of 
metals for studying the relationships between electronic structure 
and the physical and chemical properties of metals. As a corollary, 
these metals make an excellent series to relate one physical property 
to another. The elements in this group generally have three electrons 
in the valence shell or the conduction band of the metal and as the 
atomic number increases, electrons appear in the inner, incomplete 
4f shell. Most of the physical properties of these metals, to a first 
approximation, are determined by the interaction of the outer 
electrons of the metal atom with those of neighboring atoms, although 
some properties such as magnetism are primarily determined by the 
inner electrons in the incomplete shell. 

The elements scandium, yttrium, lanthanum and actinium are not 
true rare earths but they have the same external electronic structures 
as the rare earths. Yttrium and lanthanum are always found in 
nature associated with the rare earths, and their chemical properties 
are so similar to the rare earths that it is extremely difficult to separate 
these elements from the members of the rare earth series. The elements 
cerium, praseodymium, samarium, europium, terbium and ytterbium 
have 4f and conduction electron energy bands so close to each other 
that a 4f electron may move to the conduction band or vice versa. 
As illustrations, we may cite the cases of europium and ytterbium 
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which have two conduction electrons, and the case of cerium which 
can exist as a metal with either three or four conduction electrons. 

Due to the great difficulty of separating the rare earths in the 
pure form, these elements were not generally available prior to 1944, 
and much of the work reported in the literature was carried out 
using impure samples. Our experience has shown that many of the 
properties are sensitive to small amounts of impurities and to previous 
history of the sample (work hardening, annealing, etc.). In view of 
this sensitivity, some of the early work shows remarkably good 
qualitative agreement with the most recent measurements. 

With the development of the ion-exchange method for separating 
rare earths | and the development of methods for preparing pure rare 
earth metals ? in quantity, it has become possible to make much more 
extensive measurements on the properties of these metals. Some of 
these measurements are refinements of previous measurements and 
some are new. Since considerable quantities of the rare earths have 
been available at Ames, most of the figures show the Ames measure- 
ments. Direct references are given in the text to latest reported data 
where helpful. In addition, an index of workers in the field is appended. 

We have not been able to get quantitative agreement with the 
predictions of the present theories of metals. However, we feel that 
considerably more data of the type outlined in this paper are needed 
before we would wish to draw a critical comparison with existing 
theories. For this reason, we will not attempt in this paper to do 
more than to point out the interesting properties and the obvious 
correlations between the properties which the various elements show. 

In Table I, many of the physical constants of the rare earth metals 
are given as now known or estimated. While most of the experimental 
data listed were obtained using rare earth metals of very high purity 
with regard to other rare earths and metallic impurities, this is not 
true with regard to non-metallic impurities such as oxygen, nitrogen, 
hydrogen, and carbon. It is very difficult to prepare these metals free 
from small amounts of these elements. Even when prepared pure, 
it is very difficult to keep the rare earth metals pure, since they are 
among the world’s best ‘getters’, particularly at high temperatures. 
Traces of water vapor, carbon dioxide, oxygen and nitrogen in the 
measuring apparatus, whether in the inert gases surrounding the 
specimens or adsorbed on the walls of the apparatus, almost inevitably 
end up in the metal. When this occurs, the sensitive properties such 
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TABLE I 
Physical and Chemical Constants of the Rare Harth Metals (1956) 


 —————————————————————— 


Crystal 
Transition AH AH Structure Lattice Constant: 
M.P. B.P. Temp. vap. fusion (Room Temp. A 
Element OU ieee TNS Keal/mole Keal/mole form) a o 
Se 1820-1870 2750 — 73* 3.8* hes: 3.3090 5.2733 
ay fw 1820 3300 — 80* 4,1* h.e.p. 3.6474 5.7306 
La 1193} 4500 573-623 81 2.4* hex 3.770 12.159 
_ 1141+ £6. 5.3024 

Ce 1077} 3200 1027+ 79 2.2* £.¢.6. 5.1612 — 
igs 1208+ 3290 1071f Ue: 2.4* hex 3.6725 11.835 
Nd 12977 3450 1141+ 69 2.6* hex. 3.6579 7A Lige 
Pm 1570* 3000* — 710% 3.0* — - — 
Sm 1325+ 1900* 1190* 46* 2.6* Rhom 8.996 «=23°8 
Eu <1170 1700* — p40 2.5* b.¢.c. 4.606 —- 
Gd 71520 3000* — 1e*s Sat h.c.p. 3.6360 5.7826 
Tb 1638+ 2800* 1583+ 70 3.0% ncep: 3.6010 5.6936 
Dy ev 1670 2600 — «67 4.1* h.c.p. 3.5903 5.6457 
Ho 1770 2600* — 67* 4.1* h.c.p. 3.5773 5.6158 
Er 1770-1820 2900* — Nee 4.1* h.e.p. 3.5588 5.5874 
Tm 1820-1920 2400 — 56* 4.4* h.c.p. 3.5375 5.554¢ 
Yb 1097} 1800* 1071} 40 2.2* £.c.c. 5.4862 _ 
Lu 1920-2020 2200* — 59* 4.6* h.c.p. 3.5031 5.550§ 


t Determined by thermal analysis 
* Best estimated values from Ames Laboratory experience, and literature. 


Shear : ‘al 
a “Modulus Seaeel aca 
_tenperatr Kegjem*<10-* ‘Keg/em? x 10-5 Ratio 720 


372 F. H. SPEDDING, S. LEGVOLD, A. H. DAANE AND L. D. JENNINGS 


as electrical resistivity, etc., may be markedly affected. During the 
past two years, our Laboratory has learned a great deal about 
preparing metals where these impurities are kept to a minimum. 
Therefore, the more recent measurements are likely to be more accurate 
than the earlier ones. We have also found that, when the metal can 
exist in two different crystalline forms, the impurities may influence 
which form will be obtained. The presence of impurities frequently 
makes the transition temperature between solid phases sluggish, and, 
when the metal is cooled from a high temperature, the polycrystalline 
metal obtained frequently consists of mixtures of two crystalline forms 
or of peculiarly stacked atomic layers. Therefore, the properties of 
the metals may be sensitive to the previous treatment of the particular 
specimens. 

It is evident that as metals of increased purity are obtained, and 
more is learned concerning the heat treatment, more accurate physical 
constants will be obtained, but the values given in the table are the 
best known as of the date of writing. We hope, in the not-too-distant 
future, to be able to measure some of these properties with single 
crystals; we have succeeded in growing a few at the present time. 
However, the growing of single crystals is made somewhat difficult 
by a characteristic high temperature crystalline transformation which 
has been found in these metals in all cases examined. 

The magnetic susceptibility measurements for the elements lantha- 
num, ytterbium and lutetium are not of the relative accuracy we 
would desire. The measurements were made using equipment designed 
primarily for the rare earths with higher moments, and further, we 
have not given the attention to obtaining extremely pure lanthanum, 
ytterbium and lutetium that we have given to a number of the other 
metals, although the amounts of the paramagnetic impurities were 
so low that there was considerable question as to whether they could 
be determined by spectrographic analysis. Therefore the samples of 
these metals are likely to have a trace of paramagnetic impurity so 
that our values may be high, yet they are considerably lower than 
those previously reported in the literature. 

In the figures, we give plots of the temperature dependence of 
the specific heats, electrical resistivities, and magnetic properties. 
These properties will be discussed under the heading of the various 
elements along with other properties such as X-ray data, coefficients 
of expansion, Hall coefficient measurements, and superconductivity. 
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2. Lanthanum even 


_S 


It has been the experience of most investigators that it is difficult 
_ to obtain lanthanum metal in a single crystalline form “>. Usually 


the metal appears in the modified hexagonal close-packed form with 


a double c axis, although it may have the face-centered cubic form. 
Indeed, many cast samples have contained a mixture of both forms. 


Only recently has it been possible at Ames to get a sample which is 
entirely of the cubic form. Because of these difficulties, some of the 
data available on the properties of the metal will be superceded 


when the data on the pure crystallographic forms become available. > 
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Fig. 1 Fig. 2 
Lanthanum is a superconductor with a transition temperature 
variously reported from 3.9°K to 5.8°K 4. Our data®”’ on the 
electrical resistivity are shown in Figs. 1 and 2. Here the super- 
conducting transition, as shown in the insert of Fig. 1, occurs at 
~ 5.8°K. Above the superconducting transition, the resistivity, though 
relatively high, has normal behavior for a metal. There are, however, 
two phase transitions at the higher temperatures. One occurs at 
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1141° K and is relatively sharp. This transition occurs just 52° below 
the melting point and is particularly interesting. About half the 
entropy of order disappears at this temperature according to cooling 
rate data collected on samples cooled from the molten state. Attempts 
to get X-ray data above the transition have not been successful. 
Dilatometric studies have likewise met with little success because 
of a high plastic deformation rate in samples heated to near this 
temperature. Although the samples appear to be solids above the 
transition, they behave as though no crystal structure were present. 
The lower temperature transition occurs somewhere between 550° K — 
900° K, and is very sluggish, requiring long annealing times at the 
most favorable temperature to obtain one of the pure forms. 


a) (cal/mole-deg) 


Fig. 3 


Measurements of the magnetic susceptibility give a room tempera- 
ture y,, of 115 x 10-* within 3% and a 20.4°K y,, of 220 x 10-* 
within 7 %. 

Fig. 3 shows that the heat capacity ® has only one anomaly, that 
caused by the superconducting transition. Above the temperature 
of this transition, the heat capacity resembles that of lead, and may 
be characterized by a Debye temperature which varies between limits 
of 123° K and 137° K. The insert in Fig. 3 shows the region of the 
superconducting transition, which occurs at 4.37° K for the sample 
of Parkinson, Simon and Spedding §. X-ray data showed that their 
sample contained both hexagonal and cubic phases. More recently, 
on a somewhat purer sample, Berman, Zemansky, and Boorse 9 have 
found two distinct transitions; one at 5.8° K is associated with the 
cubic phase and one at 4.8° K is associated with the hexagonal phase. 
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Berman, ef al.®, have also measured the heat capacity down to 
1.6° K in a large magnetic field and tentatively find that y=21 = 10-4 
cal/mole-deg and that 0=133°K. A re-evaluation of the work of 
Perkinson, ef al.8, shows that their data are not inconsistent with 
this value of y, but they favor a higher value of 6. 
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3. Cerium 


Cerium metal at room temperature appears to have a face-centered 
cubic structure, although some samples have been observed which 
contain both a face-centered cubic and a hexagonal close-packed form 
of the metal ®. Cerium, when cooled below 85° K !° or placed under 
a pressure of 15,000 atmospheres at room temperature !', transforms 
more or less completely to a face-centered cubic structure with a 
lattice constant 6 °% smaller than the room temperature form. This 
transition to the condensed form has been shown to be the result of 
the shifting of the 4f electron to the conduction band. At 1027° K, 
cerium undergoes a transformation from the face-centered cubic 
structure to an unknown structure. This transformation, like the 
corresponding transformation of lanthanum, is very sharp and involves 
a considerable amount of energy. 

Fig. 4 shows the low temperature resistivity of a cast sample of 
cerium which was found to contain both cubic and hexagonal forms 
of the metal®. As the temperature is lowered, a sharp decrease in 
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the electrical resistivity is observed as the metal experiences the 
cubic-to-condensed-cubic transformation below 100° K; another break 
is apparent near 14° K (see insert of Fig. 4). Whether this latter 
break is due to a crystal field phenomenon or the typical onset of a 
magnetic transformation (which might be related to the crystal field) 
in the non-condensed hexagonal fraction is still an open question. 
As the temperature is raised, the resistivity rises in a reversible way 
up to about 50° K and then remains lower than the data taken on 
cooling the sample. At 180° K the resistivity rises sharply as an 
electron moves from the conduction band back into the 4f shell. 
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Fig. 6 


This same type of temperature hysteresis has been observed in 
magnetic susceptibility studies 12, in dilatometric studies 1% and in 
measurements of the Hall effect 14. As shown in Fig. 5, the high 
temperature transformation in cerium at 1027° K produces a marked 
disconstinuity in the resistivity 7. This transformation has also been 
observed in the magnetic susceptibility by Gaume—Mahn ©. 

The solid curve in Fig. 6 represents the most reproduceable heat 
capacity data for cerium ®; these data were taken on a sample that 
contained both cubic and hexagonal forms of the metal. The dashed 
lines represent two alternative ways of removing the room temperature 
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pat - formation is not complete at the higher temperature region, it is 


: supposed that the peak at 12° K represents 1 the magnetic contribution 
of the untransformed 4f electrons. 
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4. Praseodymium 

Praseodymium with two electrons in ‘ttle 4f shell exhibits the 
double ¢ axis hexagonal structure as in the case of lanthanum °. 
A cubic form has occasionally been reported in the literature, but it 
has not yet been established that such a form can exist when the 
metal is free of impurities. In the low temperature region, there are 
no outstanding anomalies in the electrical resistivity ° of this metal 
as can be seen in Fig. 7. A high temperature transformation in 
praseodymium at 1070°K is apparent as a sharp discontinuity in 
the electrical resistivity measurements’ as shown in Fig. 8. 

In a study of the magnetic susceptibility, La Blanchatais ¥ 
found that from 77° K to 500° K praseodymium obeys the Curie-Weiss 
1.58 
(Ee ie 
tibility is 4920 x 10-*, while in our Laboratory, we get the considerably 

higher value of 5470 x 10%. 

The heat capacity data’, as shown in the plot of Fig. 9, obey 
Debye’s law well up to 20° K with 0=74° K, if the conduction electron 
contribution is assumed to be the same as in lanthanum °. Although 
sound velocity measurements ! show that the Debye temperature is 
lower for praseodymium than for lanthanum, such a low value as 
74° K seems untenable. If, on the other hand, one assumes that the 
lattice contribution for praseodymium is about the same as for 
lanthanum, the 4f contribution to the heat capacity rises about as 
T? at low temperatures and reaches a rounded maximum at about 
30° K. This behavior is not understood. 


law ¥4= Her room temperature value for the atomic suscep- 


5. Neodymium 


Neodymium at room temperature has the same modified hexagonal 
close-packed structure as lanthanum and praseodymium, and as in 
the case of these metals it undergoes a high temperature phase 
transition, at 1065° K. The low temperature electrical resistivity of 
neodymium ® (three electrons in the 4f shell) is shown in Fig. 10; 
a slight knee at about 16° K is best seen in the insert. This behavior 
correlates well with the fact that neodymium apparently goes through 
a magnetic transformation as the temperature is lowered below 20° K, 
and with the fact that the heat capacity ® (Fig. 11) shows two rounded 
maxima at 7° K and at 19° K. The high temperature transformation 
in neodymium at 1065° K may be observed in resistivity measure- 
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ments” as shown in Fig. 12. Dilatometric observations have shown 
recently that there is a 0.2 % increase in volume as the metal is 
heated through this transition. — 
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Between 30° K and 145° K, our magnetic susceptibility data 18 on 


a polycrystalline sample fit the Curie-Weiss law la= qos and 
1.70 


Tae We have also made magnetization 


studies at hydrogen and helium temperatures on this sample. The 
data obtained are shown in Fig. 13. The 4.2° K isotherm shows a 
field dependence of the magnetic moment of the type encountered in 
the antiferromagnetic temperature range of some of the heavier metals 
described later in this chapter. 

Recently, we have determined the magnetic susceptibility of a 
small single crystal of neodymium metal and find that from 120° K 


above 145° K the law y,,= 


1.73 1.71 e : 
9 ° 63 —_ 7 7 fe} 9 ° 
bOr270 WK, Kat =F Za, Pui and from 40°K to 120° K 
1.53 1.52 ee ; he 
Hat, 5 Hat, = Here Lat indicates the susceptibility with 


the field parallel to the c axis and Hat, indicates the susceptibility 


perpendicular to the c axis. These data indicate the type of anisotropy 
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that is likely to exist in many of the metals. Here the data imply a 
tendency for the magnetic moment to line up perpendicular to the 


C axis. 
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6. Samarium 

Samarium with five electrons in the 4f shell has a very strange 
crystal stacking 1 with layers of atoms in planes perpendicular to 
the c axis arranged in the order ababcbeac, giving a cell with four 
and one-half times the normal hexagonal close-packed c axis. From 
magnetic studies, Klemm and Bommer ”° report y,,=1820 x 10-* at 
room temperature. Measurements at this Laboratory indicate a much 
lower value of 1320 x 10-*. 


7. Europium 


With regard to its physical properties, europium metal does not 
really belong to the rare earth series. It has a much lower density 
and obviously has only two electrons in the conduction band. It-more 
properly belongs in the calcium-strontium-barium series, since it is 
a soft metal having a relatively low boiling point and corrodes very 
rapidly in air. 

From studies of the magnetic susceptibility, Klemm and Bommer 2° 
report that the 1/yvs7 plot departs from linearity at 140° K and 
that the paramagnetic Curie temperature is 15° K. We have not 
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8. Gadolinium © 

The rare earth metals from gadolinium to the end of the series, 
except for ytterbium, all exhibit simple hexagonal close-packed 
structures at room temperatures and below * ?1. 

The seven electrons of gadolinium in the 4f shell require that the 
shell be half full and that all the electron spins be alligned according 
to Hund’s rule as applied to the free ion. The metal becomes ferro- 
magnetic at 289° K. The dependence of the magnetic moment at 
constant field (iso-field data) on the temperature appears in Fig. 14 ”?. 
Extrapolations of the magnetic moment data to saturation at different 

‘temperatures yield saturation moments which fit very well the 7%? 
law predicted by the spin wave theory of ferromagnetism. The 
saturation moment at absolute zero agrees well with the value 
calculated for the free ion. 

The electrical resistivity of gadolinium metal 7? is shown in Fig. 15. 
There is a sharp change in the slope of the curve (a knee) at the 
Curie temperature (see insert) with nearly linear dependence of the 
resistivity on temperature both above and below this point. 

The coefficient of expansion is extremely small 7+ below the Curie 
temperature. This comes about because the c axis expands slightly 
as the temperature is lowered 21. 

The heat capacity 7° of Fig. 16 shows a single A-type anomaly at 
291.8° K. The measurements extended only down to 15° K, and at 
this temperature there was still an appreciable magnetic contribution 
to the heat capacity. It was not possible, therefore, to determine a 
value for the Debye temperature, but the value of 152° K obtained 
from the lowest experimental point may be taken as a lower limit. 


9. Terbium 


Only preliminary measurements have been made on the magnetic 
properties of terbium metal. The dependence of the magnetic moment 
on temperature (isofield plot) for a relatively impure sample (3 % 
impurity) is shown in Fig. 17. Here, it appears that the metal becomes 
ferromagnetic below about 230° K. 

Klemm and Bommer ?° found terbium to obey a Curie-Weiss law 
of 7,,= 10.1/T' — 205. They report a room temperature atomic suscepti- 
bility of 115 x 10-3. Our recent measurements on a good metal 
sample indicate an atomic susceptibility of 172 x 10-3 for the pure 
metal. 
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10. Dysprosium 

Magnetization curves (isotherms) for dysprosium *° over the tem- 
perature range from 4.2° K to 200° K are shown in Fig. 18. However, 
it is easier to follow the magnetic transitions on an isofield plot of 
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the dependence of the magnetic moment per gram on temperature as 
shown in Fig. 19. Here it can be seen that the behavior is paramagnetic 


down to 175° K. It is interesting to note that the experimental /i.¢ of | 


10.2 is very close to the calculated ,_ of 10.6 for the free ion. At 
175° K there is a cusp in the data which has the appearance of a 
Neel point as suggested by Trombe *”. The metal apparently becomes 
antiferromagnetic below 175° K. It does not remain in this state all 
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the way down to absolute zero, however, but undergoes a trans- 
formation to the ferromagnetic state at 85° K. Magnetic remanance 
was observed below 85° K if the sample was not heated above the 
Neel point prior to each magnetization run. At temperatures below 
30° K, there is a decrease in the observed magnetic moment with 
decreasing temperature. Although the metal is magnetically hard, 
it does not seem that this could account for this dropping off of the 
moment. Rather it seems more plausible that either the antiferro- 
magnetic form again becomes competitive or that some lower moment 
electronic state is becoming populated as the temperature decreases, 
or both, assuming the lower lying state favors antiferromagnetism. 

The electrical resistivity of dysprosium 23 (Fig. 20) exhibits anomalies 
at the temperatues of the magnetic transformations described above. 
As the temperature is lowered through 175° K, there is a leveling off 
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of the resistivity indicating that this transformation is certainly not 
from paramagnetism to ferromagnetism as in the case of gadolinium. 
This information corroborates qualitatively the proposal that the 
transition is one from the paramagnetic to an antiferromagnetic state. 
There is also a small change in the slope of the resistivity curve at 
85° K, which is near the antiferromagnetic-ferromagnetic trans- 
formation. 
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The heat capacity ° of Fig. 21 shows these two transitions. The 
one at 174° K is of the A-type, and is associated with the antiferro- 
magnetic transition. The lower temperature anomaly, associated with 
the ferromagnetic transition, is centered at 83.5° K, and is nearly 
symmetrical. The transition taking place in this temperature region 
shows thermal hysteresis; the entire entropy is not removed unless 
the sample is cooled well below the temperature of the anomaly. The 
measurements extended down to 15° K, and the magnetic contribution 
to the heat capacity was still appreciable at this temperature. 


11. Holmium 

The magnetization isotherms for holmium are shown in Fig. 22 
and the isofield curves have the form shown in Fig. 23. The latter 
curves are very much the same as those for dysprosium. Assuming a 
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| giving part of a typical hysteresis loop. These data gave an indication 


of considerable remanence. There is no apparent dropping off of the 
saturation magnetization below 20° K as in the case of dysprosium. 
The heat capacity of Fig. 24 shows a behavior which is very like 


that of dysprosium. The A-type antiferromagnetic transition is at 


131.6° K; the symmetrical, ferromagnetic transition is at 19.4°K 
and shows thermal hysteresis. The curve shows two points of inflection 
between the two transitions, however, while that for dysprosium 
shows none. ; 


12. Erbium 

Magnetically, erbium does not exhibit clean-cut transitions as do 
dysprosium and holmium. The magnetization isotherms ”° are shown 
in Fig. 25 and some isofield data appear in Fig. 26, From the latter, 
it is apparent that the very weakly developed rise and fall of 
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magnetization with temperature near 78° K could correspond to a 
Neel point. Near 20° K, likewise there appears to be a tendency for 
the metal to become ferromagnetic. Kohler °° has made neutron 
diffraction observations on erbium and has been able to ascertain that 
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it is ferromagnetic at helium temperatures. In the higher temperature 
regions, magnetic ordering is detected but the magnetic lattice has 
not been determined. It should be pointed out that the liquid hydrogen 
isotherm shown in Fig. 25 has not been repeatable although several 
attempts on different samples have been made. In most instances, 
the needle-like samples of ten to one aspect ratio turn crosswise in the 
magnetic field at this temperature indicating the presence of fairly 
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sizable crystallites and strong anisotropy. It is quite clear that single 
crystal data are needed to clarify the picture. 

The electrical resistivity of erbium ®° appears in Fig. 27 and shows 
a slight break at the 78° K magnetic anomaly. The resistivity of this 
metal is very high, approaching that of bismuth in its poorly con- 
ducting direction. 
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There are three anomalies in the heat capacity *! as shown in 
Fig. 28. The low temperature peak at 19.9° K is symmetrical and 
shows thermal hysteresis, apparently corresponding to the ferro- 
magnetic transitions in holmium and dysprosium. The rounded 
maximum at 53.5° K also shows thermal hysteresis and does not 
correspond to an anomaly in any other data available at present. 
The heat capacity near 84° K is quite reproducible and does not 
display hysteresis; it is almost flat over a region of about one degree 
at the very maximum and then drops off very rapidly with tempera- 
ture. This anomaly is near the temperature where the susceptibility 
shows its weak maximum. 


13. Thulium 

In Figs. 29 and 30 are shown the magnetization isotherms and the 
isofield data for thulium metal. From the latter it is apparent that 
thulium undergoes a magnetic transformation from the paramagnetic 
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state to the antiferromagnetic state at 51° K. The fact that the 
4,2° K isotherm falls below the 20.4° K curve indicates that the metal 
does not become ferromagnetic. 
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14. Ytterbium | 

The 4f shell is filled in ytterbium metal and this leaves just two 
conduction electrons, making its properties unlike those of the other 


rare earth metals. It is not superconducting down to 2.2° K. The atomic 
magnetic susceptibility measured at room temperature is 81 x 10-, 


15. Lutetium 


Lutetium, the last of the rare earth series, has the 4f shell full and 
has three conduction electrons. We find the magnetic susceptibility 
at room temperature y,,=179 x 10-’. It is not superconducting down 
to 2.2° K. 


16. Summary 


We are able to draw some general conclusions from the data which 
are now available. The rare earth metals are soft and have a low 
Debye temperature. On the other hand, they have low coefficients of 
expansion, comparable to those of glasses. In addition, the room 
temperature resistivities are high. 

The behavior of the 4f electrons is well predicted at room tem- 
peratures by the assumption that their behavior is the same as in the 
free trivalent ion. This assumption is substantiated by the values of 
the Curie constants. It is also substantiated by the values of the 
entropy at room temperature, which may be explained as the sum 
of contributions from the 4f electrons, from the conduction electrons, 
and from the lattice. Making reasonable estimates of the latter two 
contributions, based on the data for lanthanum and on the measure- 
ments of sound velocity, we find that the contribution of the 4f 
electrons is R In (2.7 +1), where the J value is that for the tripositive 
free ion. Until low temperature measurements establish the lattice 
and conduction electron contribution for each element, we may regard 
the agreement with the predicted contribution of the 4f electrons as 
established only within about 20 %. 

The cooperative magnetic interactions which give rise to the 
ferromagnetic and antiferromagnetic states must be explained in terms 
other than the simple Heisenberg exchange, because of insufficient 
overlap of the 4f electrons. Looking to super-exchange by way of the 
conduction electrons may be fruitful. In any event, the available 
neutron diffraction data indicate that the nature of the antiferro- 
magnetic ordering is complex. 
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Hall effect measurements are best interpreted in terms of a two- 
band model. The Hall voltage is positive for some of the rare earth 
metals and negative for others. It is interesting to note that the 
antiferromagnetic transition gives rise to a knee in the electrical 
resistivity versus temperature curve, as best seen in the case of 
dysprosium. 
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3. Magnetic Susceptibility. 
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5. Melting Point and Vapor Pressure. 

6. Structure. 

7. Thermal Expansion. 

8. Miscellaneous Physical Properties. 
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1. Introduction 


The experimental study of the specific heat of solids has been for 
many years one of the foci of attention of low temperature research. 
The reasons for this are easy to indicate. From a purely thermo- 
dynamic point of view the specific heat (whether at constant pressure 
or at constant volume) is an important quantity at any temperature. 
Furthermore, specific heat data provide a crucial check of certain 
predictions of the quantum theory of the thermal properties of solids, 
in particular at low temperatures. These properties depend strongly 
on the thermal vibrations of the constituent atoms or molecules, 
which in their turn are determined by the interatomic forces between 
the constituents. 

Nevertheless, it is possible to describe the vibrational contribution 
to the specific heat surprisingly well without entering into any detail 
of the interatomic forces as has been shown as long ago as 1912 by 
Debye ?. In fact, Debye’s theory is so successful, that ever since its 
introduction it has been used as a standard of reference in discussing 
experimental data. One of the purposes of this paper is to analyse 
various possible methods of representing specific heat data in terms 
of the Debye theory and to show that the usual method is inferior 
to a proposed new method in describing the relation between the 
predictions of the Debye theory, the actual behaviour of solids and 
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the predictions of the much more rigorous‘lattice dynamical theories 
of Born and von Karman 4, Blackman and others * ® 78. This compar- 
ison is largely based on recent specific heat measurements. It may be 
remarked already at this stage, that the use of low temperature 
techniques often imposes an unfortunate limitation on the temperature 
range in which measurements are carried out on a particular sample. 
Very few, if any, measurements on samples used in low temperature 
research extend to temperatures considerably above room tempera- 
ture. This limitation is completely arbitrary from a physical point 
of view and often makes the connection between low temperature 
-and high temperature data sufficiently uncertain to prevent a check 
of the theory at higher temperatures to be made. 

Much the same remarks can be made with respect to properties 
related to the equations of state (in particular the thermal expansion), 
although the amount of available experimental data is regrettably 
small. The general features of the thermal expansion at low tem- 
peratures are described remarkably well by the theories of the equation 
of state of Debye #2 and Griineisen !, which both are essentially based 
on the physical picture underlying Debye’s theory of the specific heat. 
Both theories predict an intimate relation between the specific heat 
and the thermal expansion. The experimental check of this relation 
is more involved than often has been supposed and, as Hume—Rothery 
pointed out 18, considerable confusion has been the result. In this 
paper we will discuss this situation in some detail, in particular in 
relation to recent experimental results. These results indicate that 
the Debye-Griineisen theory is too much simplified and has to be 
replaced (as in the case of specific heats) by a more rigorous lattice 
dynamical theory 73. 

Before proceeding to the main part of the discussion it will be 
useful to give a brief survey of the relevant theory. We shall assume 
that the temperature dependent part of the free energy of a solid 
of particles can be represented by the free energy of a system of 
3N harmonic oscillators (the lattice waves) with frequencies » which 
may depend on the volume. Hence we shall write for the Helmholtz 
free energy F'! of the lattice 


F =©+3N&P f g(x) In {1—exp (—ho[kD)} do. (1) 


The second term describes the temperature dependent part of F’. It is 


——— 


THE REPRESENTATION OF SPECIFIC HEAT 397 


assumed that the temperature is sufficiently high to describe the 
frequency spectrum by a continuous distribution function g(v) ”, 


mn 


where g(v) is normalised by the relation f q0)dy — 1. The first term in 


0 
Kq. (1) depends on the volume only and describes the potential energy 
and the energy of the zero-point motion. The use of Eq. (1) necessarily 
restricts the discussion to certain types of solids (see § 5) and further- 
more implies that the anharmonicity of the thermal vibrations is 
small®. The entropy S, the internal energy U, specific heat C, and 
the ratio between the volume coefficient of thermal expansion « and 
the isothermal compressibility x can be found from F by the well- 
known oa... relations 
(F/T OG Von 0S) 

— or ae wr Wx w- (2) 
All thermodynamic quantities in Eq. (2) depend essentially on the 
frequency spectrum g(v). The frequency spectra of different solids 
are so widely different, however, that no general treatment is possible, 
except in the limiting cases of high and low temperatures, which will 
be outlined in the following three sections. 


6, = 


2. Solids at Low Temperatures 

At sufficiently low temperatures (7'<6)/50%) only lattice waves 
with a wavelength long compared with the interatomic distances are 
excited. These waves are identical with elastic waves and hence the 
velocities of propagation are determined by the elastic constants. In 
each direction (characterised by an element of solid angle dQ) there 
are three independent elastic waves with in general different velocities 
of propagation v,(s=1, 2, 3); the velocities v, depend on the direction. 
The frequency spectrum of these waves is given by 


g(r) =3(gr) »* (3) 


and hence is characterised by the (volume dependent) ‘characteristic 
temperature’ 6, of the dimension of a ee: It can be shown that® 


wero spay 5 


where the integration has to be patie out over all directions. For 


an isotropic solid we have: 


90) =3(=) (a +3): (32) 


v 
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where v, and v, are the velocities of propagation of the longitudinal 


and transverse waves respectively. 9) is a function of the velocities 
of the elastic waves and can be calculated from the elastic constants 
measured at low temperatures. In all cases where this theoretical 
value of 9, could be compared with an experimental value the agree- 
ment is excellent. 

_ With the aid of Eq. (3) we can express F, S, U and C\(=C,) * im 
terms of 7' and 6, only. We find (assuming V=Vo, where Vy is the 
volume at 7'’=0) 


F,=®,— (a*/5) NkT(T'/09)° (5) 
S,—(4aet/5) NU(T|06)> (6) 
U,=@,+ (3824/5) NkT(T'/)3 (7) 
Cy = (1200/5) NE(T|99) (8) 


The thermal expansion is determined by 


«x99 = (1]Vo)y0C', (9) 


where we have introduced the dimensionless Griineisen factor defined 
by 
yo = —dIn 4,/din V (10) 


and where C;, is given by Eq. (8). 7» can be calculated if the volume 
dependence of the elastic constants is known or alternately from the 
interatomic potential “4; x), (compressibility at 7=0, V=V,) is 
related to ®(V) by 1/x p= V,B"(V,). 

The experimental specific heat at sufficiently low temperatures is 
always found to be proportional to J? and hence Eq. (8) can be used 
to determine and ‘effective’ value of 0, from experimental data. 
According to Eq. (9) « and C, are proportional to each other. This 
proportionality is often called the Griineisen rule. For reasons which 
will become clear in §8 we take here the Griineisen rule to imply 
that y) is exactly constant. 

It is important to note that a change of volume only affects the 
value of 0) in Kq. (3); the distribution function remains a quadratic 
function of the frequency, or in other words, all lattice frequencies 


* The subscript ; refers throughout the paper to contributions due to the 


lattice waves, calculated at V = Vy. 


4 
| 
: 
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are altered in the same proportion. This cannot be expected to be so 
in general and hence deviations from the Griineisen rule may occur. 


3. The Continuum (Debye) Model 


A simple but powerful model of the thermal properties of a solid 
was introduced by Debye ® !* by assuming that the frequency spectrum 
is determined by Eq. (3) not only at low frequencies, but at all 
frequencies. The maximum frequency is determined by the normalising 
condition for g(v) and is given by »,,=k0)/h. The use of Eq. (4) implies 
that the spectrum is completely determined by the long wave 
properties of the solid or, in other words, the discrete structure of a 
solid is not taken into account except for the introduction of the 
finite maximum frequency »,,. 

We now have 


: 0o/T 
in se RS ae eae TREE 
SP = 12 NkT (5) | Sa de-8 Whe log (1-0-") (11) 
0 
A Pegs F 
vex 
CP =9 Nk @ | ain (12) 
0 : 
o|%99 = (Yol Vo) CP; (13) 


the index ? refers to the Debye model. In Eq. (12) yo is given by 
Kq. (10) and C? is given by Eq. (12). As before ®, 0) and y, have to 
be taken at V=V,, which should be remembered when comparing 
experimental data with this theory. According to Eq. (13) the Debye 
theory predicts the validity of the Griineisen rule at all temperatures. 

At low temperatures (7'<0.1 69) S?, C? and «/xo9 are given by the 
corresponding relations in §2. At high temperatures (7’>6)) we 


have 112 
SP = 4Nk+3Nk In (1/0) (14) 
ye Sa ars 
OP =3Nk (1-3, +595 ~~) (15) 


a*oo = (Vol Vo) C?. 


Obviously , is still given by Eq. (10), but C? now is given by Kq. (15). 
At intermediate temperatures only numerical evaluation of the 
integrals in Eq. (11), (12) and (13) is possible; tables of the cor- 
responding values of S? and C? as a function of 7'/0) can be found in 


several works ® 198, 
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According to Eq. (11) and (12) S? ae C? are functions of the — 


‘reduced’ temperature 7'/0) only and hence ieae equations express 
a law of corresponding states for S? and C?. In view of the approximate 
character of the Debye theory th encetal values of S, and 
C, satisfy these laws of corresponding states surprisingly well. So well 
in fact, that deviations from the predictions of the Debye theory 
sometimes were regarded as anomalies which could only be explained 
by ad hoc assumptions; and moreover, that the much more fun- 
damental theory of Born and von Karman * did not receive the atten- 
tion it deserved. This situation has completely altered, largely due to 
- Blackman’s work. On the other hand, the Debye theory is so useful 
for a first orientation and its heuristic value (in particular of the 
characteristic temperature ,) is so great, that it is still justifiable to 
use it as a reference standard for experimental work. Also in the 
present article we will adhere to this, although the actual comparison 
between the Debye theory and the experimental results will be 
carried out in a way which differs from the usual method found in 
the literature. 


4. Solids at High Temperatures 


The specific heat C, at any temperature can be written in the form 


. (exe) 
C,=3Nk fclv,P)go)dy e(v, 7) 15 
; | (cx (Ge) -1) 
which becomes at high temperatures 4 
0,=3Nk(1-4 (z) ee tte 


where 
——» nm 
yn = ‘| y2n g (v) dy 
0 


and c(v, 7’) is the contribution to the specific heat of an oscillator 
with frequency y. It is important to note that Eq. (15) and (17) both 
describe the specific heat as a power series in 1/7’. Formal equivalence 
between these equations can be established by introducing (retaining 
terms to the 4th power of 1/7 only) 13 


2 SHIN Ss 1 RNee yee 5 —\2 
Gp ee DO soy Aa {2 Fp 
Ico 3 (z)” 5s (3) 7a (5 v (59) ). 


i 
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Then Eq. (17) becomes 


l gfe)? 1 g(o* ) 


C,=3Nk (Q-st+moge 


(18) 
At high temperatures therefore the specific heat should be equal to 
that of a Debye solid with characteristic temperature 62. In general 
there is no reason to expect 0% (which is determined by all lattice 
frequencies) and 6) (which is determined by the elastic constants) to 
be equal. Only in the Debye case we should expect 0,=02%. 

An experimental determination of 0 using Eq. (18) is very difficult 
to carry out accurately because of the sensitivity of an experimental 
value of 62 for small errors in C,. But the existing data are certainly 
consistent with a formula of the type (18) and generally lead to value 
of 6% different from the value of 6). However, if experimentally 
C,>3Nk the concept of a characteristic temperature as defined by 
(18) loses its meaning. 

The thermal expansion at any temperature is given by 


2 3NE Tm) o(,2)go)d» — (y()=—dln»/dln P), 
0 


if we ignore the difference between C’, and C,. This can be written in 
a form similar to Eq. (9) 


1 
aap ae Ci, (19) 
if we introduce an ‘effective Griineisen factor’ y; defined by 


3.Nk™ 
yr=—G_Sve)e@P)g@)dy;  - (20) 
0 
C, is given by Eq. (16). If V= Vo, yp will depend on the temperature 
only. At high temperatures c(v, 7’) > 1 and then 


Yr Yoo = £7 (0) 9 0) do = 70), (21) 


which is independent of temperature. At high temperatures therefore 
the Griineisen rule must be satisfied (at any rate in the harmonic 
approximation, according to which the specific heat approaches a 
constant value for high temperatures). 

The limiting value y,, can be related more directly to the properties 
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of the frequency spectrum in the following way. At high temperatures 
we have 


F,=©,+3NKP f g(v) In (ho) dv 
0 


and hence it can be shown that 


S,=4Nk+3Nk In Dige), 
where 


gs) = el/3 aL (I (ee 


with 


log IZ (v) = J g(r) In (v») dy = Inv). 
fr) 
For the thermal expansion we find 


gine seees NE a 1 
e= sp | 


— Tine ) = 7% Gr 
so that 

Yo = y(v) =—dIn 68/d In V. 
In general 6) and 6% must be expected to be different. This implies 
that at intermediate temperatures deviations from the Griineisen 
rule may occur. Furthermore we must expect that 69468). It will 
be obvious that 6® retains its meaning, even if C,>3WNk. 

The preceding discussion shows, that several thermal properties 
show a temperature dependence at low and high temperatures which 
can be described in terms of the Debye model, provided the char- 
acteristic temperatures involved are suitably chosen. In the Debye 
case, one value of characteristic temperature is sufficient to describe the 
thermal properties at all temperatures. If, however, the experimental 
data indicate the need to use different values of the characteristic 
temperature in the above limiting cases, then this is an indication 
that a more elaborate model than the Debye model is needed. This 
turns out to be so practically always. 

It is not possible to give a general discussion of the thermal 
behaviour of solids at intermediate temperatures. In fact, just at 
these temperatures the influence of the individual features of the 
lattice spectrum are most pronounced. Before discussing the inter- 
mediate range, however, we will give a review of the experimental 

data relevant to the present article. 
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5. Methods of Representing Specific Heat Data 


For a comparison with the predictions of the Debye theory we 
require experimental values of the contribution of the lattice vibrations 
to the specific heat for the volume V = V,. This limits the consideration 
to substances for which possible other contributions to the specific 
heat can satisfactorily be accounted for. Hence we will omit from 
the discussion 


(a) solids showing phase transitions of any kind, such as martensitic 
transitions, higher order transitions, etc., 

(b) solids possessing other degrees of freedom (e.g. electronic 
excitation) not fallmg under (a) and for which no reliable 
correction is possible, 

(c) solids in which anharmonicity effects are important (such as solid 
helium, which is treated elsewhere in this volume ® 22, 


The reduction of experimental values of C, to values of C,, has 
to take place in various steps, which will briefly be described. 


1. ReEpDvucTION or C, To C, at VoLUME V=V, 
This reduction is carried out in two steps. 


(a) The reduction of C, to C, at the actual volume by means vu: the 
thermodynamic formula 


C,—C,=02VT |x. (22) 


If not all quantities in Eq. (22) are known, often the (approximate) 
formula of Nernst—Lindemann, 


0,=0,=AGT 


can be used; the constant A has to be determined at one temperature 
for which the thermodynamic relation (22) can be used. Even this 
is not always possible and then recourse has to be taken to the more 
approximate formula 


C6 0.0214 C77, 


where 7’, is the melting temperature. 

(b) The next step should be the reduction of C, at the actual volume 
to O7,, the value of C,, at the volume at the absolute zero. An estimate 
of the magnitude of this correction can be obtained in the following 
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way. From Eq. (19), assuming y,, to be constant, and the thermodynamic 
relation (20,/3V)p=T(d(«/%)/oT)y it is easily found that _ 

CAS tol (=) an 

Op Oy; NOD) Van 
where AV =V—V,. This correction is negligible at low temperatures 
(AV/C,, > 0) and at high temperatures (aC ,,/o7' > 0). At T’ ~ 0, we 
have for a metal such as copper 0) ~ 300, C, ~ 3R, AV/V, ~ 0.01, 
IC, /9T = 0.3R62/T? and consequently AC,/Cy, ~ —2.10-; at T ~ 6,/2 
we find AC,/Cy, ~ —4.10-*. For substances with a small thermal 
expansion AC,/C;, is often much smaller than the values given for 
copper 2. The uncertainty involved in the determination of 4) in our 
representation of the specific heat (see § 5.4) is usually larger than 
AC,/C,, and hence for our purpose we can neglect this correction. 


2. Tue CALCULATION OF THE LATTICE SPECIFIC HEAT 


In many solids the specific heat contains contributions from 
causes other than the lattice vibrations. An example are metals; in 
which (to a first approximation) the conduction electrons give an 
additive contribution to F and hence to C,. Another example is 
ferromagnetic materials in which the change of spontaneous magnet- 
isation with temperature gives an additive contribution to C,. 

For metals we would expect theoretically at sufficiently low tem- 
peratures 

C7. Al? tar, (23) 


where the first term gives the lattice contribution and the second 
term the contribution of the conduction electrons; A and a are 
constants. If therefore the experimental values of Cy, at low tem- 
peratures satisfy Eq. (23), the first term is interpreted as the contri- 
bution C, of the lattice waves and hence is used to calculate an 
experimental value of 6) [compare Eq. (8)]; the second term is inter- 
preted as the contribution of the conduction electrons. It is customary 
to assume that also at higher temperatures the electronic contribution 
is given by a7’, so that the calculation of C*? is simple. This is often a 
reasonable assumption, but can lead to difficulties if a is exceptionally 
large, such as in Pd *”. Then the correction to be applied in calculating 
Cy? from Cy, becomes much more involved and may be impossible 
to carry out. 

The change of spontaneous magnetisation in a ferromagnetic 
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substance should theoretically give a contribution proportional to 
T°, Except possibly in the case of iron this effect must be expected 
to be negligible below room temperature * *!, 


5.3. THE CusTOMARY REPRESENTATION OF VALUES OF C®? 


The mentioned difference in value between 6, and 6% suggests the 
possibility of representing specific heat data at all temperatures by 
an effective characteristic temperature 0,, which can be defined at 
each temperature as the value of 6 in the Debye expression for the 
specific heat C? which satisfies the relation 


OP (/T) =CP, 


where O%” is the experimental value of C,; 0) and 6% then appear as 
the limiting values of 6,, at low and high temperatures respectively. © 
This, in fact, is the usual representation of specific heat data in terms 
of the Debye theory, which can easily be worked out with the existing 
tables of CP? as a function of 6/T. 

Normally 6,, is found to depend on temperature, approaching a 
constant value at low temperature, while at high temperatures the 
experimental evidence is not inconsistent with a constant value of 
6. (which usually differs from the value at low temperatures). Curves 
of 0,, as a function of temperature can be found in many places in 
the literature (for instance * 76) and need not be reproduced here. 
For the purpose of comparing different substances sometimes reduced. 
representations are used, such as a plot of 9,,/0) against 7'/0) 7’, and 
6,,/02 against 7/6 78. The first of these two representations certainly 
has to be preferred, as 0% cannot be determined accurately as a rule 
and furthermore has a less simple physical meaning than 6). 

Notwithstanding the widespread use of 0,, for representing specific 
heat data, this method has serious disadvantages. 


(a) The representation cannot be used at all at temperatures for 
which O* is larger than the equipartition value 3Nk. This admittedly 
may not effect the discussion of the substances in the temperature 
range considered in particular in this paper, but it nevertheless 
seriously restricts the applicability of the usual representation in 
other cases. 


(b) At temperatures of the order 7’ ~ 6) and higher, 0,¢ becomes 
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very sensitive to small uncertainties in C??. We have in fact [compare 
Kq. (18)] 


008 9 (2) So 
92 2} Ce 


so that at 7’=0@ an error of 1 % in C%® causes a 10 % error in 08. 
The situation becomes rapidly worse at higher temperatures, and 
therefore an accurate determination of 6% is virtually impossible. 


(c) In a sense the choice of C, for determining 0,, is arbitrary, 
because any other thermodynamic function could be chosen *® 14. 


(d) If the actual frequency density g(y) rises in a certain frequency 
range above the Debye spectrum fitted to the actual spectrum at low 
frequencies (as is very often the case), the specific heat C, rises above 
the value of C?(6,/T’) in a limited temperature range. The corresponding 
values of 6.,, however, are then lower than 6). Conversely, if the 
specific heat C, falls below C?, the corresponding values of 6,, are 
larger than 09. Therefore the relation between g(v) and 6,, is of a more 
complex nature than the relation between g(v) and C;. 

It would be possible to remove the first two objections to the usual 
representation by using another thermodynamic function (such as 
the entropy '* or the internal energy) to calculate 6,,. The best 
choice of function is, however, often by no means clear. Further, the 
obtained values of 6,, vary much less with temperature than the 
corresponding values obtained from C, ?°. This is certainly no advantage 
if one is interested in studying the detailed relation between the 
theoretical frequency spectrum and the experimental data on thermo- 
dynamic quantities. It may be added that this situation does not 
constitute an argument in favour of the applicability of the Debye 
theory, but merely indicates that the chosen function is even less 
sensitive to details of the frequency spectrum than the specific heat. 
It seems therefore reasonable to look for a representation using the 


specific heat itself in a more satisfactory manner than in the usual 
representation. 


5.4. AN Improvep REPRESENTATION oF SpecirIc Hear Data 

An improved representation based on the direct use of CP? should 
not only meet at least some of the objections raised in § 5.3, but 
should also retain the favourable features of the usual representation, 


——e ee Oe 
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viz. the new representation should be capable of being brought in a 
reduced form and indicate clearly the low temperature range in 
which the Debye approximation is valid. 

One such procedure has been used by Hwang, who plotted 
Cy?/(7'/0o)> against 7/6). Kapadnis and Hartmans ™1" (following a 
suggestion by C. J. Gorter) plotted C%?/T? as a function of 7’. These 
representations are admirably suited for illustrating the behaviour 
at low temperatures (7’<0,), but at high temperatures O%/7? 
approaches zero. This makes the comparison in a wide temperature 
range of different substances difficult to carry out by using one graph 
at all temperatures. 

In this paper we adopt another and (as far as we are aware) new 
procedure by plotting C,=C?"/C?(0)/T') against T'/6,; 0) is determined 
from low temperature data and is used in the calculation of C?. 
A wide temperature range is covered by using a logarithmic scale 
for T/6, 

Before discussing experimental data we will consider the general 
features of this representation in terms of some characteristic frequency 
spectra. If g(v) is given by Eq. (3) for all frequencies (Debye case) 
the result is trivial: C,=1 at all temperatures. In all other cases 
C,, approaches the value one at sufficiently low temperatures and 
also at high temperatures, provided C7” approaches the equipartition 
value. This we will assume here, and we then have at high temperatures 


meee 3D 3 2 (c 
pee per jl (n=l repr a) 
> 1 Rh? yt? Te yer 20 T? anos 
‘Be 


where v2” is calculated using the Debye spectrum with characteristic 
temperature 9). Apart from the trivial case mentioned we have 
two possibilities; (a) 122+»? or 0)>0@%, and hence C,>1; (b) 2? <+? 
or 0,<02, and C,<1. Case (a) is much more common han (b). At 
intermediate temperatures we can only tentatively conclude that if 
in a suitable frequency range g(v)>g(v)”, there may be a range of 7’ 
for which C,,> 1. If, however, in a suitable range g(v)<g(v)? we can 
have C,<1. 

These various possibilities can be illustrated by considering the 
typical frequency spectra sketched in Fig. 1, together with the Debye 
spectrum, g(v)”, obtained by extrapolation of the low frequency part 
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of the spectra. (Other examples can be found in the literature ”). 
The scales along the frequency axis have been chosen in such a way 
for the different spectra, that the same Debye curve can be used in 
all cases. A spectrum of type J is characteristic for many cubic face 
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Fig. 1. Some examples of frequency spectra. 


centred and body centred metals such as copper and tungsten. Here 
we have y2?> 2 and hence at high temperatures we find C,>1. At 
intermediate frequencies the spectrum rises well above the Debye 
spectrum and we would expect at average temperatures also C, > 1. 
At low temperatures we must have C,=1 and hence a maximum in 
the curve of C, as a function of 7/0, seems probable. The case of 
copper (Fig. 2) fits into this picture. 

An example for which g(v)<g(v)” at all frequencies is spectrum IT 
in Fig. 1, which represents the Brillouin spectrum for an isotropic 
solid. It is assumed here that both the transverse and longitudinal 
waves have a Debye spectrum with the same cut off wavelength, 
which as a consequence of the different velocity of propagation leads 
to a different cut off frequency for the two types of waves. We find 
in this case that C,<1 at all temperatures as is illustrated in Fig. 2, 
assuming that (,,)trans©¥3("mbong: A more realistic spectrum for which 
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v2>y2? is spectrum III in Fig. 1, which is characteristic for cubic 
elements with a diamond structure ®. At high temperatures we would 
expect C,<1, while at intermediate temperatures the hump in the 
frequency curve at: intermediate frequencies would lead us to expect 


1.4 
Cr 


ew a a ne ow we = + ee 
-~ 


0.92 


0.01 0.1 - 1/6 whe 


Fig. 2. The relation between C; and @g. Curves of constant 6/0, are 
shown dashed. 


C,>1. This is in fact the behaviour found for the elements silicon 
and germanium (compare Fig. 4). 

The simple qualitative relation between the frequency spectrum 
and the general features of the present representation can be used 
with advantage in the discussion of experimental specific heat data. 

We finally have to discuss the relation between the usual and the 
present representation. For this purpose we have drawn in Fig. 2 
curves of the ratio of two Debye functions, C?(0)/C?(6)), against 
T'/6,, for different values of the ratio of characteristic temperatures. 
These curves represent curves of constant 6/0) in our representation. 
The general shape of these curves can easily be understood from the 
general behaviour of a Debye function. At very low temperatures 
the ratio of two Debye functions is constant, the value of the ratio 
depends on the ratio of the characteristic temperatures. At high 
temperatures C?(6)/C?(0)) > 1. Our curve for copper can now be 
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interpreted in terms of 0,, in the following way. At low temperatures 
up to 7/0) ~ 0.03, Og is constant, then 0,¢ decreases and reaches a 
minimum value for 7/6, ~ 0.1. Finally at 7/0) ~ 0.2, O.¢ reaches a 
constant value which is, however, lower than the value of 6). It must 
further be noted that the maximum of C, for copper does not exactly 
correspond to the minimum value of 6. This would be the case only 
if the maximum in appeared at a temperature for which 7'/0,<9.05. 
The crowding together of the curves 6/0,=constant at temperatures 
above 7'/6, ~ 0.2 illustrates the sensitiveness of the value of 6,_ for 
small uncertainties in the value of C7. 
The uncertainty in the values of C, is given by 


6c, oopP dcp 
—_ = om —= ‘Ore 
where the first term describes the uncertainty in the experimental 
data and the second term the uncertainty of the fit of the Debye 
function to the low temperature part of the experimental data. 


Expressed in terms of 0, we have 


OCP? ‘0, \ 66 
T > 9, ap = —01(2) 2 


oP Ti By 
OR 60 

Y Ped Nee Oe 

Koo “op 0, 


Clearly at high temperatures the uncertainty in C, is caused mainly 
by the uncertainty in the experimental data at high temperatures, 
whereas at low temperatures the uncertainty in 9) can play an impor- 
tant role; this should be considered in each case individually. At 
intermediate temperatures a numerical estimate of 6C?/C? is possible; 
the value of this quantity lies between the limiting values just given. 


6. Experimental Data on the Lattice Specific Heat 


In this § we give a survey of experimental results on the lattice 
specific heat, C7, for which consistent data are available in a wide 
temperature range (between 7’ ~ 0.016, and 7 ~ 6,). We confine 
ourselves to substances of simple crystal structure, for which some 
comparison with theory is possible, viz. substances with cubic and 
hexagonal close-packed structures (ideal and distorted), cubic body 
centred structure and diamond structure. 

The arrangement of the elements is based on their place in the 
periodic table. This seems to be the simplest way of illustrating some 
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general features in their behaviour, although several exceptions do 
occur. A classification according to their crystal structure seems to 
have no advantages over the arrangement chosen here. A survey of 
the elements discussed is given in Table I. | 

The data themselves are represented in the form of plots of C, 
against 7'/6), whereas a survey of the crystal structure, value of 05, 


TABLE I 
Elements discussed 


Column * II, Ib TIT IV, IVb IVa Va VIII 
a b > d 
Be — C (diam) _ = _ — a = 
Mg Al Si — _~ — “= — — 
Zn — Ge DIES: — Fe Co Ni Cu 
Cd -- Sn — - -- Rh Pd Ag 
ae = a = Ta = Ir IEG Au 
ee = ee Th a + = ie: ae 
Fig. 3 9 4 5 9 9 6 i 8 
Table II VI iW LV VE Vn eV V V 


* Periodic Table 


4r 
Cr 


Fig. 3. Elements of Column II, Ib. 


412 D. BIJL 


value of a is given in tables. No attempt is made to indicate the 


accuracy ; for this the original papers should be consulted. References 
are usually restricted to recent work; many references to work prior 
to 1952 can be found in Schifman’s report #4. Three unsatisfactory 
examples have been included, viz. platinum, tantalum and iron. 
Several similar cases have been omitted: chromium ** & ®, vana- 
dium 35 446,70 hafnium 354471, thallium 7 3, tungsten 9 44747, mo- 
lybdenum 3* 449495, zirconium % 44 % 7, rhenium 55, 44, 93,98 and lead 
52, 100, 101, 102. 


TABLE II 


Elements from Columns II, Ib (Fig. 3) 
a ee a eB 


Struct- Range 10*xa 
Element ure c/a 4% (°K) CY “yfeal/*) References 
Beryllium hep* 1.58 1160 4-300 0.54 Hill and Smith * 
273-1173 Ginnings, Douglas and 
Ball 56 
Magnesium hep 1.625 406-10 1-20 3.15 Smith ” 
12-320 Graig et al.®® 
Zine hep 1.86 306 1.5—-4 1.5 Daunt and Silvidi *° 
4-20 Smith *7 
12-200 Clusius and Harteck °° 
Cadmium hep 1.88 188 1-20 Wolcott ** 
1-20 1.50 Smith &! 
12-320 Craig et al. *8 


* hexagonal close packed. 
Remarks Table II 


Magnesium: The values of C, have been calculated from the table 
of 0, in Smith’s paper *”. Zinc and Cadmium: Within the experimental 
accuracy the curves of zinc and cadmium (Fig. 3) coincide. 
Remarks Table III 

Diamond: The chosen value of 6) has been calculated from elastic 
data by Smith °. Pitzer’s values of the specific heat would seem 
to be more reliable than the values of Desorbo *. Evidently new 
measurements are highly desirable. Silicon: According to P. H. 
Keesom (private communication) measurements in progress suggest 
a lower value of 0.5, (09 ~ 630° K). This would bring the curve for 
silicon below the curve of germanium against theoretical expectation. 
For the time being we can only use the value chosen. Germanium: 


a 
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There is a slight discrepancy (maximally 3 % at T/0) ~ 0.25) between 
Hill and Parkinson’s 2? and Esterman and Weertman’s®” values for 
temperatures above 7' ~ 0.18 6). Otherwise the agreement in the 
common temperature range is very good. 


TABLE III 
Elements from Columns IV, IVb (Fig. 4) 


Hlements Structure 6 (°K) Range (°K) References 
Diamond Diamond 930 82 70-300 Pitzer ® 
20-300 De Sorbo ® 
Silicon Diamond 658 1-100 Pearlman and Keesom ® 
60-300 Anderson. ° 
Germanium Diamond 5-160 Hill and Parkinson 27 
360 2-4. Keesom and Pearlman 7° 
20-200 EHsterman and Weertman %9 
Grey Tin Diamond 7-160 Hill and Parkinson *° 
216 1.5—4 Webb and Wilks %4 


TABLE IV 
Elements from Column IVa (Fig. 5) 


Struct- Range 101*xa 
Element ure cia. -G, (AS) (CK) “(eal/>) References 
Titanium hep 1.60 430 1.2—-20 8.5 Wolcott %5, 44 
15-305 Johnston and Kothen * 
Thorium efe* = — 170 1-20 11.2 Smith and Wolcott °’ 
20-300 Griffel and Skochdople *8 


* cubic face centered. 


Remarks Table IV 


Titanium: Wolcott’s 44 and Johnston and Kothen’s ®* values connect 
smoothly, except for J. and K’s value at 15° K. 


Remarks Table V 

Cobalt: The agreement between the measurements of Clusius and 
Schachinger 2° and Duyckaerts *! is excellent in the region of overlap. 
The influence of the spontaneous magnetisation is negligible * *. 


Nickel: Only fairly old measurements are available below 20° K *. 
It cannot be excluded that the values C,,<1 are fortuitouts. Palladium: 
The representation of the electronic specific heat by aT is probably 
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Sn (grey) 


pe: 
Rae 


7/0, 
Fig. 4. Elements of Column IV, IV®. 


“0.01 0.1 T/O3-a 10 


Fig. 5. Elements of Column IVa. 
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incorrect for the higher temperatures *’. Taken Clusius’s values of 
C,*. Platinum: Example of bad agreement between different sets of 
experiments. New measurements above 1° K in a wide temperature 
range are very much needed. 


TABLE V 
Elements from Column VIII (Fig. 6, 7, 8) 


Struct- Range 104xa 
Element ure c/a 4, (°K) (°K) — (cal/°) References 
Cobalt hep 1.633 448 2-18 12.0 Duyckearts * 
(1g. 6) 15-270 Clusius and Schachinger 4° 
Rhodium cfe -- 478 1.2-20 11.7 Wolcott %, 44 
(Fig. 6) 10-273 Clusius and Losa 4 
Tridium cfe _- 420 1.2-20 7.5 — Wolcott *: 44 
(Fig. 6) 10-273 Clusius and Losa 48 
Nickel cfe — 413 1-19 17.4 Keesom and Clark 4 
(E2e, 7.) . 15-300 Busey and Giauque * 
Palladium cfe — 275 1-22 (31.0) Pickard and Simon * 
(Fig. 7) 13-269 Clusius and Schachinger 47 
oul Rayne *3 
Platinum cfc — 233 2-20 16.1 Kok and Keesom °° 
(Fig. 7) 17-300 Simon and Zeidler *° 
<i ll Rayne *8 
Copper cfc =— 335 1.8—4.2 1.80 Esterman et al.*? 
(Fig. 8) 1-5 Corak et al.*1 
1.5-20 Wolcott * 
<<a} Rayne *3 
15-300 Meads eé al.3° 
Silver cfe _ 225 1-4 ’ 1.58 Keesom and Pearlman %” 
(Fig. 8) 1-5 Corak et al.3+ 
<a Rayne *8 
15-300 Meads et al.°6 
Gold cfe — 165 1-5 1.78 Corak e¢ al.34 
(Fig. 8) 1.5—20 Wolcott * 
15-300 Geballe and Giauque *° 


Remarks Table V (continued) 
Copper: A table of values of 0) can be found in Corak et al’s paper #1. 
Esterman’s 22 and Kok and Keesom’s *4 value of 6) are the same. 
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TABLE VI 


Miscellaneous elements (Fig. 9) 
ee eS ee et eed eee 
Struct- Range 104xa 


Hlement Col. ure 0, CK) (°K). Teale) References 
ali ha Se anal Ss El a 


Aluminium IIT cfe 419 1-20 3.48 Kok and Keesom *4 


15-300 Meads et al.3® 
Tantalum Va ebe* 245 1.2—-20 14.0 Wolcott 2°: 44 
1—4..5 Keesom and Desirant 8% 
10-273 Clusius and Losa 9 


Tron (a) Villa che 462 1.5—-20 12 Keesom and 
Kurrelmeyer *! 
16-206 Eucken and Werth % 
54-296 Kelly % 
* cubic body centered. 


TABLE VII 


Diamond Silicon Germanium 
Vo/Vy 0.58 0.26 0.34 
hef[hy 0.22 0.75 0.61 


TABLE VIII 


Copper Silver Gold 
S 3.21 2.89 2.86 
o 0.434 0.426 — 0.455 
1/05 2.93 2.78 3.47 
3 


0.01 0.1 7/@, 1.0 
Fig. 6. Elements of Column VIIID. 
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Fig. 7. Elements of Column VIIIc. 


Fig. 8. Hlements of Column VIIId (or Ib). 
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Fig. 9. Miscelaneous elements. 


7. Discussion 


In this § we will discuss the experimental results presented in § 6 
n terms of theoretical conclusions based on lattice dynamics. A 
qualitative discussion is sufficient for the purpose of this article; 
details of the theory can be found elsewhere “>”. 


7.1. It is simplest to treat a solid as an elastic, isotropic continuum, 
taking into account the atomicity of a (finite) piece of solid by the 
introduction of a finite maximum frequency. In the Debye theory 
the two possible types of elastic wave (for a given direction one 
longitudinal wave and two transverse waves) are assumed to have 
the same maximum frequency (compare § 3). This theory, however, 
contains an inconsistency 8, as can be seen by considering Eq. (3a). 
In this case the number of longitudinal waves and the number of 
transverse waves are in the ratio 1/v} : 2/v?. For most metals we have 
v, & 2v, so that in the Debye spectrum the longitudinal waves are 
largely suppressed. It is more consistent to treat the two types of 
waves separately and to require that the numbers of longitudinal and 
transverse waves are in the ratio of 1 : 2, while the maximum fre- 
quencies are determined by the same (minimum) cut-off wavelength 
(Brillouin model”). The resulting spectrum for v,~2v, (and hence 
(Ym)1¥2(%m);) is given in Fig. 1. A comparison between curve (2) in 
Fig. 2 and the large majority of the other curves in § 6 indicates, 
that the Brillouin model is hardly, if at all, better than the Debye 
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model for explaining specific heats. No noticeable improvement 
results if the continuum model of Brillouin is extended by taking 
into account the elastic anisotropy. 

The development of lattice dynamics has shown unambiguously 
that it is essential to take the lattice structure of solids into account. 
In particular, for the high frequencies, or in other words, for wave 
lengths which are comparable with the interatomic distances, the 
influence of the lattice is very marked and causes the frequencies 
to be smaller than the values predicted by the elastic theory for the 
same wavelength. This dispersion of the lattice waves causes the 
spectrum to be compressed towards smaller frequencies, in such a 
way that the higher frequencies are shifted more than the lower 
frequencies. The details of the resulting spectrum can only be found 
by considering each case separately and depend on the crystal structure 
and the characteristics of the interatomic forces. Often the calculations 
are carried out taking into account only forces between an atom and 
its neighbours and next nearest neighbours. The corresponding force 
constants are usually fitted to elastic data and hence elastic anisotropy 
is automatically taken into account. 

As in the Brillouin case, the lattice dynamically estimated spectra 
are characterised broadly speaking by two maxima, which are usually 
much more pronounced and (as discussed above) displaced to lower 
frequencies. In the case of all elements of simple structure discussed 
theoretically (silver ®°, tungsten *!, lithium 1%, diamond ®, silicon °, 
germanium **) the low-frequency maximum rises above the low- 
frequency Debye spectrum and hence should cause a maximum in a 
C, versus T/6, curve. The shape, height and position of the high- 
frequency maximum has an important influence on y? and may cause 
either v2<v2? or »2>y22. Examples of this first case are silver®®, 
tungsten ®!; examples of the second case are: silicon and germanium ®. 


7.2. We will now consider the experimental results given in §6 
against this background. With the exceptions of the diamond structure 
elements, gold and palladium, (which will be discussed separately) 
all elements show a maximum of C, at a temperature of about 0.1 09 
or lower, whereas at higher temperatures (7 ~ 0)), C,>1. Clearly 
the vibration spectra of such elements rise above the low-frequency 
Debye spectrum and furthermore we find y2<y, Quite likely there- 
fore the spectra are of the type 1 in Fig. 1. 
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No systematic influence of the crystal structure is obvious for the 
cubic closed packed, ideally hexagonal closed packed (c/a=1.633) 
and cubic body centred elements. The maximum in C, occurs always 
very near T/6,=0. 1; the height varies considerably, but not in any 
way clearly related to the crystal structure. In the case of the diamond 
structure elements the maximum occurs at temperatures as low as 
T/0, ~ 0.05. This may be primarily a consequence of the crystal 
structure, although the characteristics of the interatomic forces no 
doubt have an important influence (see below). The metals in the 
sequence Be, Mg, Zn, Cd have structures which deviate progressively 
from the ideal hexagonal close packing, as can be seen from their c/a 
values. This is accompanied by a shift of the maximum of C, to lower 
temperatures and it seems possible that this shift is primarily caused 
by the change in crystal structure. There is, however, other evidence, 
that also the elastic anisotropy (in particular for zinc and cadmium) 
may play an important role. 


7.3. In general, however, the importance of elastic anisotropy has 
been over-emphasised and over-simplified %. It must, in fact, be 
expected that the elastic anisotropy (which is measured for long 
waves) has not a simple relation with properties of solids which are 
largely determined (except at very low temperatures) by the short 
waves; these waves deviate considerably from the elastic waves in a 
continuum. That no such relation exists in many cases follows from 
a scrutiny of the anisotropy factor S=2C,,4/(Cj,;—C,,) (compare 
Table [X) and the Fig. 4 and 8. On the other hand, for Zn and Cd the 
(macroscopic) elastic anisotropy is so large, that it can be treated as 
an overriding influence on various thermal properties, such as the 
thermal expansion !. Apparently waves in the direction parallel to 
the hexagonal axis are very much easier excited than in the perpendic- 
ular direction. The frequency spectrum of such a crystal would 
presumably be characterised by a large concentration of frequencies 
for low values of the frequency. This then could explain a large 
maximum of C, at low temperatures (7'/0, ~ 0.05), such as is found 
for zinc and cadmium. 


7.4. It will be noted that in several of the figures the height of the 
maximum of C, increases with the atomic number, whereas there is 
also a simultaneous tendency for the maximum to shift to lower 


a i Pe 
a sian Kc ‘The | ae Bees ee hey 
calet of the frequency spectra of elements in one 
I the periodic table have been carried out for diamond®, = 
silicon 8 an | germanium 82. The salient features of the very similar 
_ spectra are given in Table 7, where 1,/y, is the ratio of the frequencies == 
~ of the low frequency and the high frequency maximum of the spectrum eh 
respectively (see Fig. 1) and h/h, is the ratio of the corresponding 
heights. Taking these figures at their face value, one might expect 
the maxima of ©, to shift to higher temperature in the sequens silicon, 
germanium, diamond (with the larger shift between germanium and. 
_ diamond), whereas the height of the maximum in C, should increase 
in the order diamond, germanium, silicon (with the largest difference 
4 in height between diamond and germanium). The experimental data 
q given in Fig. 4 are in qualitative agreement with this. It should be 
_ remembered, however, that the experimental results are not entirely 
satisfactory (compare § 6), consequently we cannot exclude the 
possibility of a fortuitous agreement. In any case it would seem, 
| however, that the chosen representation of the lattice specific heat 
is able to reveal several details of the frequency spectrum which do 
~ not become apparent in the representation by a temperature 
7 sa aa 8.5 


* 


_ 7.5. The data represented in Fig. 3, 5, 6 and (possibly) 7 indicate 
that the maximum in C, becomes progressively higher for the heavier 
elements in each column of the periodic table. In Fig. 3, 5, 6 and 
perhaps (excluding Pd) 7 there is a simultaneous tendency of shift 
to lower temperatures. Thus it seems likely that the low frequency 
maximum in the spectra becomes progressively higher and shifts to | 
lower frequencies. 

There are some theoretical pte that this may be caused 
by a relative increase in next neighbour interaction. For instance, 
the next neighbour interaction is stronger in silicon than in ger- 
manium. Further, an increase of next neighbour interaction causes 
an increase of height and a shift towards lower frequency of the lower 
frequency maximum ®. Montroll ** found a similar behaviour in the 
case of a cubic body centred substance; in the case of a simple 
cubic lattice, the low frequency maximum increases in height, but 
shifts to higher frequencies. Further theoretical calculations may clarify 
the situation. 
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7.6. The metals gold and palladium clearly must have a frequency 
spectrum, which deviates considerably from that of the other elements. 
This can certainly not be explained in terms of elastic anisotropy; 
copper, for instance, is considerably more anisotropic than gold. It 
may be revealing however, to consider the Poisson ratio o in the 
direction of a cubic axis of copper, silver and gold (Table 8). Treating 
the solid simply as a continuum we find for gold v,/v,= 3.5, for copper 
v,/v,= 2.9 and for silver v,/v,=2.8. A Brillouin type frequency spectrum 
for gold should therefore extend relatively much further beyond the 
Debye limit than in the cases of copper and silver. Presumably the 
dispersion of the lattice waves in gold is not large enough to cause 
the spectrum of gold to rise above the low temperature Debye 
spectrum, whereas in copper and silver the usual situation exists. 
A similar situation may occur in palladium. 


7.8. No attempt has been made to represent data at temperatures 
above 7'=6,. A discussion of the specific heat at higher temperatures 
would certainly be of interest, but cannot be carried out unless very 
accurate experimental data are available, which is not so at present 
(compare § 1). 


8. The Representation of Thermal Expansion Data 


In §§ 2, 3, 4 we gave a general discussion of the relations between 
the thermal expansion coefficient and the specific heat. Characteristic 
for the Debye theory is a constant value of y,(=y,)). Here we will 
discuss the representations of thermal expansion data allowing a 
check of the Debye result. For a proper understanding it will be 
useful to give first an outline of Griineisen’s theory !. 


8.1. Griweisen’s rrest ForMULA 
For simplicity we will write Eq. (1) in the form 
F=OLP,(VT): 
The volume at any temperature is supposed to be given by 


P=—-dFpPV=0, 
or by 


P =F [2V(=P)); (23) 
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P, can be called the thermal pressure. Following Griineisen we now 
expand both sides of Eq. (23) in powers of 6(=(V—V,)/V,), we have 
®'(V,.)=9) 


D"S+4V O"8+ ... =(P/V.)+OPPV)O+ ..., (24) 


in which ©’, 6”, P, and dP/)V must be taken at V=V,. 
Retaining only terms up to 62 we find . 


P 
6 = —______ 4 (25) 
7A op" iv oP. t 
Vo @" (1+ sam Pe ge 5p) 
This is a generalised form of Griineisen’s first equation, in which 
Eq. (25) can be transformed by assuming 


PVEP Ee (26) 


where I’, only depends on 7’ and £, is the thermal energy, H,=7C,dT. 
It is not difficult to show that Eq. (26) is satisfied in the Debye theory. 
From Eq. (26) we find (valid for any volume) 


At constant volume, V=V,, we have at low temperature H, co T4 
and at high temperatures H,coT so that in these limiting cases 
W/V co Hy. We shall assume this to be so at all temperatures. 
We can now write instead of Eq. (25) 


__ 00 Ty Ey ¢ 
ae (ees RB Ga 


where 6 is a small constant. This is Griineisen’s first equation which 
is valid under the mentioned assumptions as long as bH, <1. 
Griineisen 1 only considered the Debye case, for which I’, constant. 
Then we would have (neglecting DH, in the denominator) 6 co H,, 
which is often called Griineisen’s first rule. The conclusion [’,=con- 
stant, however, is characteristic for the Debye theory and the 
Griineisen theory alike and hence is considered here as the first 
Griineisen rule. If F,(V,7') is only due to lattice vibrations, which 
we will assume unless stated otherwise, also H, refers to the lattice 
waves. 
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8.2. GRUNEISEN’S SECOND FoRMULA @ , 
The expansion coefficient at P=0 is found by differentiation of 
Eq. (27) with respect to 7’. We find 
oO = vr Yr qos (28) 

where 
3 yo = I'p+(1/C) (1—bEy) Ep (A'7/AT). (29) 


If y, is independent of 7’, Eq. (28) is Griimeisen’s second formula. 
Then we have (neglecting as in §8.1) b#, in the denominator) 
«co, which is often called Grieisen’s second rule, or briefly: 
Griineisen’s rule. For the reasons given near the end of § 8.1, however, 
we take the Griineisen rule to imply y, is independent of 7. 
It is important to note [see Eq. (29)] that in general y, 4 Ip. 
Only if [,=0 we have I’,=y,; this is so if the Griineisen rule is valid. | 
Furthermore, then Eq. (19) and (28) are identical; hence we have 


ae C08 —2 ~ Moo 
Va (1—bEy)-? = v, (1+2 bE,). (30) 
This relation is useful when carrying out a check of the Griineisen rule. 


8.3. Tur Ust or GRUNEISEN’S First ForRMULA 


A check of the constancy of y, or I’, involves a check of Eq. (28) 
and (27), but not necessarily a calculation of y, or I’,. Several checks 
have been carried out in the literature; some have been discussed 
by Hume-Rothery ®. 

The most straight forward check of Eq. (27) would appear to be 
to rewrite Eq. (27) in the form 


3 = ate en) (31) 


A linear relation between 1/6 and 1/EH, (Hp should be calculated from 
experimental data) would indicate a constant value of Vy/x 9J‘, and 
hence of Ip; Vo/xo91‘p and b could then be obtained from a plot of 
1/6 as a function of 1/Hy. I’, could then be calculated using Eq. (30) 
and the experimental value of x/V obtained at room temperature. 
This method, however, does not seem to have been used in literature. 

Hume-—Rothery ™ carried out a check of Eq. (27) by taking values 
of 6 from Griineisen’s work! and by determining Q,(= Vol%ool'z) by 
trial and error; Q, is assumed to be constant. In this way good 


‘a 


—_——— lr ep ove 
ad ; 


cee des function of temperature 
X-ray data) of a number of cubic metals, e.g. copper, _ 
and aluminium between 20°K and about 900° K. =i 
Pier : cone of Q, has given rise to a certain amount 
- of confusion. Assuming y,—T", several authors calculated Q, from 
~ the equation defining Q,, using for Yq the value obtained from Eq. (19) 
by taking experimental values for «, x, V and C,. Then in Eq. (27), 
Ey was represented by a Debye function, in which 6 was appropriately 
chosen. By this procedure Q, could easily be 5-20 % im error and 
hence often the used value of 6 deviated considerably from the 
(roughly constant) value giving a reasonable representation of the 
specific heat (e.g. 1°). As Hume-—Rothery rightly points out, this 
check of the first Griineisen relation cannot be considered as rites . 
factory. 

A more satisfactory way of calculating follows from Eq. (19) and 
(30). We easily find 


Q=2 (ieSHE (32) 


‘This relation was used by Simon and Vohsen 1%, who however 


replaced C, by an experimental value of C,. By doing this, Q) appears 
to depend on the temperature at which «, C, and EH, have been taken. 
It would seem, that Hume—Rothery’s method, or the use of Eq. (31) 


_is preferable for a check of the constancy of I>. 


It should be pointed out however, that for work at low temperatures 
a treatment based on Eq. (27) has a serious practical disadvantage 
not related to the previous discussion. If 7’) is the lowest temperature 
of measurement of the volume, then we can derive from experiment 


V—Tr, _ V—Vo o Vo7,—V 
2 nee ve 
similarly we can only observe differences in thermal energy. So there 
are two possibilities: (a) 6 and H, are calculated by an extrapolation 
of 67, and Hy,* to 0°K, or, (b) 67, and Hy, are neglected. Both 
procedures are allowed if 7 S> 7',, but become meaningless if T’ ~ 1. 
In the last case therefore Eq. (27) cannot be used, and it is better to 
take recourse to Eq. (28). 


* The extrapolation of Hp can be carried out if the specific heat is measured 
down to the range where C ,co T®. 
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8.4. THe UsE or GRUNEISEN’S SECOND FoRMULA 
A straightforward check can be based on Eq. (28) written in the form 


(C/o) "? = = (Vo/*oo yn)? (1—bE,), (33) 
r (if bE, <1) 
a |O, = (#99 Yr/ Vo) (1+2 bE). (33a) 


If yp»=I,=constant, Eq. (32) and (33a) are identical. 

If y,=constant, (C,/«)"? or «/C, (if bH,; <1) should be a ie 

function of H,. Eq. (33) has been used by Zemansky 1% and Rubin 

et al. 1°” taking CO, for C,. Eq. (33a) has been used by Rubin et al. 
replacing O, by C,. No attempt was made by these authors to 
calculate yp. 

Griineisen! applied Eq. (28) to average coefficients of thermal 
expansion and obtained values of Vo/zo9yp and 6, assuming V/xzo9yp 
and 6 to be constant. If b is known, the calculation of y, can be carried 
out, using room temperature values (indicated by subscript pr) for 
x and V by means of the relation 


a= Fe (1-2bE pe) (1+2 bE) yn C *), 
which is easily derived from Eq. (28) and (30). 


9. Discussion 


9.1. Rigorous checks of the constancy of I’, and y, have been carried 
out by a few investigators 1 20-106, 107.85. The Griineisen rule (y,=con- 
stant) appears to be valid for several cubic substances (copper 1% 20, 107, 
silver 1820, iron 1 20, aluminium 82°, potassium bromide 2° at tem- 
peratures between 7’ ~ 0.4 6) and (maximally) 7’ ~ 1.5 6). However, 
in a number of cubic substances (copper 2° 8, silver 2°, iron 9, 
aluminium ®°®, potassium bromide 7°) y, decreases with decreasing 
temperature below 7' ~ 0.3 6). Although the experiments have not 
been extended to sufficiently low temperatures to show another 
constant value of y, viz. yo, the results clearly indicate that y,. and 
Yo are different. This could be expected on general grounds (compare 
§ 4). 

The physical implication of this is easily seen by considering 
Kq. (20). Only if »(v) is independent of » we would have Yp= constant. 
A temperature dependent y, implies according to Eq. (20) different 
values of y(v) for different frequencies ; y,, then appears to be a weighted 
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average of the y(v). It further implies, that the shape of the lattice 
spectrum is affected by a volume change. A theoretical calculation of 
Yr as a function of 7’ requires a lattice dynamical treatment, such as 
has been given by Born! (for alkali halides) and Barron 2 (cubic 
face centred lattice). The results of this theoretical work are in 
qualitative agreement with the experimental. decrease of y, with 
decreasing temperature. 


9.2. The previous discussion applies only to the lattice contribution 
to the thermal expansion. For metals the effect of the conduction 
electrons must be considered. This can be done to a first approx- 
imation by adding a corresponding term to the free energy. It then 
follows that the effect is negligible if the electronic heat is very much 
smaller than the lattice specific heat. This applies to all metals, at 
average temperatures. At very low temperatures, however, the 
electronic specific heat becomes comparable to the lattice specific 
heat. If C, co T%, however, the two effects might be separated®. 
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1. Introduction 

Between 1.0 and 5.2° K temperatures are usually determined from 
the saturated vapour pressure of the liquid helium bath. To convert 
pressures into temperatures the p7'’-relation is required. The fun- 
damental measurements to determine this relation were made with 
the gas thermometer. They could be completed with measurements 
on isotherms, measurements of the temperature dependence of the 
susceptibility of paramagnetic salts, and with some secondary tem- 
perature measurements based on resistance measurements on alloys 
and semiconductors, or on the specific heat of metals. 

For the calculation of several corrections on the measurements 
with the gas thermometer it was necessary to determine accurately 
the thermo-molecular pressure effect, the adsorption of helium, the 
expansion of glass and copper and the capillary depression of mercury. 

As the determination of the equilibrium pressure is less complicated 


~ where 
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and more accurate than measurements with the gas thermometer, in 


| ol) 
practice vapour pressure measurements are nearly always used for 
temperature measurements and for calibrations of secondary thermo- 
meters. 


2. Thermodynamic p7'-relation 
- The p7-relation for the liquid-vapour equilibrium is a thermo- 
dynamic equation that in principle can be calculated exactly ': 


eek Dawe at Line 4 
In p= t— ptt nT — pa (J SdP— JV dp) +e (1) 


e = In{(pV,)|(BT)}— (2 B/V,) —(3C/V2) 
and 
pV, = RT {1+(B/V,) + (C/V2)}. 


For practical use the following numerical data are required: 
(a) i, the chemical constant; (6) Ly, the heat of vaporization at 
T' =0° K; (c) the specific heat of the liquid (for the calculation of the 
entropy S,); (d) V,, the molar volume of the liquid; (e) B and C, the 
virial coefficients of the gas. Moreover a preliminary temperature 
scale is indispensable. 

In the beginning it was necessary to use interpolation formulae 
of a form expected from the thermodynamic p7’-relation. The constants 
were determined from measurements with the gas thermometer. In 
this way Kamerlingh Onnes and Weber ? described in 1915 the results 
of their first vapour pressure measurements [cf. Eq. (5)]. 

After the vapour pressure at low temperatures had been measured 
Verschaffelt ? could provide a purely thermodynamic equation 
containing only one unknown constant (Z,) which had been deter- 
mined from measurements with the gas thermometer. For low tem- 
peratures (1) can be reduced to 


In p =i—L,|(RT)+3InT. (2) 


When p has been measured with the gas thermometer for sufficiently 
low temperatures, Ly can be calculated using Eq. (2). 

Since for low temperatures L=L,+3RT, where L is the heat of 
vaporization it follows that Z can also be calculated. Verschaffelt 
found L=(14+57') cal mole. The values of Z calculated in this 
way join smoothly to those measured by Dana and Kamerlingh 
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Onnes *. This has been a check for the value of Z, used by Verschaffelt 
in his pT'-relation: 
10108 Donuz.occ = 1.19—(3.1/7)+$ Mlog T, (7'<1.475° K). (3) 
Only after thirty-one years, in 1955, could the general p7'-relation 
(1) be calculated numerically with sufficient accuracy up to 4.2° K and 
put into use as 7',,,. Before considering that scale, we will give a 
historical survey of the vapour pressure measurements performed on 
helium, and of the temperature scales in this temperature region. In 
this survey we shall use 7,;, to compare the different scales. 


3. First Measurements with the Gas Thermometer, 1908-1915 


The first vapour pressure measurement with the gas thermometer 
was made by Kamerlingh Onnes® on the day he liquified helium for 


Fig. 1. Gas thermometer used by Kamerlingh Onnes. 7 
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the first time (July 10, 1908). He found 4.3° K for the normal boiling 
point. 

In 1910 and 1911 the vapour pressure was measured by Kamerlingh 
Onnes ®7 from about 1.5 to 5.2° K. In 1913 these measurements were 
completed by Kamerlingh Onnes and Weber ?. A summary of the 
results is given in Table I. The correction for the thermo-molecular 


TABLE I 


Vapour pressure of helium measured with the gas thermometer, early results. 

Py is the ice point pressure of the gas thermometer and p the vapour pressure 

of helium. The temperature 7’ has been corrected for thermo-molecular pressure 
effect and for non-ideality of the gas 


Year Po Pp 

and mm Hg, mm Hg, fs: “ase rut 

series 0° Cc 0° Cc : °8 
1910/1911 145 760 4,223 4.216 + 0.007 
I 565 3.903 3.918 — 0.015 
197 3.183 3.053 + 0.130 
51 2.253 2.298 — 0.045 
3 1.363 1.461 — 0.098 
II 145 760 4.213 4,216 — 0.003 
197 3.123 3.053 + 0.070 
51 Zot 2.298 + 0.015 
3 1.383 1.461 — 0.028 
1911 300 767 4.226 4.226 0.000 
1329 4.916 4.863 + 0.053 
1520 5.056 5.039 + 0.017 
1569 5.106 5.081 + 0.025 
1668 5.176 5.165 + 0.011 
1718 5.206 5.206 + 0.000 
1913 257.4 756.6 4.200 4.211 — 0.011 
359.5 3.525 3.510 + 0.015 
4.4 1.455 1.541 — 0.086 
1913 253.6 757.5 4.210 4.213 — 0.003 
4.15 1.486 1.528 — 0.042 
756.5 4.214 4.211 + 0.003 


pressure difference could not be calculated until 1915 2. The correction 
for the deviation from the ideal gas law amounts to only a few milli- 
degrees. The underlined p7'-values were considered by the authors 
to be the most accurate ones. They do not differ much from Ty5: 


mnes and V very well 
Ne te 


“4, The 1924-Scale 


j “Th 1915 Kamerlingh Onnes and Weber ? described - their results 
q with the following pT-relation: 


_ 


This relation was used afterwards for the definition of the 1924- 
scale of temperatures between 1.475 and 5.2° K. For temperatures 


Ta-T.s5 (mdeg) 


Fig. 2. Several temperature scales for the liquid helium region compared 
with Ty55- Tn 18 Tro to Toss 28 indicated in the figure. 


lower than 1.475° K this scale was defined by Verschaffelt’s formula 
mentioned above [Eq. (3)]. 


5. Use of the Hot-wire Manometer 
In all these experiments of Kamerlingh Onnes and Weber, the 


Pe Schmidt and Keesom * and ell 


Plog Demntg,o-0= 3-7290— (7.9780/T’) — Gaaaares + (4.3634/7). (4) 


ES : 
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TABLE II -. ; 
Deviations from the T'z,, scale. fips Ae AT, = T,, = T 55.10. milli degree 


oe AT i924 AT i029 AT 3532 AT 3937 AT i939 AT y048 
0.9 — dl — 21 + 3.0 
1.0 — 1 — 22.4 — 22 — 22 +1 + 1.0 
Va | — 26.9 — 23 — 20 + 2 + 1.7 
1.2 — 1 — 30.4 — 24 — 14 + 2 + 2.0 
1.3 — | — 32.3 — 24 — 6 - + 3 + 1.9 
1.4 — 1 — 32.6 — 24 + 1 + 2 + 2.8 
1.5 — 1.5 — 31.2 — 23 + 3 + 3 + 3.1 
1.6 + 2.2 — 28.3 — 21 + 4 + 5.0 
be + 35 — 23.8 — 19 + 5 - 6.0 
1.8 + 61 — 18.0 — 16 + 5 + 6.0 
1.9 + 8l — 1.1 — 12 + 6 + 7.4 
2.0 + 96 — 3.4 — 7.5 + 8 + 8.0 
2.1 + 107 + 4.6 — 2.3 + 9 + 10:8 
2.18 + 10 
219 + 11.4 + 2.5 + 12 
2.2 + 113 + 10.3 + 12 + 11.6 
23) + 115 + 9.1 + 9 + 10.7 
24 + 113 + 7.5 + 7 + 9.0 
2.6 + 103 + 3.9 + 5 + 6.7 
2.8 + 87 + 0.4 + 4 + 4.6 
3.0 + 68 — 2.8 + 5 + 6.3 
3.2 + 48 = 6§.5 + 6 + 7.5 
3.4 + 28 — 7.3 + 6 + 7.4 
3.6 + 11 — 8.0 + 6 + 6.3 
3.8 — 3.3 — 7.0 Hes) Bay 
4.0 — 12.6 — 3.9 a oT 
4,2 — 15.5 + 2.5 ae 0-7 
4.4 — 13.5 “99 
4.6 = al fei Ler TO 
5.0 + 19.9 Ny 
5.2 + 39.8 als 7 


ice point pressure , in the gas thermometer was kept low. This made 
it possible to obtain good accuracy without corrections for the devia- 
tions from the ideal gas law and also enabled them to measure at low 
pressures of the helium bath with the same filling of the gas thermo- 
meter without condensation of the helium gas. The pressure in the 
gas thermometer at the boiling point of helium was only a few milli- 
meters of mercury. 


To be able to measure at still lower temperatures and to reach a 


fie 
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higher accuracy, it was necessary to use another method of pressure 
measurement and to determine accurately the thermo-molecular 
pressure differences. Kamerlingh Onnes and Weber chose the hot-wire 


Fig. 3. Gas thermometer with hot-wire manometer °. 


manometer and Weber made extensive calculations of the thermo- 
molecular pressure effect. The first measurements with the hot-wire 
manometer were carried out in 19132. The results were not very 
accurate. 


6. Measurements of 1927, 1928 and 1929 


In 1927, 1928 and 1929 the vapour pressure was measured with the 
gas thermometer once more. This time the pressure in the gas thermo- 
meter was measured with the hot-wire manometer only. 

By taking larger diameters of the capillaries of the gas thermo- 
meters (2.0 and 3.7 mm) and by using higher ice point pressures for 
the measurements above 1.7° K (about 100 and 50 mm Hg) the 
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corrections of the thermo-molecular pressure effect could be reduced 
considerably. The results obtained in this way by Keesom, Weber 
and Nergaard® agree, after correction according to the method 
described by Weber and Schmidt 1°, well with 7, as appears from 
Fig. 4 and Table ITI. 

In the experiments of 1927-1929 the normal boiling point was not 
determined again but taken equal to 4.22° K, the result of Kamerlingh 
Onnes and Weber. The measurements made by Keesom, Weber and 


TABLE III 


Results of the measurements of 1927-1929, 7, and 7, are the temperatures 
measured with two different gas thermometers T,, = (T, + 7')/2 


Pp 


ry ar a ee mam Hg, T, Lip Os We ay 
rare °K “5. m deg oc °K °K m deg 
16-12-1927, p) = 99.55 mm 1-2-1929, p) = 55.75 mm 
784.7 4.250 4.250 0 772.7 4.233 4,233 0 
350.0 3.484 3.485 — 4 351.2 3.497 3.487 cise 
164.7 2.929 2.929 — 4 41.30 2.201 2.195 nS 
69.50 2.447 2.438 — | 35.57 2.139 2.131 =I 
46.33 2.260 2.276 + 13 11.77 1.765 1.749 — 25 
40.61 2.206 2.232 + 20 11.52 1.765 1.752 — 18 
37.63 2.167 2.153 — 8 6.59 1.611 1.560 — 48 
34.94 2.141 2.121 — 4 2.82 1.432 1.415 — 26 
31.92 2.107 2.098 — 1 
26.55 2.041 2.029 — l 7-2-1929, py) = 55.75 mm 
19.74 1.942 1.926 — 2 35.68 2.123 2.105 0 
10.20 1.747 1.735 — 2 10.81 1.735 1.716 =D 
7.04 1.613 1.613 —Il 
21-12-1927, py) = 99.55 mm 6.19 1.586 1.568 — 18 
768.5 4.228 4,228 0 2.78 1.404 1.400 — 22 
39.82 2.189 2.227 Selig 2.53 1.394 1.372 — 25 
37.46 2.155 2.214 + 18 2.01 1.350 1.327 — 26 
36.68 2.145 2.191 + 10 1.40 1.283 1.287 — td 
9.94 1.728 1.716 — 14 1.32 1.275 1.272 — 21 
0.920 1.212 1.214 — 23 
20-1-1928, p) = 54.62 mm 0.595 1.148 1.152 — 23 
782.2 4,246 4,246 0 
351.3 3.496 3.487 + I 
161.0 2.922 2.910 — 2 
70.95 2.456 2.449 — l 
36.45 2.155 2.143 — 6 
20.06 1.931 1.924 —13 
10.06 1.734 1.720 — 12 
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Schmidt 1! in 1929 below the /-point differ from 7',;,: there is a 
constant deviation of about 0.035 degree with respect to the Ty5,- 
scale. This deviation can be reduced considerably by normalization 
with the aid of the results obtained for temperatures just below the 
4-point in 1927-28 in stead of normalization with the aid of measure- 
ments at the boiling point as done by Keesom, Weber and Schmidt . 
The corrections for the data of ref. 11 were recalculated by us in 
accordance with the method mentioned above. The results obtained 
in this way are compared with 7',,, in Fig. 4; Table [III gives the 
numerical values. For the low ice point pressures the correction for 

the thermo-molecular pressure difference was so large, that no accurate 
results could be expected. 


7. Measurements of 1937 


After an extensive investigation of the thermo-molecular pressure 
effect 1°12 new measurements of the vapour pressure were carried 
out by Schmidt and Keesom ® in 1937. 

The principal improvements of the method of measurement were: 
the hot-wire manometer was kept at a constant temperature of about 
76.5° K instead of 0° C, more precautions were taken against contam- 
ination of the hot-wire, and the calibration of the hot-wire manometer 
was carried out no longer at 0° C but at the boiling point of hydrogen 
or helium. Just as in earlier investigations the volume of the gas 
thermometer and the amount of gas within were kept constant when 
temperatures were measured. During the calibration small amounts 
of gas were added by means of a gas pipet (volume 0.5 ml). See Fig. 5. 
In this way thé indication of the hot-wire manometer was measured 
as a function of the density of the gas at the calibration temperature; 
at these low densities the pressure can be calculated from the density 
with sufficient accuracy. Therefore the pressure in the bulb can be 
calculated as a function of the indication of the hot-wire manometer. 
This relation is very nearly independent of the temperatures of the 
gas in the bulb if this temperature is low enough (<4.25° K) and it 
can also be used to calculate the pressure (and temperature) of the gas 
in the bulb if the amount of gas in the bulb is left unchanged but the 
temperature is made different from the temperature of calibration. 

The principal results of the vapour pressure measurements of 1937 are: 


(a) The ratio of the normal boiling points of liquid helium and liquid 
hydrogen was measured accurately. From the known value of 


‘st LEGT Ul Woseey pue ypruryog jo r0}ouL0UTIEYyy SV "GG “BI 


SSeeca 
im phic 


iY 


ad < gq © 
(0) 


L i 


+15 


= 
+ 


Fig. 6. 


i 
wo 
+ 


T —T;,5; (mdeg) 


oO Ko) Oo wo 
ay rE 


Several measurements compared with 7... 


© ( C: Measurements of Schmidt and Keesom (gas thermometer). 


Pi Saree be 


Kistemaker (gas thermometer). 
Kistemaker (4He-isotherms). 

Keller (®He-isotherms). 

Keller (4He-isotherms). 

Berman and Swenson (gas thermometer). 


TL55 


—- 


E 4 


THE TEMPERATURE SCALE IN THE LIQUID HELIUM REGION 443 


the boiling point of hydrogen (20.381° K) a value for the boiling 
point of helium of 4.216° K was found. This is in good agreement 
with earlier measurements with the gas thermometer making 
use of a mercury manometer to compare directly the boiling point 
of helium with the ice point. 

(b) In the neighbourhood of 1.5° K » was measured as a function 
of T with a greater accuracy than before. 

(c) In the temperature region between 4.2 and 2.0° K new data were 
obtained which completed the results of 1927-28 but did not 
exceed the latter is accuracy. 

(d) The vapour pressure at the A-point was measured more accurately 
than before. A value of 38.3 mm was found. The deviation of the 
experimental data of 1937 with respect to the T,,-scale are 
plotted in Fig. 6. 


8. The 1929- and ‘the 1932-Scale 


With the aid of the results obtained in 1927-29, the following 
pT-relations were introduced as the “1929-scale”’ ©. 


10102 Pam te,0°o = 1-217 — (3.024/T)) + 2.208 log T (T'>2.190° K) (5) 
1108 Dem tg, 0°0 = 2-035 — (3.859/T') + 0.922 Mlog T (T'<2.190° K). (6) 


The differences between this scale and 7',,;, are given in Table II and 
Fig. 2. 
In 1932, Keesom ** replaced (6) by: 


1108 Dunte.o°o = 1-197 + (3.018/7) + 2.484 log T — 0.00297 7. (7) 


The reason was that (6) was not suitable for extrapolation to lower 
temperatures. Eq. (7) agrees more closely with what can be expected 
from thermodynamics #4. The relations (5) and (7) define the 1932- 


scale. 


9. The 1937- and the 1939-Scale ‘ 
After the measurements of 1937 Schmidt and Keesom ™ published 
corrections on the 1932-scale in the form of a deviation curve and a 
table. These corrections, together with (5) and (7) defined the 1937- 
scale. 
Later on Keesom ! gave the 1937-scale in the form of a table. We 
used this table to calculate the data for Fig. 2 and Table II. 
Shortly after its introduction the 1937-scale was found to be 
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unsatisfactory at temperatures below 1.5°K, as it led to thermo- 
dynamic conclusions that are unacceptable 1 1. 

With the aid of two different formulae for the heat of vaporization 
Bleaney and Simon * calculated the following pT-relation for 7 <1.6°K 
in a thermodynamic way: 


10 168 Dom ts.0° = 1-196 = (3.1171) + 2.5 Mog TD — 0.00227 1? + Ay (8) 


where A represents a small correction term which amounts to only 
0.003 degree at 1.6° K. This relation together with the 1937-scale for 
T>1.6° K, defines the 1939-scale. 

By comparing (3) and (8) and also from Fig. 2 it appears that 
there is only a small difference between the p7'-relation of Bleaney 
and Simon and the relation of Verschaffelt. 

The p7’-relation of Bleaney and Simon was confirmed by measure- 
ments of the temperature dependence of the susceptibility of para- 
magnetic salts at Oxford by Bleaney and Hull 18 and at Leiden by 
Casimir, De Klerk and Polder ! (see Fig. 7). 

For a further definition of the 1937- and 1939-scales Lignac 


7m ~ T1939 (mdeg) 


o2 1.0 1.5 2.0 °K 25 
T1939 


Fig. 7. Deviations of the magnetic temperature, 7T',,, according to measure- 
ments of Bleaney and Hull from Tog, 18. 
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calculated two formulae 20. 


*108 Pom He, 020 = 2-6730 — (4.7921/T’) + 0.00783 7'+0.017601 72 (9) 
for 2.19<7'<4.20° K, and 


10108 Dem ig,o°¢ = 1.1916 — (3.1189/T) +3 log T—5.981 x 10°78 (10) 


fon 7 <2.19° K. 
The formulae agree (according to his calculation) within a few milli- 
degree with the 1939-scale as defined above. 


10. The 1948-Scale 


Shortly after 1939 a p7'-table came into use at Leiden which 
replaced the scale defined by formulae and deviation curves. This 
table was later extended to higher and lower temperatures. The 
extension to lower temperatures was based on Bleaney and Simon’s 
formulae, to higher temperatures on the experimental data of Kamer- 
lingh Onnes and Weber now represented by an equation deduced in 
Cambridge: 


Pe 67s 1-905 10-2 pen, peg 3.02 < 10-7 Pee oro. (11) 


From the Leiden table, which gave p as a function of 7’, a more 
detailed table was calculated at Cambridge giving 7’ as a function of p. 
All this came in use as 1948-scale 74. The differences between several 
scales and 7';, are given in Table IT and in Fig. 2. 


11. Measurements of Kistemaker and Keesom 


In 1948 there were indications that temperatures calculated with 
the 1948-scale were about 0.01 degree too high in the neighbourhood 
of the A-point. From their measurements on isotherms between 1.8 
and 2.1° K Kistemaker and Keesom * calculated from the limiting 
value of pV for p=0 a little lower temperatures than those obtained 
from the measured vapour pressure of the liquid helium bath with 
the 1937-scale. (In this region there is no difference between the 
1937- and 1948-scale.) 

As he had an apparatus suitable for very accurate measurements of 
small pressures with a mercury manometer by means of X-ray shadow 
graphs, Kistemaker decided to make measurements once more of the 
vapour pressure with the gas thermometer between 1.4 and 2.2° K. 
These measurements confirmed the 1937-scale at 1.5° K. In the 
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neighbourhood of 2° K deviations were found that were somewhat 
larger than those found from the isotherms and in the same direction. — 
To his measurements Kistemaker 2? added a thermodynamic cal- 
culation. The results of Kistemaker’s measurements are given in : 


Figs. 6 and 8 and in Table IV. 
Today it is clear that adoption of Kistemaker’s scale or rather of 


T-T,932 (mdeg) 


Fig. 8. Deviations from the 1932-scale below the A-point according to 
Kistemaker ??. | 

©: Measurements with the gas thermometer of Kistemaker. . 
x: = on isotherms of Kistemaker. 
A: Magnetic measurements of Casimir, De Klerk and Polder ¥. 

Sch. is the 1937-scale. 

BLS. is the 1939-scale. 
The full line was considered by Kistemaker in 1945 to be the best scale. 


a scale based on accurate thermodynamic calculations would have 
given a considerable improvement over the 1939-scale. But several 
uncertainties in Kistemaker’s data and calculations made it advisable 


in 1948 not to change the scale until Kistemaker’s results had been 
confirmed. 


12. Magnetic Temperature 


The susceptibility of suitable paramagnetic salts is between 1.0 
and 4.25° K very nearly a linear function of (7’—A)-, where A is a 
small correction, that can be calculated rather accurately. Small 


™m measurements che sauna tee Pa aa fan 


7m re s on isotherms respectively ; Tyg and T's, are ean from | 
‘He-isotherms and *He-isotherms 


, Kistemaker Keller 
Po Pie Pe Tiss Tis-T hss Puig Pye Teis-Trs5 T3is-Thss 
K K mdeg m deg °K KG mdeg mdeg 
2.133 — 5.4 3.961 7 — — 2.6 
2.134 — 4.4 3.786 + 0.5 
2.043 — 2.5 3.348 — 2.7 
2.036 — 0.5 2.991 + 8.0 
2.031 — 7.5 2.862 + 0.1 
2.033 ES 2.324 + 4.9 
1.930 + 2.6 2.1605 + 1.2 
1.878 — 6.1 2.154 + 3.9 
1.877 — 7.1 1.818 + 4.8 
1.879 — 10.0 | 1.5156 eda 
1.861 — 4.0 
1.844 — 1.0 
1.832 + 1.3 
1.792 0.0 
1.667 — 9.2 
1.543 + 2.4 
1.546 + 2.5 
1.350 + 2.5 
—~ 1.347 + 1.5 
1.341 — 1.4 


deviations from the linear relation can also be calculated. A quantity 
related linearly to the susceptibility is also a linear function of 
(1—A)-. The quantity may be the selfinductance or the mutual 
inductance of one or of two coils surrounding the paramagnetic 
sample. This linear relation between the mentioned quantity and 
(7’—A)- can be used to obtain temperatures from measurements of 
this quantity after calibrations at two temperatures; such a tem- 
perature is usually called magnetic temperature. The normal boiling 
point of helium and a temperature near 1.5° K are often chosen as 
calibration points. 


13. Confirmation of Kistemaker’s Results 


A first confirmation of Kistemaker’s results was obtained at Leiden 
in 1949 from accurate measurements of the temperature dependence 
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> Fig. 10. Deviations of the 1948-scale from the magnetic temperature, 
7 im according to Hrickson and Roberts 74. Kistemaker’s proposed correction is 


shown by the broken line. 


‘in Houston (Dec. 1953). Erickson and Roberts 24 published their 
results in 1954. Their data were obtained from measurements on 
Fe- and Mn-salts. Fig. 10 shows their deviations from the 1948-scale. 

The results of the Leiden measurements *, completed with results of 

- measurements made in 1954, were presented on the third symposion 

on temperature measurements held in Washington D.C., Oct. 28-30, 
1954 (see Fig. 11). 

Though there is a rather good agreement between the results 
obtained in the U.S.A. and at Leiden, some uncertainties still remained 
mainly between the A-point and 3.5° K. These results were completed 
and extended with other data obtained in the U.S.A. Clement, Logan 
and Gaffney 7° made measurements of the resistance of carbon thermo- 
meters as a function of the vapour pressure between 1.5 and 4.3° K 
and gave an experimental relation between resistance and tempera- 
ture. When the 1948-scale was used the resistance showed an anomaly, 
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T1943 — T', (mdeg) 


Fig. 11. Deviations of the 1948-scale fromg the, magnetic temperature, 


T,,» according to the measurements/at, Leiden. 


|, Y: chromium potassium alum®(1949). 

VA; Gl oa < wf (1952). 
©: chromium methylamine alum (1954). 
K: Kistemaker’s proposed scale (1945). 
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that could be removed by correcting the 1948-scale according to 
Kistemaker, Erickson and Roberts, and Keller 2”. 


14. Measurements of Keller on Helium Isotherms 


Keller *” °§ measured isotherms of “He and He, and vapour pressures 
oP 4He. 

A reservoir of accurately known volume (low temperature cell) 
was kept at the temperature of the isotherm to be measured. This 
temperature was controlled and measured by means of a vapour 
pressure tube within the low temperature cell. The pressure of the 
helium gas in the cell was measured as a function of the amount of 
gas in it. A correction for the dead space was avoided by closing the 
cell at low temperature after each measurement of the pressure within 


Fig. 12. Low-temperature cell of Keller’s gas 
thermometer. 


the cell and by pumping off the gas in the connecting tubes; this 
amount of gas was measured accurately in a volume manometer. 

For each point of the isotherm Keller measured three pressures 
accurately: the pressure in the cell, in the vapour pressure tube and 
in the volume manometer after an amount of gas had been pumped off. 

Pressures within the cell smaller than 40 mm Hg were measured 
with a manometer filled with dibutyl sebacate; the higher pressures 
were measured with a mercury manometer. Keller obtained a good 
temperature equilibrium by surrounding the low-temperature cell with 
a vacuum space. The cell itself had a small heat capacity and a good 
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heat conductivity so temperature equilibrium was reached quickly 
_(see Fig. 12). 

For each isotherm the temperature could be calculated from the 
limit of the ratio between pressure and density for zero pressure. 
This temperature was compared by Keller with the temperature 
computed from the vapour pressure. The differences between the 
temperatures obtained by Keller and 7, are given in Table IV. They 
are plotted against 7,;, in Fig. 6. 


15. pT-relation of Clement, Logan and Gaffney 


Clement, Logan and Gaffney ® gave the following empirical p7’- 
relation for the saturated vapour pressure of ‘He: 


IN Pym He, 20° o=I-F+BnT+ 

op Wl aD Ce oe 
+ rep (i 7) ten" (92-8) — spre ™ Tera 
where: [=4.62025, A=6.399, B=2.541, C=0.00612, D=0.5197, 
a«=7.00 and B=2.541; g=980.665 cm sec. 

From this relation p was calculated as a function of 7’ for tempera- 
tures between 0.6 and 5.38°K in steps of 0.005 degree. The tem- 
perature scale thus obtained was a considerable improvement over 
the 1948-scale. It was not only in reasonable agreement with the 
above mentioned measurements but certain anomalies in the specific 
heat of pure metals found by Keesom and Pearlman *° and by Corak, 
Garfunkel, Satterthwaite and Wexler* using the 1948-scale dis- 
appeared when this new scale was used. 


16. The Temperature Scale Above 4.2° K 


Above the normal boiling point, Clement, Logan and Gaffney 
adjusted their scale to give good agreement with the results of Berman 
and Swenson 32, Above 4.2° K the 1948-scale was still based on the 
measurements of Kamerlingh Onnes published in 1911 and corrected 
by Kamerlingh Onnes and Weber in 1915. As a result of their measure- 
ments on carbon thermometers of Allen and Bradley, the suggestion 
was made by Worley, Zemansky and Boorse ** that temperatures 
calculated with the 1948-scale are to high. They supposed that the 
temperature scale above 4.2° K could be defined better by extra- 
polation of the formula of Keesom and Lignae [Eq. (5)] than by 
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(11). These formulae give considerably different values of dp/d7’, a 
quantity which Berman and Swenson wished.to know accurately 
for corrections to apply to the measurements of the heat of vaporiza- 
tion of Berman and Poulter *4. Therefore Berman and Swenson 
carried out measurements of the vapour pressure with a gas thermo- 
meter. Starting from the same value of the normal boiling point 
of hydrogen (20.381°K) as used by Keesom and Schmidt, they 
found deviations in the same direction as found by Worley, Zemansky 
and Boorse, although appreciably smaller. Moreover Berman and 
Swenson could verify the normal boiling point of He found by Keesom 
and Schmidt (4.216° K) within 0.002 degree and the critical tem- 
perature found by Kamerlingh Onnes and Weber ? (5.20° K) within 
a few hundredths of a degree. 

The density of the saturated vapour (0,) at 4.2° K as calculated by 
Berman and Swenson from their p7-relation and Berman and 
Poulter’s measured apparent heat of vaporization (Z*) using the 
equation 9,=(T7'/L*) (dp/d7’) is in good agreement with the density 
calculated from the virial coefficients measured at Leiden ® or by 
Keller 2’. 

As a result of their measurements Berman and Swenson gave the 
following p7’-relation: 


10108 Dem He, 20°C 0-97864 — (2.77708/T) + § log 7. (13) 


The difference between the temperature calculated from this relation 
and 7;, is shown in Fig. 13. 


17. Modification of the p7’-relation of Clement e¢ al. 


Further experimental information .about the deviations in the 
1948-scale led Clement ** to tabulate and issue a new p7’-relation. 
This p7'-relation differs below 4.2°K a maximum of 0.004 degree 
from (12) (see Fig. 13 and Table V). 

Clement denoted this scale by 7's5y. 

Meanwhile it was clear by the end of 1954 that there was not 
complete agreement between the deviations from the 1948-scale 
found in U.S.A. and at Leiden. 

On the one hand it was desirable to improve the technique of 
vapour pressure measurements, on the other hand to reach a decision 
by accurate thermodynamic calculation of the pT-relation. 
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Fig. 13. 
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Deviations of several scales from the 7j,,-scale. 
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is temperature according to Berman and Swenson *. 
is the provisional scale of Van Dijk and Durieux**. 
, is the temperature according to Clement e¢ al. (first 
scale) 2%. 


n 


n 


: T, is the temperature according to Clement e¢ al. (second 


n 
scale) 36, 


: T,, is the thermodynamic temperature according to 


Erickson’s calculation using formula (1) and (12). The 
latter for a preliminary definition of the scale **. 

n is temperature according to Hrickson *® recalculated 
with Ly, = 59.50 joule mole-. 


: T,, is the magnetic temperature according to Ambler 


n 


and Hudson (August 17, 1955) 37. 


18. Accurate Vapour Pressure Measurements of Ambler and Hudson 


The main difficulty in obtaining accurate results from susceptibility 
measurements combined with vapour pressure measurements lies in 
determining the exact value of the pressure corresponding to the 
average temperature of the paramagnetic sample. The sample itself 
must have practically the same temperature over its whole volume. 

The best way to realize this condition is to place the sample in a 


———a— = 


THE TEMPERATURE SCALE IN THE LIQUID HELIUM REGION 455 


TABLE V 


Deviations from the Ty,,scale. 7, in °K, AT, = T,,— T,55 in milli degrees. 

T'gg means scale for T' > 4.2 according to Berman and Swenson’s formula. 

Ty55p means provisional Leiden 1955 scale issued in August 1955. 

Tox means scale of Clement, Logan and Gaffney issued in May 1955. 

Ton means scale of Clement issued in December 1955 (T'55). 

Tz means scale according to the thermodynamic pT’-relation calculated by 
Erickson and communicated to us in August 1955, 

T,, means magnetic temperature according to the results of measurements 
of Ambler and Hudson obtained in August 1955. 
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small vessel filled with a little liquid helium separated from the bulk 
helium in the cryostat. It is necessary to prevent heat influx to this 
inner bath through the tube connecting it with the manometer, while 
at the same time this tube may not have a temperature lower than 
the temperature of the liquid helium in the inner bath, as this would 
give rise to condensation of the helium in the tube and to a tempera- 
ture gradient in the liquid surrounding the paramagnetic salt. 

In their opinion Ambler and Hudson * best succeeded in realizing 
this in their most accurate measurements of August 17, 1955. 
Their results are compared in Fig. 13 with 7,,;, they are also given 
in Table V. There is an agreement with the thermodynamically 
calculated 7',,,-scale within 1.5 millidegree. * 


19. Thermodynamic p7'-relation. Historical Remarks 

Of all scales used before 1955 in the liquid helium region the thermo- 
dynamic scales were the most accurate ones. As mentioned before 
the first purely thermodynamic scale for practical use was calculated 
by Verschaffelt as early as 1924. It was limited to temperatures below 
1.475° K. The pT-relation of Bleaney and Simon for 7 < 1.6° K also 
was essentially a thermodynamic scale. 

Kistemaker °°, in 1945, and Erickson and Roberts 4 in 1954, 
published thermodynamic pT7'’-relations derived from the general 
Eq. (1). These were only valid below the A-point. Kistemaker’s 
equation was: 


1108 Pumug.o°c = 2-198 — (3.115/T) +§ Mog T'— 0.00046 78 + ae 
+ 0.42 T* exp (—7.2/T)+ G(T) 


where O(7')=1.6 x 10-2 {1—(1.6/T7)} between 2.17 and 1.6°K, and 
QT) =0 fore’=— 1.6" K. 


Erickson and Robert’s equation was: 
M102 Pom He, 20°C = 2.1940 — (3.1071/7') + 2 log T'— 0.000500 76 + 15 
+0.448 T* exp (—7.15/T)) + (0.0522/T) ff exp {—20(2.20—T)2}47. ito) 
20. Numerical Calculation of the Different Terms in the p7'-relation 
Again the starting point of the calculations is the relation. 
In p=i—{Lo|(RT)}+§ In T—(1/V(RT)} ((2 8, dT — $8 Vidp) +e (1) 
* Note added in proof: In a second paper (J. Res. Nat. Bur. Stand., Wash., 


57, 22 (1956)) Ambler and Hudson published new measurements and reanalyzed 


their older ones, the results are not as close in agreement with Ty 55 a8 according 
to their first paper. 
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where ¢=lIn {(pV,)|(RT)}—(2B/V,)—(3C/V2) 
| and pV,= RT{1+(B/V,)+(C/V?)}. 
On substituting the numerical values of the constants, the following 
equation is obtained: 
10102 Promte,o°o= 2-19260 — (3.10710/7) + Mog 7’ — (0.052220/7") 
Ho S, aL’ — fe V, dp) +0.4342945 e | 


here g= 980.665 cm sec? and 8, dT and V ,dp are taken in joule mole-. 
The chemical constant i is given by the formula 


i=In {(2o m)¥? 6 h-3}, 


(16) 


The numerical value is 12.2440 c.g.s. units. It can be calculated 
with great accuracy, since the constants are all accurately known. 
The best way to calculate L,, the heat of vaporization at 77=0° K 
is from Eq. (1) itself, by substituting in it the best experimental 
values of the vapour pressure. This gives the most reliable results 
between 1.5 and 2.5° K. At temperatures below 1.5° K the measure- 
ments with the gas thermometer are less accurate and at temperatures 
above 2.5° K the correction terms in (1) become more important, in 
particular {7S,d7. In this way the value 59.50 + 0.03 joule mole 
for LI, is obtained. 

Of the other terms {1/(RT)}{}V,dp is the smallest one. V; has been 
measured accurately as a function of the equilibrium pressure by 
Kamerlingh Onnes and Boks * and thus {?V,dp can be calculated 
with sufficient accuracy. To calculate {1/(RT)}[?V,dp as a function 
of 7 it is then still necessary to know p as a function of 7 with 
reasonable accuracy. The accuracy of the 1948-scale is more than 
sufficient. 

For the calculation of ¢ a provisional p7'-relation and accurate 
values of the virial coefficients or at least of B/V and C/V? are required. 
Erickson and Roberts 4 calculated « from the Leiden values of the 
virial coefficients. Afterwards Erickson *° used the table of Kilpatrick, 
Keller and Hammel #2. The two calculations gave nearly the same 
result. Moreover the value of V, at 4.2° K found by Erickson is equal 
to that calculated by Berman and Swenson from entirely other data 
(see § 16). All this gives good evidence that the virial coefficients 
below 4.216°K are known with sufficient accuracy to calculate «. 
Van Dijk and Durieux used in their calculations the table of Kilpatrick 


et al. 
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One of the main difficulties in the computation of the pT-relation 
arises from the term [%8,d7'. The measured values of the specific heat 
of the liquid above 2.5° K are not as accurate as at lower temperatures. 
The value of {7S,d7 at 4.2°K is about 5 times as large as at 2.5° K. 
In fact, at 4.2° K this integral is 38 °% of Lj. When the integral is not 
calculated with a sufficient accuracy, Eq. (1) gives a boiling point 
that is too high or too low. 

To overcome the difficulty of finding accurate values of the specific 
heat, c, from experimental data we used the relation: 


ng RAV eee (RE (G+ Fay, at — aya at) Tom (17) 


which can be obtained by differentiation from: 


Bue 2s TAR OT tae 
L=L,+$RT+RT (7+ ) 


vi V,dT” oyiaT) 
T 2 (18) 
“a ftorddiaal V,dp. 


Eq. (17) enables one to calculate c,; from the experimental values 
of L * 4, It appeared that the values of c, thus obtained are nearly 
the average of the experimental values of Dana and Kamerlingh 
Onnes “ and those of Keesom and Clusius “4. The calculation of the 
pT'-relation with the specific heat of the liquid obtained for T'>2.5° K 
from (17) resulted in a value of the normal boiling point of 4.215° K. 
This is only 0.001 degree below the normal boiling point given by 
Schmidt and Keesom and this difference is within experimental error. 

Erickson’s ** result for {{S,d7' agrees for 7'<3.20° K, within the 
equivalent of 0.0005 degree with our calculation. 


21. Calculation of the Heat of Vaporization 


We have calculated L from thermal quantities using (18). In 
Table VI this calculated L is compared with experimental data. There 
is agreement within experimental accuracy. This means that there 
is a good consistency between measured values of L and the thermal 


quantities c,, B, V, and L, and thus also between L and the pT’- 
relation. 
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LJ /mole) 


Fig. 14. The heat of vaporization of helium versus temperature. 
A: Measurements of Dana and Kamerlingh Onnes **. 
<3 ,, Berman and Poulter *. 
Full line: calculated from Hq. (18). 
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TABLE VI 

Heat of vaporization of 4He. L,,,, has been obtained by graphical interpolation 

from the experimental data of Dana and Kamerlingh Onnes 4, Berman and 
Poulter *4 and the smoothed values of Keesom ¥, 


Th55 Leaic Lexy Tis5 Leste Lexp : 
ie joule joule PIS joule joule 
mole-! mole? mole! mole71 
ee ai ee ES on Ee 5 ee eee 

1.000 80.22 2.400 91.73 91.91 
1.100 82.22 2.500 92.92 92.46 : 
1.200 84.17 2.600 92.80 92.95 
1.300 86.03 2.700 93.25 93.31 
1.400 87.76 2.800 93.58 93.59 
1.500 89.36 89.70 2.900 93.81 93.81 . 
1.600 90.74 90.86 3.000 93.91 93.90 
1.700 91.88 91.92 3.100 93.90 93.90 | 
1.800 92.72 92.72 3.200 93.75 93.78 | 
10004 .- 93:17 93.13 3.300 93.44 93.50 . 
2.000 93.13 93.01 3.400 92.99 93.06 
2.100 92.32 92.03 3.500 92.42 92.46 | 
2.150 91.47 91.16 3.600 91.64 91.67 | 
2.160 91.21 90.98 3.700 90.71 90.71 
2.170 90.86 90.79 3.800 89.53 89.55 
2.190 90.75 90.71 3.900 88.17 88.22 
2.200 90.75 90.77 4.000 86.56 86.62 
2.250 90.91 91.05 4.100 84.59 84.76 
2.300 91.16 91.34 4,200 82.34 82.46 


Lig, has been obtained from Eq. (18). 


22. Extension of the Scale to the Critical Point 


The data for the thermodynamic calculation of the pT-relation up 
to the critical point (5.2° K) are not yet available. For this reason 
it is a very happy circumstance that the results of Berman and 
Swenson’s measurements with the gas thermometer can be used 
for the extension of the scale above 4.2° K. 

By changing Berman and Swenson’s formula slightly, but in such 
a way that it still represents their experimental data as accurately 
as the original formula [Eq. (13)], and by modifying the c, versus 
TL curve somewhat, it appeared to be possible to get a smooth junction 
of the Berman and Swenson-scale with the thermodynamic scale. 
At the same time Keesom and Schmidt’s value of the normal boiling 
point (4.216° K) could be kept unchanged. As this boiling point was 
always confirmed by measurements of other investigators there is in 
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our opinion no sufficient reason to change it now. Nevertheless the 


value 4.215° K would fit more closely to our thermodynamic calcula- 
tions, moreover there is some indication ® that the normal boiling 
point of hydrogen has a somewhat lower value than that used by 
Schmidt and Keesom, this would also be a reason for preferring 
4,215° K. 


23. The 7;,,-scale 

Using Eq. (1) we calculated p in intervals of 0.05 degree. Near 
the A-point the steps were narrowed to 0.01 degree. The numerical 
data were carefully smoothed to avoid irregularities and to enable 
correct interpolation and accurate calculation of dp/d7’ in a simple 
way. The subtabulation has been carried out by the Mathematical 
Centre of the University of Amsterdam in intervals of 0.001 degree 
from T'=0.9 up to 5.25°K. From T=0 up to 0.5°K p has been 
calculated in steps of 0.1 degree and from 7'= 0.5 up to 0.9° K in steps 
of 0.01 degree. Copies of these tables including a list of the basic 
data used in the calculation can be obtained from the thermometry 
section of the Kamerlingh Onnes Laboratory. An abstract of the 
pT'-table is appended to this article as Table VII. 
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